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IlpeLIHCJIOBHe K nepBOMY HJLiaHHl-0 

JJ:aHHoe y<le6Hoe IToco611e HaIT11caHo tta ocHoBe orrhJTa aBTOpoB, 
p5.1,rr JieT Y:11TaIOw;J1x Kypc Teop1111 <fJyttKUHM KOMITJieKcttoro rrepe­
MeHHoro (T<DKIJ) 11 BeLJ:yIUHX yITpa)f<HeHl1H ITO 3TOMY Kypcy Ha cpa­
KYJihTeTe BhPmcn11TeJihHOH rvrnTeMaT11K11 11 K116eptteT11K11 MocKoB­
CKoro rocynapcrneHttoro ytt11Bepc11Tern HM. M. B. JloMottocoBa. 

B c6opm1Ke 3a)laY: ITpencTaBJieHbI 3a,n:aq11 ITO BCeM OCHOBHbJM 
pa3.lleJiaM Kypca T<DKII, '111rneMoro Ha MaTeMaT11'1ecK11x cj)aKyJihTe­
Tax ytt11sepc11TeToB. HapH.n:y c rpan11unoHHhIMH BKJJIOlletthr TeMhI, 
KOTOpbie pattee MO)f{HO 6b!JIO HaHTl1 TOJlbKO B MOHorpacpm1x H HeKO­
TOpbJX Ha}"ltthIX CTaThHX, a ttMeHHo: rrpoCTpattcrna Xapn11 HP, pH.llhI 
.[{11p11x11e, HeKOTOpbJe MeTO.llbl rro11yqemUI aCHMITTOTHlJeCKHX oue­
HOK, ITpeo6pa30BaHl1H Memrna, f11nh6eprn, JJJeMeHThI TeopttH ITpH-
6JJH)f{ett11H: . 

.Uattttoe yy:e6Hoe rroco611e cocTOHT H3 17 mas. 3a,n:a'IaM Ka)KnoH: 
rnaBhr rrpenwecrnyeT csonKa OCHOBHhlX orrpe.n:e11ettwi1:, TeopeM 11 
MeTO.UOB, HCIJOJib3yeMbTX B 3TOM pa3nene. 3anaY:H B rJJaBaX pacrro­
JIO)KeHbl 3aqacTy1-0 B rropHnKe B03pacrnHHH rpynttocT11. JJ:ocrnTO'IHO 
6011hwoi1: rrepeY:eHh rrpocThIX 3a)laY: B Ka)KJJ:OM rnaBe, KaK ITpencTaB­
;rneTrn aBTOpaM, fI03BOJ1HeT HCTIOJlh30BaTb c6opHHK 3a)laY: L{JJH Kyp­
COB T<l>KIT H HM poncrneHHhrx, '111TaeMhrx B Bb1cwwx }"le6tthIX 3a­
Benett11Hx Harnett CTpaHbI CTylleHTaM MaTeMaTHLfeCKOro, cpH3HY:e- . 
CKOro, HH)KettepHO-cpH3HY:eCKOro rrpocp1111ei1:. 

Crr11coK JJHTepaTyphr 6yncr no11e3eH ,n:11H caMOCTOHTeJihttoH: pa-
6oThI 11 yrny611eHHoro 1nyY:eHHH Kypca T<l>KII. 

ABTOphr 6naro,n:aptthr 3aseny10rueMy Kacpenpoif o6ruei1 MaTeMa­
THKH cjJaKyJJhTern BMttK aKa.n:eMHKY PAH B. A. I111htttty, rrpe,n:110-
)f{l1BWeMy cocrns11eHHe 3Toro yqe6ttoro rroco6ttH. Mb1 6naronapttbI 
BCeM KOJJJieraM, cnenaBllIHM MHOro IIOJJe3HbJX rrpenJJO)KeHHH. 
IIpH rronroTOBKe pyKon11ctt K rre'iaTH 6oJJblliYID rroMOIUh oKa3aJIH 
0 . B. JJ:o6pbillIHHa 11 B. B. lllecTonanosa, 3a Y:TO asTophr np11tto­
CHT HM CBOIO HCKpeHHIOIO 611aroL{apHOCTb. 

Aemopbl 



IIpellHCJIOBHe KO BTOpoMy HJL{aHHIO 

HacT05!IUee noco611e HBJrneTc5! nepepa6orKoi1 11 .uonoJrneH11eM 
c6opH11Ka [14]. B naHHOH KHHre .uo6asJieHhl HOBhie 33Ll3'-111 (LlJIH Hy­
Mepamnr KOTOpb!X 11CflOJih3YeTC5! LlOITOJIHHTeJibH35! fl0311U11H, Harrp11-
Mep, 14.48.1 IIOCJie 14.48), npe,UCTaBJleHbl peweHl15! Tl1IIH'IHhIX 33-
)l,a'-! Ka)f(.uoH: rnas&1 11 11cnpasneHhI 06Hapy)f(eHH&1e norpernHocr11. 

IToco6we HanwcaHo Ha OCHOBe OIIbITa asTopoB, qwrnsumx KypCbI 
JieKUl1H !IO TeOpHH cpyttKUHH KOMIIJieKCHOro nepeMeHHOfO (T<DKTI), H 
O!Ih!Ta Be,UeHIDI ceMHHapCKHX 3aH51Tl1H no 3TOMY Kypcy Ha cpaKyJihTeTe 
BM11K MfY HM. M. B. JloMOHOCOBa. 3rnT c6opH11K 3a.z::i:aq MO)f(HO 11c­
noJih30BaTb KaK MeTO,U!1'IeCK)'IO no.u.uep)f(Ky Y'-le6Horo noco6115! 
T. A. JleOHTbesoH: [13], a TaK)f(e ,UJI5I se.neHIDI rrpa1<Twi:ecK11x 33HHTHi1, 
corrpOBQ)KllaIOillHX JieKUI111, 'lliTaeM&Ie no KJiaccwreCKHM yYe6Hl1K3M 
no T¢KTI. I1oco6we co.uep)f(I1T 3anaq11 no ocHOBHbIM pa3,UeJiaM Kypca 
T<DKTI, cmrneMoro Ha ecrecTBeHHbIX cpaKyJihTernx ytt1rnepcmeTOB. 

HapH.UY c rpa.u11u110HHhIMH pa3,UenaMH, B .uaHHOe noco611e BKJIIO­
'lettb1 TeMbl, KOTOpbre paHbwe MO:>KHO 6hIJIO HaHTH TOJihKO JIHlllh B 

rv10Horpaqnrnx H Hay'-!HbIX cTaThHX, Hanp11Mep, npocrpattcrna Xap.uH, 
npeo6pa30BaH115! f 11nb6epTa H MeJIHHa, pH.Ubl LJ:wpwxJie, MeTOLlhI 
nony'-leHHH acHMIITOTl1'-!eCKHX oueHOK, csoH:cTBa rapMOH!1'IeCKHX 
cpyttKUHH, 3JieMeHTbl reopHH rrpH6JIH)f(eHHH. 

IToco611e, KaK 11 nepsoe 113.ll3Hl'le, COCTOHT 113 17 rJiaB, .llOIIOJIHe­
HHH, OTHOC5lll.{eroc5! K rrpHJIO)f(eHHHM T¢KIT B MexaHHKe 11 cp11311Ke, 11 
CTIHCKa peKOMeH.uyeMOH JIHTepaTypb!. <DopMyJIHpOBK3M 3a,lla'-! Ka­
)f(,llOH rnaBbl npe.uweCTByeT TeopeTH'-!eCKHH M3TepHaJI, KOTOpbIH 
npe,UCT3BJI5leT CBO.UKY OCHOBHhIX orrpe,UeJieHHH, a T3K)!{e TeopeM 11 
MeTO,UOB, HCITOJih3YeMbIX B 3TOH rnase. 3a.naq11 B rnasax pacno­
JIO)l(eHhl, K3K npaBHJIO, no B03pacTaHHIO HX CJIO)KHOCTH, npH'-!eM B 

pH.Ile 3a.z::i:aq npe.urronaraeTrn .noKa3aTeJihCTBO HeKOToporo yrnep)!{.ue­
HHH. I1p11 3TOM HMeeTC5l 60JlblUOH Ha6op H ,llOCTaTO'-IHO npoCTbIX 
33)1,3l{, '-!TO, !IO MHeHHlO aBTOpOB, II03BOJl5leT HCIIOJ1h30B3Tb ,UaHHOe 
noco611e 11 B sy3ax 11H)f(eHepHoro npo¢11Jl5l. B O.llHOM 113 np11J1o)KeHIDi 
.naHbl OTBeTbl Ha HeKOTOpbie 33,ll3'-111 K3)1(,UOH H3 rnaB, a B .npyroM - rrp11-
Be,UeHbl perneHI151 THIIH'-!HhIX 33.ll3'-I K3)1(,UOH fJI3BbI. Ll:AA y.no6crna '-IHTa­
TeAA c6opHHK ctta6)!{eH npe.llMeTHhIM YKa3aTeJieM. 

ABTOpbI 6Jiaro.uapHT scex KOJIJier, C.lleJiaBlllHX B rrpouecce ITO.llfO­
TOBKH HacTomuero 113.llaHIDI pH.ll rrone3HhIX 3aMel{aHHH 11 npe.ZJ.JIO)f(e­
H HH, crroco6CTB0Basw11x YJIY'-!IIIeHHIO ero co.D.ep)!{aHHH. Oco6o 
aBTOphI 6naro.D.apHhI H. II. Tp11cp0Hosy 3a no.uroTOBKY pyKon11c11 K 
H3.ll3Hl1!0. 

A6mOpbz 
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I'llaBa 1 
KOMIIJIEKCHhIE qff CJIA H HX CBOHCTBA 

Ko.Mn!leKCHbLM '-lUCJlOM z Ha3brnaeTCJI yrropR;::i:oqeHHaJI rrapa (x, y) 
;::i:eiiCTBHTeJibHbIX q11ceJI x Hy. IlepBaJI KOMIIOHeHTa x 3TOH rrapbl Ha-

3bIBaeTC5l oeucmeumeJlbHOU '-lQCmbJO, BTOpa5I KOMilOHeHTa y - MHU­

.MOU '-lacmbJO, H L{JI51 HHX rrpHH51TbI o6o3HaqeHH51 x = Re z, y = Im z. 
1IHCJia (0, 0) = 0, (1, 0) = 1 H (0, 1) = i Ha3bIBaIOTC51 Hyfle.M, eOUHUZ.je'U 

H MHU.MOU eOUHUL{eU COOTBeTCTBeHHO. 

KoMrrJieKCHbie q11cJia zi =(xi. Yi) H z2 = (x2, y2) paBHbI, eCJIH Xi= x2 
H Yi = Y2· CyMMoii KOMIIJieKCHbIX q11ceJI Zi H z2 Ha3bIBaeTCJI KOM­

rrJieKcttoe qHcJio zi + z2 = (x1 + x2, Yi + y2), a HX npoU3eeoeHueM -

q11CJIO z1·z2=(XiX2 - YiY2. X1Y2 + X2)'1). Bbl'-lUmmme H oeJleHue KOM­

IIJieKCHbIX q11ceJI BBOL{51TCJI KaK nei1cTBH51, o6paTHbie CJIO)Kett1110 11 YM­
HO)Kett11IO COOTBeTCTBeHHO. MHO)KeCTBO KOMTIJieKCHbIX qffCeJI o6pa3yeT 

no!le OTHOCHTeJlhHO BBe)J.eHHhIX onepau11.i1 YMHO)f(ettml. 11 CJIO)f(ettwi. 

KoMIIJieKCHOe q11cJIO z = (x, 0) OTO)KL{eCTBJI51eTC5l c oeucmeu­
meJlbHblAI '-lUCJlOM x, a KOMIIJieKCHOe q11cJIO z = (0, y) Ha3bIBaeTC5l 

'-lucmo MHUA1blM 11 rrpe;::i:cras11Mo B s11ne (0, y) = iy. TaK11M o6pa30M, L{JI5l 

KOMIIJieKCHOro q11cJia z = (x, y) cnpaBeL{JIHBO paBeHCTBO z = x + iy. 
Ey;::i:eM HHTeprrpeTHpoBaTb KOMIIJieKCHOe qHCJIO z = x + iy KaK TOqKy 

(x, y) Ha KOOpL{HHaTHOH IIJIOCKOCTH. MHO)KeCTBO KOMIIJieKCHb!X qH­

ceJI o603HaqHM qepe3 c (KOMIIJieKcHa51 IlJIOCKOCTb). 

KoAmfleKcHo-conpR:J1ceHHblM q11cJiy z = x + iy tta3brnaeTCH qHcJio 

z = x - iy . Crrpase;::i:JIHBbI coornoweHHJI 

Z1 ± Z2 = 'Z; ± Z2 ; Z1 • Z2 = z; · Z2 ; [~) = ~ (Z2 -::/:. 0). 
Z2 Z2 

MooyJ1v.1 KOAtnfleKcH020 '-lUCJla z = x + iy Ha3brnaeTcJI tteoTpttua-

TeJihttoe neiicTBHTeJibHOe q11cJio lzl = ~ x2 + y2 . Crrpase;::i:JIHBbI cJie­

ny10m11e pasettcrna: 

YroJI <p, cocrnsJieHHhIH pan11ycoM-BeKTopoM ToqKH z (z i= 0) c rro 



6 I'J1aea 1 

JJO)l(HTeJJhHhIM ttanpasnett11eM oc11 Ox, Ha3hIBaeTc.sr ap2yMe1-11110Ar 
•rncna z. ApryMeHT onpeneneH c TOY:HOCThIO no cnaraeMoro 2nn, 
n = 0, ±1, ±2, ... , T. e. Argz={cp+2mi, nE z}. 3HaY:ett11e apryMeH-

Ta, np11ttanne)l(aI.Qee nony11ttTepBany ( cp0, cp0 + 2n], r;::i;e cp0 - tteKOTo­
poe cpI1KCI1pOBaHHOe 3HaY:eH11e, Ha3bIBaeTC5I 2JZQ8HblAt 11 o603HaY:aeT­
C5I arg z. 06hrY:HO cp0 = 0 n1160 cp0 = -n. B nanhtteihueM non rnaBHhIM 
3HaY:emreM apryMeHTa 6yneM CY:I1TaTh 3HaY:ett11e apryMeHTa 113 no­
nyttHTepsana (- n, n]. 

Ecn11 cp E Arg z, TO B03MO)l(HO npe;::i;crnsnett11e KOMnJJeKcttoro 

Y:I1CJJa z B Bttne 
z = jzj (cos cp + i sin cp). 

TaKM 3an11ch Ha3hIBaeTC5I mpuzo1-10A1empul/,eCKou popA1ou KOMI1JleKCHO­
ro '-II1CJJa. ,[Lrr5I z = 0 apryMeHT He onpe;::i;eneH, HO MOJlYJJh paseH 0. 

Cnpase,nJJHBhI cneny10I.Q11e cooTttoruemrn: 

z, = z~ ¢:? lz 1 I =·lz2j. cp 1 - <p2 =2nk, k E Z, 

zrz2 = jzd·lz2I (cos (<pi+ <p2) + i sin (<pi+ <pz), 
z,/z2 = lzd ! lz2I (z2 ic 0), (cos ( cp, - <p2) + i sin ( cp, - <p2), , 

z" = jzj" (cos ncp + i sin ncp) (cp,EArg Z1> <p2EArg z2). 

HcnOJJh3Y5I pop.MyJZy 3iiJzepa eiljl = cos cp + i sin cp, nonyqaeM npen­
cTasnett11e KOMilJJeKCHOfO Y:I1CJJa B s11ne 

z =I z I e;", cp E Arg z. 

Cnpasenn11BhI pasettcrna: 

z,·z2 = jzd·lz2I e;<qi,+qi~J, zJ z2= (lzd / lz2I) e;cqi,-qi~J, z2-::fO, 

11 I Ill iwn z = z e,.. 

KopHeM ttaTypanhHOH CTenemr n 113 KOMnJJeKcttoro Y:HCJJa z 
Ha3bIBaeTC5I TaKOe Y:I1CJJO, KOTOpoe, 6ynyq11 B03BeneHHhIM B CTeneHb n' 
;::i;aeT z. Ec1111 z -::j 0, 11MeeM pOBHO n pa3JJHY:HhIX 3HaY:eHHH KOpH5I 

( "'z ) •. = lzl1111 ei(qi+2trk)ln, V z • k = 0, I, 2,. . ., 11 - I, 

rne cp = arg z, jzj - MOJlYJih Y:HCJia z, a I z I l/n - apmpMeTHY:eCKHH 

KOpeHb. 

M1-102o'l.lle1-10.M CTenettH n, n = 0, 1, 2, . .. , Han noneM KOMnJieKCHhIX 
Y:HCeJI Ha3bIBaeTC5I cpyttKU,1151 BHna 

P11(z) = a" z" + a11-1 z"-1 + ... + ao. 



KOMCTJIEKCHhlE Yl1CJIA 11 l1X CBOHCTBA 7 

r)le a0, a 1, ... , a,, - KOMIIJieKCHhre 'll1CJia - K03cpqrnu11eHThI MHoro­

'IJieHa P,,(z), rrp11'IeM a,, =F 0. EcJI11 see Ko3cpcp11u11eHThI cyrh HyJI11, TO 

MHOrO'IJieH Ha3bJBaIOT HyJZeBblAI A1H020l/JZeHOA1 11 ero CTerreHb He orr­

pe,lleJieHa. 

OcHOBHaR meope.Ata a;z2e6pbl rnac11T, 'ITO mo6o:i1 MHOro'IJieH cTe­

rreH11 n 2: 1 Ha)l IIOJieM KOMIIJieKCHb!X 'll1CeJI 11MeeT pOBHO 11 HyJieH c 

y'leTOM 11x KpaTHOCT11. Crrpase)lJil1BO cJie)ly10mee pa3JIO)l(eH11e MHO­

ro'IJietta P,,(z) (Kattott11l.fecKoe ero pa3JIO)l(emre tta)l rroneM C): 

F:,(z)=a,,TI~'= 1 (z-zkt', 
me 4- KOpeHb MHOro'IJieHa P,,(z) KpaTHOCTJ1 ak = 1, 2, ... , Zk * z, (k * [), 11 

~111 
L,,k=l ak = 11· 

PaccMOTp11M B R3 
ccpepy S c ueHTpoM s TO'IKe (0, 0, Y2) pa)l11yca 

Y2 M rrpoBe)leM M3 TO'IKl1 P(O, 0, 1) JIYl.f, rrepeceKa10m11:i1 ccpepy S B 

OTJUl'IHOH OT p TO'IKe M(~, TJ, 0 H KOMITJJeKCHYIO IIJIOCKOCTb I:, = 0 B 

TO'IKe z = x + iy. To'IKa MES Ha3bJBaeTcs:i cmepeo2parjJul/eCKOU 

npoeKL{ueu TO'IKl1 z Ha S. Ilptt 3TOM crrpase)lJIHBbI cpopMyJihI, 3a)laIO­

mwe oTo6pa)l(eHtte C-+S\P: 

x y I z I' r;=--,, 
t+I ;:I· 

1]=--,, 
t+I ;:!' 

;=--, 
1+ I z 1-

H o6paTHOe OT06pa)l(eHMe S\P-+C: 

,; 
x=--, 

17 
(~ '# 1), y=--

1-£" l-£" 

Ha3bJBaeMbie rjJop,11y;zaAtu cmepeo2parjJu'leCKOU npoeKL{UU. 
Ecmr )lOITOJIHHTb B3al1MHO-O)lH03Ha'IHOe COOTBeTCTBHe, KOTOpoe 

cymecrnyeT Me)l()ly KOMIIJieKCHOH IIJIOCKOCTbIO c 11 ccpepoH: s 6e3 

TO'IKH P(O, 0, 1 ), IIOCTaBl1B B COOTBeTCTBHe TO'!Ke p UOeaJZbHOe 
KOMIVIeKCHOe 'lUCJZO z = oo, TO IlOJIY'IHM 11HTepnpeTaU11IO pacnmpeHHOM 

KOMnneKcHoH: IlJIOCKocm C = Cu { oo}. Cne)loBaTenhHO, Ka)l(.llYIO 

TO'IKY ccpepbl s MO)KHO C'IHTaTb H306pa)l(eHMeM COOTBeTCTByIOIUeH 

TO'IKl1 IIJIOCKOCTl1 C. TaKas:i 11HTeprrpernu:11s:i KOMrIJieKCHbIX 'IHCeJI 

tta3brnaeTcs:i uHmepnpenwL{ueii Pu.MaHa, a S - crjJepou Pww1-w. 
IloJIO)f(HM rro orrpe)leneHMIO 

1 l 
-=0 -=oo 7·oo=oo (z;t:O), z+oo=oo,z/oo=O (z"Foo). 
00 '0 ' ...... 
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TaK 'lKe, KaK YI .n:mr KOMrrneKcHoro 1mcJia z = 0, arg z KOMrrneKCHoro 
qYICJia z = 00 He orrpe,n:eJieH, HO MO.UYJib paBeH +oo. 

1.1. .D:oKa3aTb cpopMyJiy .n:eJieHml .n:Byx KOMrrneKCHbIX qY1ceJI 
Zt = Xt + iy1 11 Z2 = X2 + iy2: 

Z1 _X1X2 +Y1Y2 .X2Y1 -XiY2 - - , + l , , z2 -:f. 0. 
Z2 I Z2 1- I Z2 1-

1.2. HattTYI .n:eiicTBY1TeJihH)'IO YI MHHMYJO qacT11 cJie.n:yrorn,HX 
KOMITJieKCHhlX qY1ceJI: 

1) (
1-i.)3 

l +1 
2) i"; 3) (1 + i)" + (1- i)"; 

4) --=..!.. ; 5) c1+i)8 (1-iJ3r"; 6) +i ; (
1 ")" (l ")100 

1 + i (1- i)% - i(l + i/8 

) ,, ( l - i tg a )" 7 (x+ iy) ; 8) --.~-
1+ ttga 

9) (1 +cos rp + i sin rp)"; 

10) (1- cos IP+ i sin ip)", n E N. 

1.3 . .D:oKa3aTh crrpaBe,ll,JIHBOCTh cpopMyJI: 

3) "\'[1112] C2"' (-1)111 = 2"'2 cos nti. 
L....m=O " 4 ' 

4) L f11121 C2"' ( 1)111 ( . IP)2111 ( IP)11-2111 nip . - sm- cos- =cos-
m=o " 2 2 2 ' 

5) L f(n-1)/ 21 c2m+I ( 1)111 . rp IP . nip. 
( )

2111+1 ( )11-2111-l 
- sm- cos- =sm-

"'"0 " • 2 2 2 ' 

6)"'"~ 21 C2"'(-l)"' cosip sinip =(-l) 11 cosn1P; 
( )

2111 ( )11-2111 

L.,,,,_Q " 2 2 2 
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8) cos mp= L;=
0 

C,'. (cos q:i)"-k (sin q:i )k (-l)k 12 ; 

9) sin nq:i = L~=o C,~ (cos q:i)"-k (sin q:i )k (-l)<k-IJ 12 . 
J.:.-He'IClllH. 

1.4. Haiirn: MO.UYJih H rnasttoe 3Ha'letttte aprYMeHTa cJie.n:y10w:i1x 

KOMIIJieKCHhIX 'lHCeJI: 

2 
1)-; 

1- 3i 

4 
( )

12 

3) ; 
-l+iJ3 

4)(1+i/(1-i.J3r6
; s) ~ ; (

1 ·)" 
1[ 1[ 

6)-cos-+isin-; 
l +I 6 6 

1[ 1[ 

7) cos--isin-; 8) l +cos a+ isina, 0 ~a~ 27r; 
4 4 

l+cosa+isina 
9) , 0 ~a~ 2.n, a* .n; 10) z2 + z, I z I= 1. 

l + cos a - i sin a . 
1.5. PeIIIHTh ypasttettmi: OTHOCHTeJihHO z E C: 

1) z2 = i; 2) z lzl + 2z + i = O; 3) z2 + z lzl + lzl2 = O; 

4)izi=z+2i+ l; 5) z=z"-1,nEN; 6)z=z11 ,nEZ+. 

1.6. ,[(oKa3aTh, 'ITO rrpoH3BOJihHoe KOMTIJieKcttoe 'lHCJIO z, y.n:os­

JiernopH10mee ycJIOBHHM lzl = 1 H z * -1, MO)l(eT 6hITh e.n:HHCTBeH-

1 +is 
HhIM o6pa30M rrpe.n:cTaBJieHO B BH.Ue z = --, r.n:e s - .n:ettCTBH-

1- is 
TeJibHOe 'lHCJIO, ~ = tg( cp/2), cp E Arg z. 

1.7. ,[(oKa3aTh, 'ITO ecmr z + z-1 = 2 cos a, TO .ll:JlH JII06oro n E N 

z /1 + z -II = 2 cos na. 

1.8. ,[(oKa3aTb CJie.n:yIOII.J,He paBeHCTBa H .n:aTb HX reoMeTPH'leCKYIO 

HHTeprrpeTaUHIO: 

1) lz1 + z212 = Jzd2 + Jz2J2 + 2 Jzd Jz2J cos(arg z, - arg z2); 

2) Jz1 + zzl2 + lz1 - z2J2 = 2 (Jzd2 + Jz2J
2
); 

3) Jl-z, ·z2 l
2 =lz, -z2 J

2 +(1-Jz, J2 )(l-Jz2 J
2

). 
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1.9. ,ll.oKa3aTb HepaBeHCTBa 11 ,UaTb 11X reoMeTPWieCKyIO 11HTep­
npeTaU11IO (on11caTb Heo6XO.U11Mb!e 11 .llOCTaTOqHbie ycJJOBl15I paBeH­
crna): 

1) lz1 + z2I :S lzd + lz2I; 2) lz1 - z2I ~I lzd - lz2l I; 
3) 11-z1 ·z2 l2~(1-lz, l2)(l-lz2 l2); 

4) max(IRe z, - Re z2I, IIm z, - Im z21) :S lz1 - z2I 
:S jRe z1 - Re z2I + IIm z1 - Im z2I; 

5) lz1 + z2 + ... + z"I :S lzd + lz2I + ... + lz11I; 
6) lzo + z, + ... + z11l 2'. lzol - (lzd + ... + lz11i); 

7) I I: 
1
-11 SI arg z I (z :t O); 

8) lz-al :S I lzl - lal I + lzl larg (z I a)I (a t 0); 

9) le'-ljSe1
'

1 izi; 10) O<lzl<I)jzl<le'-11<2.lzl. 
4 4 

1.10. ,ll.oKa3aTb, qrn o6a 3Ha'-!eHmI .Jz2 -1 JJe)KaT Ha np5IMOtt, 
npoxo.um.ueii qepe1 Haqano Koop.u11HaT 11 napanJieJibHOtt 611cceKTp11-
ce BHYTPeHHero yrna TPeyroJihHl1Ka c sepumHaM11 B TO'-!Kax (-1, 0), 
(1, 0) 11 Z, npose.ueHHOH H3 BepllIHHbl z. 

1.11. Bb1qHCJIHTh ( csepHYTh) cne.ny10u1He cyMMhI: 
1) cos x + r cos (x +a)+ ... + r" cos (x + n a); 
2) sin x + r sin (x +a)+ ... + r'' sin (x + n a); 
3) cos x + r cos (x +a)+ r2 cos (x + 2 a)+ , r < 1; 
4) sin x + r sin (x + a) + r2 sin (x + 2 a) + ... , r < 1; 

5) .L;'=I COS ia; 

6) L:;'=1sinia. 

1.12. ,ll.oKa3aTb, qTO Ha MHO)Kecrne KOMnJJeKCHhIX qttcen C\ R _ 
3Ha'-!eH11e arg z MO)KeT 6hITb BbJq11cJieHO no cpopMyJie 

{ 

arctg (y/x), x > 0, 

arg ~ = tr+ arctg (y/x), x < 0, y > 0, 

-tr+ arctg (y/x), x < 0, y < 0. 

1.13. HattTH reoMeTpttqecKoe MecTo ToqeK (rMT) z E C, y.nos­

JieTBOp5IIOlll11X ycJIOBH5IM: 
1) r2 < lz - z01 < r 1, 0 :S r2 < r 1; 

3) Re z-1 = c, c - const; 
2) cp 1 < arg z < <p2; 
4) Im z- 1 = c, c - canst; 
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z-z 
5) arg--1 =a, -7r<a::;7r; 

z- Z2 

6) lz - zd + lz - z2I = a, a > lz1 - z2I; 
7) I lz - zd - lz - z2l I= a, a< lz1 - z2I; 
8) lzl > 2 +Re z; 9) 2lzl >II + z

21; 10) lz2 
+ az +bl< R2

• 

1.14. HattTH fMT z E C , y.[(oB11ernop.1noruHx ycnoBmo: 

z - z, = k, k > 0. 
z- Z2 

1.15. BbmOJIHHTb npHBe,[(eHHbre HH)Ke 3a,[(aHm1. 

a) HawTH fMT z E C, y.[(oBnernop.suomHx npH jaj < 1 ycJIOBHHM: 

l
z-al 1z-al 1z-al 1) ----=- < l; 2) ----=- = l; 3) ----=- > 1. 
l - az l - az l - az 

6) IlycTb lzl < 1. PacCMOTpHM MHOroyroJibHHK co CTOpoHaMH 
1, 1 + z, 1 + z + z2

, ... , 1 + z + ... + z". Jie)KHT JIH roqKa zo = 0 BHYT­
pw 3TOro MHOroyroJibHHKa? 

1.16. BbmOJIHHTb cJie.[(yIOIUHe 3a.[(aHHH. 

1) .LJ:oKa3aTb, 'ITO rMT z EC, y.[(OBJieTBOpHIOIUHX ypaBHeHHIO 

a I z l 2 +lJz + bz + c = o , 
r,[(e a> 0, c E R H ac < lbl 2, HBmreTCH OKp~HOCTbIO. HawTH ee 

ueHTp H pa.[(Hyc. 

2) .LJ:oKa3aTb, 'ITO fMT z EC, y.[(oBJieTsopHIOIUHX ypastteHHIO 

Az+Az+B = 0, 

me B E R, A :,,= 0 - npHMaH. 3To ypaBHeHHe Ha3bIBaIOT a6moconpR­

JtCeHHbZM ypa6HeHUe.M npHMOH. 

3) HanHcaTb ypaBHeHHe npHMOH, npoxO.[(HIUeH qepe3 roqKH z1 H z2 

E C (z1 f- Z2). 

4) HanHcaTb ypaBHettHe npHMOH, npoxoMrueH: qepe3 TO'IKY z H 
nepneH,[(HKYAAPHyIO npHMOH 

l: Az + Az + B = 0 (A :z: 0, BER). 

5) HaifTH nJiorua.[(b rpeyroJibHHKa c BepurnttaMH B 3a,[(aHHbIX TO'I­

Kax zi, z2, Z3 E C. 
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6) HaihH uem:p H pa.1myc OKp)')KHOCTH, orrncaHHOM BOKpyr rpe­

yronhHHKa c sepwHHaMH B ToqKax Zr, z2, z3 EC. 

1.17 . .[{oKa3aTh cpopMynhI cTepeorpacpttqecKoi1 rrpoeKUHH. 

1.18 . .[{oKa:3aTh, qTo cTepeorpacpttqecKHe rrpoeKUHH ToqeK Zr H z2 
nHaMeTpaJibHO rrpOTHBOITOJIO)l(Hb~ Torna H TOJihKO Torna, Korna 

z1Z2=1. 

1.19. Ilp11 KaKOM rrpeo6pa30BaH1111 ccpepbI 06pa3 TQqKH z rrepexo­
.llHT B o6pa3 TOqKH z - r? 

1.20. qTO COOTBeTCTByeT Ha ccpepe ceMeMCTBY rrapannenbHbIX 
rrpHMhIX Ha rrnOCKOCTH? 

1.21 . .[{oKa3aTb, qTQ OKpy)l(HOCTH Ha ccpepe PHMaHa COOTBeTcTBy­
eT OKpy)J(HOCTb HnH rrp.siMaH Ha KOMrrneKCHOM ITnOCKOCTH, rrpHqeM 
rrp.siMa.si rronyqaeTc.si Torna H TOnhKO Torna, Korna oKpy)J(HOCTh Ha 
ccpepe PHMaHa rrpoxonHT qepe3 ToqKy P(O, 0, 1) Ha ccpepe S. 

1.22 . .[{oKa3aTh, qTo rrpH cTepeorpacpttqecKoH: rrpoeKI.(HH yrnhI 
Me)J(.uy KpHBhIMH Ha ccpepe PHMaHa paBHhI yrnaM Me)J(.uy HX o6pa-
3aMH Ha KOMrrneKCHOH rrnOCKOCTH. 

1.23. IIycTh d(zi. z2) - paccTmrnHe Me)f(ny cTepeorpacpttqecKHMH 
rrpoeKI.(H.SIMH ToqeK Zt H Z2 pacwHpeHHOM KOMrrneKCHOM rrnOCKOCTH . 
.[{oKa3aTh, qTo crrpaBennHBhI cpopMyJih1: 

1) d( ) = I z, - Z2 I ( ) z,' Z, I I z,, Z2 "* 00 ; 

. \11+ I z, 1
2 

\11 + I Z2 1
2 

2) d(z1, 00)=(l+l.:1 l2 f 112
• 

1.24. Hai1TH fMT z E C, ynoBnernop.siIOIUHX yrnoBHIO: 

1) d(z,O)<R,O<R<l; 2) d(z,=)<R,O<R<l; 

3) d(z,i)>ll.J2.; 4) ll2<d(z,l)<l1Ji.. 

1.25. Bh1qttcn11Th: 

l) ef;; 2)~; 3)-Jl=i; 4)~-4 + 3i; 

7r 7r 
5) cos--isin-; 

3 3 

7) .J l + e;<P, - tr < (/J'~ tr; 8) .Ji+ e;"', - Jr< (jJ 5, Jr; 

9)~,::=l+i; IO)efl+i; 11)~. 
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1.26. IIycTb a = a+ ip. )J,oKa3aTb, qTo Bee peIUeHH~ ypaBHeHH~ 

z
2 

= a .ua10Tc~ cpopMynaMH: 

1) (/¥al+a ·Wal-a) z=± --+1 -- , /J>O; 
2 2 

2) (/¥al+a ·Wal-a) z=± ---1 -- . /J<O. 
2 2 

1.27 . .Il:oKa3aTb, qTo .un~ 11106oro z E C crrpaBe.UJJHBa cpopMyna 

l~z 2-l+zl+l~z2-l-zl = lz-ll+lz+ll. 
1.28. IIycTh co = e iZrr.Jn 11 HaTypanbHOe k He KpaTHO n E N . .Il:oKa-

3aTb, qTo 

1 + cok + co2k + ... + co<11 - I)k = O. 

1.29. IIycTb co - 111060H: KopeHb ttarypanhHOtt cTerreHH n 113 e.uHHH­

U:hI, OTJ1MqHbIH OT e,UHHMU:bI. )J,OKa3aTb, qTo crrpaBeLlJlMBbI cpopMyJihI: 

1) 1-r2w-r3w' -r ... -r11w"-1 =nl(w-l); 

2) ' ' n-1 n(l -w) + 2n 
1 + 4w + 9w + ... + 11 w = , . 

(1-wr 

1.30. I1ycTb P,, (z) = a0 z" + ... +a,,_, z +a,, , a0 -::j. 0, - MHoroqneH 

CTerreHH n 2: 1 c KOMIIJleKCHbIMM K03cpcp11u:11eHTaMH . .Il:oKa3aTb, qTo 

ecntt z,, Z2, ... , Z11 - pa3J1HqHbie KOpHH MHOroqJieHa P11(Z) KpaTHOCTH 

ai, a2, ... , a/II COOTBeTCTBeHHO, TO crrpaBe.UJIMBO pa3JIO)l(eHtte 

- nm - al '"'m -J'.,(z)-ao •=/.(.-z,) , L;;=ia, -n. 

1.31. I1ycn Zi, Z2, . .. , Z11 - KOpHH MHoroqneHa 

BhIIIHCaHHbre c yqeToM KpaTHOCTH. .Il:oKa3aTb cpopMyJihI BHern 

( 1)11 a,, = - Z1 • Z2 • ••• • Z,,. 
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1.32. L(oKa:mTh, 'ITO ecmf z0 E C - KopeHh Kparnocrn ao anre6-

paw:1ecKoro Mttoroqnetta cTeneHH 60JihUJe 1 c .ueH:CTBHTeJihHhlMH 

K03cpcp11u11eHTaM11, TO z0 - TaK)l(e Kopetth 3Toro MHoroqnetta 11 ero 

KpaTHOCTh paBHa CX() . 

1.33. IIycTh P,, (z) = a0z" + ... + a
11

_ 1z + a
11 

, ao # 0, - MttoroqneH 

cTenett11 n c .n:ei1:crn11TeJihtth1M11 K03cpqmu11ettTaM11. Dyen., KpoMe 

Toro, Xi, ... , x, - .n:eHCTBHTeJihHhle KOpHH KpaTHOCTH ~" ... , ~r COOT­

BeTCTBeHHO, a Z1' Z1' Z2' Z2 ' ... ' z,' Zs - KOMnJieKCHbJe KOpHH KpaTHO­

CTH Cli, Clr, Cl2, CX2, ... , a,, Cls COOTBeTCTBeHHO. L(oKa3aTh, 'ITO crrpa­

Be,ll)II1BO pa3JIO)l(ett11e 

( ) nr p IT' 2 ? I 12 a P,, z = a0 •=i (z - x1 ) ' •=Jz, - _Re z, · z+ z, ) ', 

1.34.IlycTh xER 11 Q11 (x)=a0 12+L:~=1 (akcoskx+bksinkx) 
TpHroHOMeTpttqecKHH MttoroqJieH c .n:eHCTBHTeJihHhlMH K03cpcpmi:tt­

eHTaMH ah bk. L(oKa3aTh, qTo Q11(x) HMeeT He 6onee 2n KOptteH:. 

1.35. L(oKa3aTh, 'ITO cnpaBe.umrnhI cne.uy10m11e paBeHcrna: 

1) . '" I °"' 211 C' ( l)"-' 2( k) sm- x = 
2211 

~•=o 211 - cos n - x; 

2) I~:o C~11 (- IY-' sin 2(n - k )x = O; 

3) 211 i I2" , cos x=-,- ,_
0
C, cos2(n-k)x; 2-" ,._ -" 

4) I~:0 c~11 sin 2(n-k)x = O; 

5) sin 211
•

1 
x = -

1
-"" ~:·0 1 CZ 1 (- l)"-

1 
sin (2(11 - k) + l)x; 

2211+1 ~II.- -"+ 

6) I~:~' c;11• 1 (-1)"-' cos (2(n - k) + I)x = O; 

7) '11+1 I L1n+I c' (2( k) I) COS- X =-, - '· -O , 1 COS II - ' + x; 
2-ll+I A- _JI+ 

8) L:~:~ 1 c;,,., sin (2(11- k) + I)x = 0. 

1.36. L(oKa3aTh cne.n:y10mtte yrnep)l(.n:ett115f. 

a) T,,(x) = cos (11 arc cos x) ecTh anre6paw1ecK11H: MHoroqneH 

CTeneHH 11. 3TOT MHOfO'lJieH Ha3bJBaeTC5f ,l/H020l/J/eHOJ11 lfe6bztUe6a 



KOMITJIEKCHhlE 4HCJIA H l1X CBOHCTBA 15 

11epeo20 pooa. I1oKa3aTb, 'ITO cTapI1111i1: K03cpqrnu11eHT y T11 (x) 
paBeH 211

-
1. 

6) KopHH rrpoH3BO.UHOH ame6pa11qecKoro MHOfO'IJleHa rrpHHa,n:­
JJe)KaT BbIIIYKJlOH o60JlOlJKe KOpHeH CaMoro MHOfOlJJleHa. 

1.37. ITycTb P11(z) - ame6pa11qecKHH MHoroqneH cTerreHH n. Ka­
KHMH .uomKHbI 6bITb ero K03cpcpHUHeHTbI, ecJIH: 

1) P (z) = P (Z); 
II II 

2) P,, (z) = -P,,Cz). 

1.38. ITycTb a - .uei1:cTBHTeJlbHoe lJHCJlO. ,[(oKa3aTb, 'ITO ecJJH 
MHOfOlJJieH P11(Z) CTerreHH n HMeeT 1l ,n:eHCTBHTeJlbHblX KOpHdi, TO 
MHoroqneH Qn(z) = P11(z + ia) + P,,(z - ia) TaK)Ke HMeeT n ,n:ei1:crn11-
TeJJbHbIX KOpHeH. 

1.39. ,[(oKa3aTb TO)J(,n:ecrna: 

1) (n - 2) L:;J zk 1
1 +I L::.1 z, 12 = L1s1«s,,I zk + z., 12 , n;:: 2; 

2) 11L::J zk 1
1 -I L::=I z, 12 = Lisk<sSnl Z; - z, 12 , n;:: 2. 

1.40 . .lJ:oKa3aTb HepaBeHCTBa: 

1) IL::=1z1 1:::;JnL:;Jz1 !2 ; 

p-l 
2) L:;Jz, J:=;;11--;-(L:;Jz

1 
IP)"P, p;::l; 

1.41. ITycTb p > 0, a q < 0 . .lJ:oKa3aTb, 'ITO crrpaBe,n:nHBbI cne­
.uy10ume HepaBeHcrna: 

( 
1 )!/" 1) ~I z,. Z2 . .... z,, I~ ~ :L:J Zt I" ; 

1.42 . .UoKa3aTb cne.n:y10m11e paBeHcrna: 

1) Iim - L::J z, Ip =~I z, · ::, · ... -z,, I; ( 

l )lip 
p-+0 11 

( l )"'' 2) Jim - L:;J ::1 II' = max I z, J; 
p-++- 11 ISlS11 
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( 
1 )"'' 3) lim - L:~J zt I'' =min I zt 1-

p-+-- 11 I SI. S11 

1.43 . .IJ:oKa.JaTb rrp1rne)leHHb1e mnKe yrnep:amemuL 

a) IlpH p > 1, q > 1, p- ' + q- ' = 1 )lJUI mo6hIX Ha6opoB KOM­

IIJJeKCHb!X qHceJJ a,, ... , aN H bi, ... , bN crrpaBe)lmfBO HepaBeHCTBO 

\I~=lakbk\ $ (I~=ii ak I")"" (I~=ii bk I")""' 
a rrpH p = 1 crrpaBe)lJIHBO HepaBeHCTBO 

\I~=lakbk\ $ (I~=ii ak 1) ~~I bk '· 

3TH HepaBeHCTBa H33bIB3IOT HepaeeHcmea.MU I'iblbOepa. 
y CTaHOBHTb He06XO)lHMbie H )lOCTaTQqHbie ycJIOBmr paBeHCTBa B 

3THX HepaBeHCTBaX. 

6) IlpH p 2: 1 )lJl51 JII06hIX Ha6opoB KOMIIJJeKCHbIX q:HceJJ ai, 
aN H b,, ... , bN crrpaBe)lJIHBO HepaBeHCTBO 

(I:=ii ak +bk 1)"" $ (I:=ii ak I")""+ (I:=ii bk I")""' 
KOTopoe Ha3bIBaIOT HepaeeHcmeo.111 MuHKOBCKozo. 

y CTaHOBHTh Heo6xo,nHMOe H ,llOCTaToqHoe ycnOBHe paBeHCTBa B 

3TOM HepaBeHCTBe. 
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IlOCJIE,[(OBATEJibHOCTH, PSI,[(bl H I>ECKOHElJHblE 
ITPOH3BE,[(EHIDI KOMilJIEKCHbIX lfilCEJI 

IJocne.uoBaTeJibHOCTb KOMIIJieKCHbIX qHceJI {Zn} Ha3bIBaeTCR cxo­
OJlU{eUCJl, ecm1 cymecrnyeT TaKoe qwcno z E C, qTo 

\;/ £ > 0 3N ( £) : \;/ n 2. N ( £) => I z,, - z I< £ . 

0603HaqaeTC5I 3TO TaK: lim zll = z MJIM Zn --t z, n --7 oo. 
11-400 

IJocJie,UOBaTeJibHOCTb KOMIIJieKCHbIX qwceJI {Zn} Ha3bIBaeTCR 

rjJyHOCl.JWeHmaJlbHOU, eCJIM 

'I/£ > O 3N ( £) : '\/ n °?. N ( £), '\/ p E N => I z11+ P - z
11 

I< £ . 

KpttTepnii Kornn. IIocJie~oBaTCJibHOCTb KOMnJieKCHbIX "lttceJI 

CXO)lHTCH TOr)la 11 TOJibKO Tor.ua, Kor.ua OHa HBmieTCJI cpyH)laMeH­

TaJihHOM. 

Docne)lOBaTeJibHOCTb KOMIIJieKCHbIX q11cen {Zn} Ha3&rnaeTcJI 02-

pmmlfeHHOii, ecntt 

3A > 0 : \;/ n E N =>I z
11 
I ::; A . 

IIocne.uoBaTeJibHOCTb, He HBJIRIOmaHCH orpaHttqeHHoif, Ha3bIBa­

eTcR Heo2paHU'feHHOU, T. e. 

'\/A > 0: 3n E N =>I z
11 

I> A . 

Cxo)lRmttecJI rrocne)loBaTeJihHOCTH JIBJIRIOTCJI orpaHwqeHHhIMH. 

IIocne.uoBaTeJibHOCTb { z"} cxo.uttTCH K ToqKe z = oo (HBJIJieTCR 

6ecKOHeqHo 60JibllIOM), eCJIH 

'I/ A > 0 3N (A) : '\/ n 2. N (A) => I z
11 
I > A . 

3TO o603HaqaeTCJI KaK lim z,, = 00 MJIH Z11 --too, n --t 00. 
n---foo 

IIocne)lOBaTeJibHOCTh z 11-+ oo TOr)la H TOJibKO TOr)la, KOr)la !z11 ! --+ oo, 

n--+ oo. 

lIHCJIO z i= 00 Ha3bIBaeTC5I npeoerzbHOU ntO'fKOU IIOCJie,UOBaTeJibHOCTH 

{Zn}' eCJIH cymecTsyeT IIO)lIIOCJie)lOBaTeJihHOCTh { z } IIOCJie,UOBa-,,, 
TeJihHOCTH {Zn}' CXO.UJIIIIaJICJI K z. 
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TeopeMa oOJibUatto-BeiiepmTpacca. l13 mo6oii orpam1qeHHOH 

nocne.uosaTeJibHOCTl1 KOMnJieKCHbIX q11ceJI MO)!(HO BbI,UeJil1Tb cxo­

mrmy10cH ITO.UITOCJie)J.OBaTeJibHOCTb . .ll.pyr11Ml1 CJIOBaMH, JII06aH or­

paH11qeHHaH ITOCJie,UOBaTeJibHOCTb 11MeeT ITO Kpai1Hei1 Mepe O.UHY 

npe.ueJibHYIO TOqKy. 

ToqKa z = oo 5IBJIHeTc5l npeOeJLb1-1.oii mo4Koii .UJI5I nocne.uosaTeJih­

HOCT11 KOMrrJieKCHhIX q11cen { z 11 }, ecn11 cymecrnyeT rro.unocne.uosa­

TeJihHOCTh { z/I } 3TOH IIOCJie,UOBaTeJibHOCTl1, TaKaH, qTo lim = 00 • . ~-
.ll.JIH JII06oi1: HeorpaH11qeHHOH ITOCJie,UOBaTeJibHOCTl1 KOMITJieKC­

HbIX qttcen TOqKa z = oo HBJIHeTCH rrpe.uenhHOH. TaKHM o6pa30M, JII0-

6aH nocne.uosaTeJibHOCTb KOMIIJieKCHbIX q11ceJI HMeeT rro Kpai1:HeH 

Mepe OJJ.HY rrpe.ueJibHYIO TOqKy (KOHeqHyIO l1Jll1 6eCKOHeqHyIO). 

Ecn11 rrocne.uosaTeJihHOCTl1 { z 11 } l1 { z:,} HBJIHIOTCH CXOJJ.Hllll1Ml1CH 

11 lim z/I = a -::/:. oo, lim z;, = b -::/:. 00 ' TO ITOCJie,UOBaTeJibHOCTl1 
11--+oo 11--+oo 

{ z,, ± zJ , { z,, · z;, }, { cz,,}, { z,, I z;,} ( ecntt b :f: 0) 

HBJIHIOTCH CXO.UHllll1Ml1CH l1 

1. ( + ') - +b rm z
11 

_ z
11 

- a _ , Iim(z
11 

• z;,) =a· b, 
11--+oo 11--+oo 

limcz
11 

=ca, Jim z~ = !:!:._ (b-::/:. 0). 
u--+oo 11--+oo z,, b 

PHJJ. I~=t z
11 

, cocTaBJieHHbIH 113 KOMrrJieKCHbIX q11cen, Ha3bIBaeTc5l 

cxoORU{UMCR, ecn11 rrocne.uosaTeJihHOCTh qacT11qHhIX cyMM 

S
11 
= I~=t zk cxo.u11TC5l K KOHeqHoMy npe.ueny S. 3ToT npe.uen Ha3bI-

saeTcH cyA1Moii pRoa 11 o6o3HaqaeTcH S =I~=' z11 • 

PH.U Ha3bIBaeTcH pacxooRUfUAtCR, ecmi: rrocne,zxoBaTeJibHOCTh ero 

qacT11qHblX cyMM He CXO,U11TCH K KOHeqHOMY rrpe.ueny. 

Ecntt pH.Ubl I~=t z11 11 .L~=t z;, cxoJJ.HTCH, To pH.Uhl 

I~=' cz 11 , c E C, I~=' (z 11 ± z;,) 

CXO)J.HTCH 11 

L- L:-c- -c -11=1 (,,11 - 11=! t..,,, ,- ( + ')='- - +'- ' 
.L..iu=I Zn - z,, .L..in=I .... ,, - .L..i11:::J Zu . 
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KpttTepuu Koum cxo.n:HMOCTH pn.n:a. .1J:1rn Toro qrnfa1 p5I.ll 

L~=' z,, cxo.n:11JIC5I, Heo6xo,ll11Mo 11 .llOCTaTOqHo, qT06b1 

'ifE>O 3N(E):'ifn?..N(E),'ifpE N~JS,,+p -S,, J<E, 

Ifa cxo.n:11MocTH pH.n:a L~=I z,, c Heo6xo.n:11MOCTbIO cJie.n:yeT, qTo 

limz,, =0. 
11-700 

P5I.n: L~=I z,, Ha3hrnaeTc5I a6comonu-io cxooflUf,U.MCfl, ecJIH cxo.n:11T­

C5I p5I)J, .L~J z,, J . }fa a6COJIIOTHOM CXO)J,HMOCTl1 p5I)J,a BbITeKaeT cxo­

)J,11MOCTb p5I.n:a. EcJI11 p5I.n: cxo.n:11Tc5I a6coJIIOTHO, TO rrpo113BOJibHoe 

113MeHeH11e rrop5I)J,Ka qJieHOB p5I,lla He BJIH5IeT Ha CXO,lll1MOCTb p5I)J,a H 

Ha ero cyMMy. 

IlocJie)J,oBaTeJibHOCTb { z 11 } Ha3hIBaeTC5l nocJleooeameJlbHocmblo c 

02paHU'leHHblM U3Menenue.M, eCJil1 CXO)J,HTC5! p5I)J, 

IlpHJuairn CXO.llHMOCTH pH.Ila 

IIptt3HaK Koum. Ecmi: !imefl"Z,I < 1, TO pH,n; .L~=I z,, cxo,n;HTC5! 
11-'too 

a6COJIIOTHO, a ecmr lim.:JTZI > 1 , TO p5I)J, a6COJIIOTHO pacxO)J,HTC5I. 
11--)00 

Ilptt3HaK .IJ:anaMoepa. EcnH Jim J z,,+ 1 I z,, I< 1, To p5I.ll .L~=i z,, 
Jl--)00 

CXO,ll;l1TC5! a6coJIIOTHO, a eCJIH ,ll;J15! JII06oro n, H3til1H35! c HeKOToporo, 

Jz,,+1 I z11I ~ q > 1, TO p5I.n: .L~=i z,, a6conIOTHO pacxo.n:HTC5I. 

IIptt3HaK .IJ:upuxJie . .lJ:n5I cxo)J,HMOCTH p5I.n:a ,L~=I z,,(,, .n:oCTa­

ToqHo, tIT06b1 IIOCJie)J,OBaTeJibHOCTb { s,,} HMeJia orpaH11qeHHOe 113-

MeHeHHe, lim s11 = 0, H qacTHqHbie cyMMbI p5I.n:a L~=I zk 6bIJIH orpa-
11-00 

HHqeHbl. 

C!ieocmoue 1 . .ll:JI5I cxo.n:HMOCTH p5I.lla .L~=I z,,(,,, r,lle Sn C R, noc­
TaToqHo, qT06bI IIOCJie,llOBaTeJibHOCTb { s,,} 6bIJia MOHOTOHHOH, 

lim s,, = 0, a qaCTHqHbie cyMMhI pH.Ila .L~=I zk 6hm11 orpatt11qeHbJ. 
11-C>.... 
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IIpHJuaK A6eJISI. ,ll.nll cxo;:i:i1Mocrn pllna L~=i z,,?,, nocTaTO'IHo, 

'IT06h1 noc11enosaTeJJhHOCTh { S,,} HMeJJa orpaHH'leHHoe H3MeHem1e, 

a Pll.D. L~=I z,, cxo)J.ttJJCll. 

Cneocmaue 2. ,ll.nll cxonHMOCTH pllna L~=' z,l,, , rne Sn c R, noc­

TaTO'lHO, 'lT06hI noc11enoBaTeJJhHOCTh { s,,} 6hrna MOHOTOHHa H orpa­

HWieHa, a PllLl L~=1 z,, cxontt11rn. 

IIycTh {Zn} - noc11enosaTeJJhHOCTh KOMnJJeKCHhIX qwcen, nm1 KO­

rnpow Zn* -1, n E N. Ha30BeM P,, = rr~=I (1 + zk) 'JaCJnU'<HblM npo-

U3BeOeHUeM, a rr~=l (1 + Zk) = (l+z1) (l+z2) - 6eCKOlie'<HblM npOU3-

eeoeHUeM. EecKOHe'IHOe npott3BeL{eHtte Ha3bJBaeTCll CXOOJlUfWWCJl, 

ernw cymecrnyeT npenen p = limp,, , ornH'lHhIM OT HYJJll. 0603Ha-
,,~oo 

qaeTCll :no c11enyIOlUHM o6pa30M: p = rr;=I (1 + zk) . EcJJH He cyme­

CTByeT KOHe'lHOfO npene11a, OTJJJ1qHoro OT HYJlll, TO 6eCKOHe'IHOe 

npOH3BeL{eHtte rr~=l (1 + Z,,) llBJllleTCll paCXOORUfUMCfl. 

EcJIH 6eCKOHe'IHOe npOH3BeL{eHtte rr~=I (1 + z,,) CXOL{HTCll, TO OT­

CI-OL{a c Heo6XOL{HMOCThI-O cnenyeT, qTQ lim z,, = 0. 
11~00 

Ecm1 z,,, n E N, - nei1:cTBHTeJJhHhie '!Hcna, Zn?: 0, To 6ecKoHeqttoe 

npOH3BeL{eHtte rr~=l (1 + Z,,) CXO,UHTCll TOf,Ua H TOJlhKO TOf,Ua, KOfL{a 

CXO,UHTCll Pll.U L~=l z,, . 

EecKoHe'IHOe npOH3BeL{eHHe rr~=I (1 + z,,) Ha3hIBaeTCll a6co111omHO 

CXOOflUfU.MCJl, eCJJH CXO,UHTCll npOH3BeL{eH11e rr~=l (1 + I z11I). A6co­

JJI-OTHO CXO,UllIUeecl! rrpomse,n:eHHe llBJilleTCll CXOWllUHMCll. 

EecKOHe'IHOe npOH3Be)J.eHtte CXO,UHTCll a6cOJJI-OTHO TOr,n:a H TOJlhKO 

Torna, Korna cxonwTcll a6comoTHO pllLl L~=I z,, . 

2.1. ,ll.oKa3aTh, 'ITO eCJJH ITOCJJeL{OBaTeJJhHOCTH { z,,} H { z:,} 

CXOL{llTCll, TO CXOL{llTCll ITOCJJeL{OBaTeJJhHOCTH { z,, ± z:,}' { z,, . z:,} H 
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lim(z
11 

± z;,) = lim z
11 

±Jim z;,, lim(z
11 

• z;,) = lim z
11 

• lim z;,. 
11-too lf--tco 11-too 11-700 11--too 11--too 

Ec1m, KpOMe Toro, npe.unono)KHTb, 4TO lim z;, -:t 0 , TO cxo,n:HTCR no-
11-too 

cne.uosaTeJihHOCTh { z
11 
I z;,} H cnpase,n:JIHBO paseHcTBo: 

limz,, 
1. ~-~ lffi I - • I• ,, ..... ~ z

11 
hmz

11 

2.2. ).:(oKa3aTb, 4TO CXO,UHMOCTb IIOCJie,UOBaTeJibHOCTH { z,,} 3KBH­

BaJieHTHa cxo,n:HMOCTH rrocne.uosaTeJihHOCTeil: {Re z,,} H {Im z11 }. 
2.3. II yen .use rrocne.uosaTeJihHOCTH { z

11 
} H { z;, } cxo,n:HTCR, rrpH-

4eM lim z
11 

= lim z;, . Cne.uyeT JIH 0Tc10.ua, 'ITO 
11-too 11-too 

lim I z11 I= lim I z;, I H lim arg z
11 
= lim arg z;, , 

11--t- 11--too 11--too n-too 

r.ue arg z E (-rr, rr]? 

2.4. ).:(oKaJaTh, 'ITO MR cyru.ecTBoBaHHR lim z
11

, z E R- Heo6xo-
11-too 

.UHMO H JlOCTaTO'IHO, 'IT06bI cyru.ecTBOBaJIH 

Jim I z
11 

1-:t 0, lim arg z
11 

-:t ±n . 
11--too u--t-

2.5. BepHo JIH yrnep)K.uem1e: ecJIH lim z
11 
= 0 , TO cyru.ecrnyeT 

n--too 

limarg z,,? 
11--too 

2.6. ).:(oK8.3aTb, 'ITO H3 CXO.[(HMOCTH IIOCJie.[(OBaTeJibHOCTH { z,,} 

CJie,n:yeT CXOJlHMOCTb IIOCJie,UOBaTeJibHOCTH { lz11I}. 
2.7. IIoKa3aTb, 'ITO H3 CXO.[(HMOCTH { lz11I}, soo6ru.e roBOp5!, He 

cnenyeT CXO.[(HMOCTh { z,,}. 

2.8. B KaKHX cnyqaHx cxo,n:HMOCTh rrocne.uosaTeJihHOCTH { z 11 } 3K­

BHBaJieHTHa CXO)lHMOCTH IIOCJie.[(OBaTeJihHOCTH { lz,,I}? 
2.9. ).:(OK8.3aTb, 'ITO CXO,U5IIUHeC5I IIOCJie,UOBaTeJibHOCTH orpaHHlleHhI. 

2.10. ).:(oKa3aTb, 'ITO H3 orpaHH'IeHHOtt JlOCJie.[(OBaTeJibHOCTH 

MO)KHO BhI,UeJIHTh CXOJl5IIUYIOC5I JlO,UJlOCJie,UOBaTeJibHOCTh. 

2.11. ).:(oKa3aTb, 'ITO 113 HeorpaHH4eHHOH IIOCJie.[(OBaTeJihHOCTH 

MO)KHO BhI,UeJIHTh 6eCKOHe4HO 60JihIIIYIO JlO,UIIOCJie,UOBaTeJihHOCTb. 
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2.12. IIpirnecrn: rrp11Mep 6ecKoHeqHo 6oJiblllOH rrocJie.uosaTeJib­
HOCTH { Z11}, .umr KOTOpOH HH fIOCJie,UOBaTeJibHOCTb {Re Z11}, HH rm­
CJie,UOBaTeJibHOCTb {Im z11 } He 5rBm1eTCH 6ecKoHeqHo 6oJihlllOH. 

2.13. ,UoKa3aTb, qTO eCJIH fIOCJie,UOBaTeJibHOCTb {z11} - 6eCKOHeq­

HO 6oJI&IllaH, a rrocJie.uosaTeJibHOCTb { z;, } orpaH11qeHa, TO rrocne.uo-

BaTeJibHOCTb { z,, ± z:. } 5IBJI5leTC5l 6eCKOHeqHQ 60JiblllOH. 

2.14. ,UoKa3aTb, qTo lim z11 = 00 Tor.ua 11 TOJibKO Tor.ua, Kor.ua 
11-too 

limz,~ 1 =0. 
11-too 

2.15. ,UoKa3aTb, qTQ eCJIH 

lim z,, = oo , a Jim z:, 7' 0 , TO lim z,, z:, = lim ~ = oo • 
11-too 11->oo 11->oo 11->oo zll 

2.16. ,UoKa3aTb, qTo fIOCJie.UOBaTeJibHOCTb c orpaHifqeHHbIM If3-

Mettem1eM HBJrneTCH CXO)J;Hlll,eikH. 

2.17. IIp11necrH rrpHMep cxonmueH:cH rrocJienonarenbHOCTH c He­
orpaHifqeHHhIM H3MeHeHHeM. 

2.18. IIycrb rrocnenonareJibHOCTb { z11 } TaKOBa, qro 

lim(z11 - z,,_,) = 0, lim I z,, I= a. 
11-tOQ n-too 

CJie,n;yer JIH orcro.ua, 'iTO cyiuecrnyer Jim z,, ? 
11400 

2.19. IIycrb rroCJie.n;osareJibHOCTh { a11 } orpaHH'ieHa H 

Z11= ao+ a, z + ... + a"z", lzl < 1. 

,UoKa3aTb, qTo cymecTByeT lim z,,. 
fl-tOO 

2.20. ,UoKa:mrh, qTO 

lim(l + zl n)" = e' (cosy+ isin y), z = x+ iy. 
11-tg.g 

2 21 TT Z11-1 + Z11-' • • µ.OKa3aTh, qTo rrocnenonaTeJibHOCTb z = - rne n 
II 2 

= 3, 4, ... , a Zi. Z2 - 3anaHHbie '!HCJla, CXO,D.HTCH If HaHTH ee rrpenen. 

2.22. I1ycrb KOMfIJieKCHOe q11cJIO z i- 0. ,UJIH KaKHX z cymecTByeT 

limz,,,ecJIH z =_!_(z +z-1
) z =z? 

11->~ 11+1 2 II II ' I • 
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2.23. ,ll.Jrn KaKHX KOMIIJieKCHb!X z CXO,ll.5ITC5I IIOCJie,D.oBaTeJibHO­

crn {z,,}: 

1) Z11 = z"; ) "'\'" k 3) II K k 2 z,, = L..k=o z ; z11 = z · n , - ueJioe; 

k 
"'\'" z 

5) z" = L..k=r k_2· 
z" 

4) z =-· 
II f' n. 

2.24. IIyCTb lim z,, = a i- oo. ,ll.oKa3aTb, qrn 
11-?oo 

1
. Z1 + z, + ... + Z, 
1m - ' =a. 

11-?oo 11 

IIoKa3aTb, qTo B cJiyqae a = oo yrnep)K.uemi:e, Boo6me roBop5I, He­

Beptto. 

2.25. IIycTb lim z,, = a i- oo, Ak> 0, k = 1, 2, ... , liml::~=r,1.,k =+00• 
11-?00 11-7 00 

. Al .::I + A, Z, + ... + A z 
hm - - " " =a. 

-1., +A., + ... +-1 .. 
2.26. IlpH KaKHX .ueliCTBHTeJibHbIX 3HaqeHH5IX cp cymecrnyeT 

lime;"'P? 

2.27. IIp1rnecTH rrp11Mep rrorne.uosaTeJihHOCTH, ,D.JIH KOTopoM: 

MHO)KeCTBO ToqeK: 

1) KOHeqtto; 2) cqerno; 3) ttecqerno. 

2.28. IIp11secT11 rrpttMep rrocJie.uosaTeJibHOCTH, ,D.JI5! KOTopow 

MHO)KeCTBO rrpe.ueJibHbIX TO'leK ecTb: 

1) rrpHMa.H; 2) OKp)')KHOCTh { JzJ = R}; 3) 3aMKHyrhlli Kpyr { JzJ ::::: R}; 

4) rro.i:IyrrnocKocTh {Rez2::0},{Imz2::0}; 

5) BC5! KOMIIJieKCHaJI IIJIOCKOCTb. 

2.29. HaliTH rrpe.ueJihHhie ToqKH MHO)Kecrn: 

1) {z",n=l, 2, ... },z cpI1KCHpOBaHO; 

2) {lzl< 1}; 3) {Rez-1 =canst} ;4) {rmz-1 =const}; 

8) {Im;:-1 <l}; 9) {a<argz<,8,-1l<a<,8<1l}. 
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2.30. )JoKa3aTh, 4TO PH.ll L~=J z,, CXO./lHTCSI TOr.ua 11 TOJJhKO rnr.ua, 

Kor .ua O./lHOBpeMeHHO CXO.llSITCSI pSI.llhI L~=i Re z,, , L~= 1 Im z,, . 

2.31. )JoKa3aTb, 4TO 113 a6comOTHOH CXO,lll1MOCTH pSI,lla rne.uyeT 

CXO./lHMOCTb pSI,lla. 

2.32. )JoKa3aTh, '-!TO .UJJSI TOro '-IT06h1 pSI.ll :L~=i z,, cxo.u1111cSI a6co­

JIIOTHO, Heo6XO,lll1MO 11 .llOCTaTO'-IHO, '-IT06hI CXO.llHJIHCb pSI.llbI 

I~= 1 I Re z,, I H L~=1 I Imz,, I· 

2.33. )JoKa3aTh, qrn ecJI11 pSI.ll cxo.u11TCSI a6coJIIOTHO, TO npoH3-

BOJlhHOe 113MeHeHHe nopSI.llKa CJle.llOBaHHSI qJieHOB pSI.ua He BJlHSieT Ha 

ero CXO,llHMOCTb H cyMMy. 

2.34. )JoKa3aTb, 4TO ec1111 pSI.ll cxo.u11TCSI, HO He a6comoTHO, TO 

MO)KHO TaK 113MeHMTb nop.H,llOK CJie,llOBaHM.H '-!JieHOB p.H,lla, '-!TO BHOBb 

noJiyqeHHbIH pSI.ll 6y.ueT pacxOJJ..HIUHMCSI. 

2.35. BepHO JIH yrsep)l{)leHHe: nycTb p.sr.u CXO.llHTC.sI, HO He a6co­

JIIOTHO; Tor.ua ,/lJISI mo6oro a E c MO)l(HO TaK nepeCTaBHTb qJieHbI 

pSI.ua, '-!TO OH 6y.ueT CXO./ll1TbCSI Ka. 

2.36. )JoKa3aTb, 4TO ec1111 p.HJl CXO.llHTCSI, HO He a6COJ1IOTHO, TO 

MO)KHO 6e3 nepecTaHOBKH TaK crpynn11poBaTb '-IJieHbI p.H.lla, '-!TO 

BHOBb noIIyqeHHhIH p.H.ll 6y.ueT CXO./lHTbCSI a6coJIIOTHO. 

2.37. )JoKa3aTh, 4TO ec1111 pSI.ll :L~=r z,, cxo.u11TCSI, TO pSill :L~= 1 z;, , 

rne z;, = :L;:·~~ 1 zk , { p,,} - npo113BOJihHaSI cTporo B03pacrn10ma.H no­

cne.uosaTeJJbHOCTh HaTypMhHhIX '-mce11 c Pi= 1, cxon11Tc.H. 

PR):( L~=J z;, Ha3brnaeTc.H pRooM, noJLy'lertHbIM c noAtOUfbTO 2pyn­

nupo8KU 'l!leuoe ucxoouozo paoa 6e3 H3Mettemrn ttx CJie,[(oBamrn. 

2.38. IIp11secT11 np11Mep pacxonmueroc.H pSI):(a, JlJISI KOToporo 

HaH:.ueTCSI HeKOTOpaSI rpynnHpOBKa ero qJieHOB, SIBJISIIOIUaSICSI cxo­

,[(.HIUMMC.H p.H,[(OM. 

2.39. )JoKa3aT1>, '-!TO p.H):( L~=J z,, 6y):(eT cxo,[(HIUMMC.H, ecJitt BbI­

no11HeHhI yc110BHSI: 

1) Jim z,, = O; 
11-+oo 
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2) HeKOTOpa5I rpyrrmrpOBKa p5I,Ua (CM. 3a,Ua':ly 2.37) 5IBJrneTC5I 

cxo.u5Illl.HMC5I p5I.UOM H rrpH 3TOM sup(p
11

+1 - p 11 ) < 00• 

2.40. ,[(oKa3aTb rrpH3HaK Koum. 

2.41. ,[(oKa3aTb rrpmHaK ,[(anaM6epa. 

2.42. IIycTb lim J z,,+1 I z,, J = q > 1. Cne.uyer JIH orc10.ua, qTo p5I.U 
11........:,00 

I~=i Z11 6y.ueT pacxo,D;5Illl.HMC5I? 

2.43. ,[(oKa3aTb npu3HaK Paa6e: ecJIH lim n(i z,, I z,,+1 I -1) = p , TO 
11~00 

rrpH p > 1 p5I.U L~=I z
11 

cxo.u11Tc5I a6coJIIOTHO, a rrpH p < 1 He cxo,D;HT­

C5I a6coJIIOTHO. IlpH p = 1 p5I.U L~=I z11 MO)l(eT KaK a6coJIIOTHO cxo­

.UHThC5I, TaK H a6COJIIOTHO paCXO,ll;HTbC5I. 

2.44. ,[(oKa3aTb npu3HaK I'aycca: ecJIH 

I z/I I Z11+I I= A+µ/ 11+8/l ln1
+e' c > 0, I e,, 1~ C, 

ro rrpH A. > l p5I.U L:~=I z
11 

cxo,UHTC5I a6comortto, npH A. < 1 - He cxo­

JlHTC5I a6COJUOTHO; rrpH /... = 1 H µ > 1 - CXO,UHTC5I a6COJIIOTHO, a rrpH 
/... = 1 H µ < 1 - He CXOJlHTC5I a6cOJIIOTHO. 

2.45. ,[(oKa'.3aTh mo:J1coecmeo A6eJUl 

r.ue 1 :S 111 < 11, Sk = L~=t a1, S0 = 0, { ak}, {bk} - nocnenosaTeJibHO­

CTH KOMIUieKCHhIX ':IHCeJI. B npyrott <t>opMe TO)K)l:ecrno A6emr HMeer BHJl 

2::~=1, aA = I:~:~ (bk - bk+1 )ck + b1/q , 

n:re ck= ap+1 + ... + ak. 

2.46. BhmOJIHHTh np11se.uetttth1e HH:>Ke 3a.uatt115I. 

a) IIycTh { S,,} - rrorne.uosareJibHOCTh c orpaHHqeHHhIM H3Me­

ttem1eM, a p5IJl L~=I z,, cxo.u11rc5I. ,[(oKa3aTh, qro p5IJl L~=I z11 ~ 11 TaIOKe 

CXO,UHTC5I. 

6) Ilp11secr11 rrp11Mep pacxo,n;51w;eroc51 p5I.ua L~=I z11 ~ 11 , .UJI5I KO-

roporo p5IJl I~=I z
11 

CXO.llHTC5I, rne { S,,} - orpaHHqeHHa5I nocne.uosa­

TeJibHOCTh. 
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B) .[(oKa3aTb, qTo nmi: Toro qT06h1 c noMomhIO nocJie,noBaTeJib­

Hocnr { <;,,,} MHO)l(ttTeJiei1 Ka)l(llhIH cxon.sim11i1c.sI p.llll L~=I z,, npeo6-

pa30BhIBaJic.sI B cxon.sim11i1cH p.s!ll L~=1 z)~11 , tteo6xon11Mo 11 nocrn­

TOLJHO, LJT06b1 { (,11 } 6h1Jia nocJienoBaTeJihHOCThIO c orpaH11LJeHHhIM 

113MeHeH11eM. 

2.47. ITycTh qacrn:LJHhie CYMMhI p5!na L~=1 z11 
orpattttt-IeHhI, a no-

CJiellOBaTeJibHOCTb { <;,,,} c orpaH11LJeHHbIM 113MeHeH11eM 11 

lim (,,, = 0. ,[(OKa3aTb, LJTO PHll :L00

=l z,,t;,,, CXO,UI1TC.ll. 
II~~ n 

2.48 . .[(oKa3aTh nptt3HaK A6en5!. 

2.49 . .[(oKa3aTb npmttaK .[(11p11xne. 

2.50 . .[(oKa3aTh, LJTO llJl.ll Toro qTOfaJ Ka)l(llbIH CX01l5lml1HC.ll pan 

L~=I Z11 c noMomhIO nocnenoBaTeJihHOCTtt { <;,,,} npeo6pa30BbIBaJIC5! 

s cxo,u.simni1c51' p.sI.n L~=1 z,,(,
11 

, tteo6xonnMo n .uocrnTOLJHo, LJT06h1 PM 

L~=, I ( - ~ .. +, I cxo,nMJIC.ll, T. e. LJT06h1 nocne,noBaTeJihHOCTh { <;,,,} 6hrna 

c orpam1qeHHbIM H3MeHeHtteM. 
ill(/J 

2.51 . .[(oKa3aTh, tfTO L~=' :___ cxo.nmc51', ecn11 0 < rp < 27r, a no­
µ,, 

CJie,UOBaTeJibHOCTb .n;eHCTBHTeJlbHbIX q11cen {µ,,} MOHOTOHHO CTpe­

MI1TC5! K +co. 

2.52 . .[(oKa:mTh, tfTO ecm1 pH,u L~= I z,, cxo,nttTC5! 11 

jargzJ~a<Jr/2 HJIH jargz11 -Jr/2l~a<Jr/2, 
TO p5!1l CX01ll1TC51' a6coJIIOTHO. ITpttBecn1 npttMep CX01l511Ueroc5!, HO 

He a6comoTHo, p5!.na, llJl5! KOToporo jarg z,, I< Jr I 2. 

2.53. IlycTh Re z,, ;:::-: 0 11 p.llllhI L~=I z,, H .L~=t z,: cxo,n5lTC5l . .[(o­

Ka3aTh, YTO p511l .L~=I z,: cxo,nttTC5l a6coJIIOTHO. ITp11BecT11 npttMep 

cxom1.meroc51 pH,ua .L~=I z,, , .UJI.ll KoToporo p5Ill L~=I z,~ cxon11Tc5l, Ho 

He a6cOJIIOTHO. 

2.54 . .[(oKa3aTb, qro ecn11 P5l1lhI L~= 1 z,~ 11 L~=I z:, 2 
CXOll5lTC5l a6-
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COJIIOTHO, TO a6coJIIOTHO CXO)J,5!TC5! p5!JJ.bl 

""= I ""= ( + I )2 "~ ~ l/ 2 
L..11=1 Z11Z11 ' ~u=l Z,, - Z,, ' ~n=I a' a> ' 

ll 

2.55. Tip11 KaKHX IlOJ10)KI1TeJihHh!X (J. I1 fJ p51JJ. 

""= ((-1)" . 1 ) L, --+i-
11=1 Ila 1zt' 

CXO,[(MTC5! 11 a6COJIIOTHO CXO,ll,!1TCH? 

2.56. Hai1T11 Bee ,n:ei1crn11TeJihHhie 3HaqeHtt5! napaMeTPa o., np11 

KOTOpOM CXOJJ,HTC5! p5!JJ,hI: 

2) I~=I (a+ l)(a + 2) ... (a + n) i"; 
ll ! 

.,, 
3) ""= l • 

L..,,,=I a ' 
1l 

i1rlu 

4) ""= _e -
L..iu=I a· 

11 

2.57. IJOCTPOMTh TaKyIO KOMnJieKCHYIO nocne.uoBaTeJibHOCTb 

{ Z11}, qTo .UJI5! n106oro k = 1, 2, ... p5!.UhI L~=I z,~ cxo.U5!TC5!, HO He 

a6comoTHO. 

2.58. 11ccJieJJ,OBaTb CXOJJ,MMOCTb p5!JJ,OB: 

l) L~=I z(z + l) .. ;(z + n); 
fl. 

2) L~=1 na z", a - neH.cTBHTeJibHOe; 

3) ""
00 ~ z" · ~11=1 II ' fl 

4 ""= (211 -1) ! _z"_ 
) L..,,~i (n !)2 1 + z" · 

2.59. Hai1rn o6nacTh cxon11Mocrn p51JJ.OB: 

1) ""= 1 . 2) ""00 (-1)" . 
L..Jn=I ( ) ' L...,11=1 ' fl z-n z+fl 

3) ""= 1 
.L.Jn=l ( )2 ' z- nJr 

2.60. ~oKa3aTb, 9TO 113 CXO)J,HMOCTH 6eCKOHe9ttOro npOH3Be,ne­

Hl15! rr~=I (1 + Z,,) C He06XOL{MMOCThlO CJie,ll,yeT, qTQ !im Z,, = 0. 
11~00 
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2.61. )J,oKa3aTb, 4TO ecmi: { z,,} - .uei1CTBHTeJibHa5! TIOCJie,UOBa­

TeJibHOCTh YI Z11 2: 0, TO npOH3Be,UeHHe n~=I (1 + Z,,) CXO,UHTC5! TOr,Ua H 

TOJihKO Tor.ua, Kor.ua cxonHTC5! PH.ll L~=t z,,. 

2.62. )J,oKa3aTh, 1-lTO a6comorno CXO.llHll\eec51 6ecKotte11ttoe npo­

H3BeneHHe CXO.UHTC5!. 

2.63. )J,oKa3aTb, 4TO 6eCKOHe11HOe npOH3Be,UeHHe n~=I (1 + Z,,) 

CXO.llHTC5! a6COJIIOTHO rnr.ua H TOJibKO Tor.ua, Kor.ua CXO,UHTCH a6co­

JIIOTHO p.sr.u L~=I z,, . 

2.64. IlpHBeCTH npHMep TaKOH TIOCJie,UOBaTeJibHOCTH { z,,}' 4TO 

6eCKOHe11HOe npOH3Be,UeHHe n~=I (1 + Z,,) paCXO,UHTC5!, a 6eCKOHe4-

HOe npomBe,UeHHe n~=l 11 + zll I CXO,UHTCH. 

2.65. IIycTh Re z,, < -1. )J,oKa3aTb, 1-lTO 6ecKoHe4HOe npoH3Be­

neHHe Il~=I (I+ z,,) CXO)l,l1TC5! TOr,11,a H TOJihKO Tor.ua, KOr)l,a CXO)l,11T-

C5! PM L~=1 ln J I+ z,, I· 

2.66. )J,oKa3aTh, 4TO ecJIH cxo;:i:HTCH P51.llhI L~=t z,, H L~=t z,~ , ro 

CXO.llHTCH H 6eCKOHe11HOe npOH3Be,UeHHe n~=I (1 + Z
11

) • 

2.67. IlyCTb 6eCKOHe4HOe npOH3Be)l,eH11e n~=I (1 + Z,,) CXO.lll1TCH. 

Cne.uyeT JIH OTCIO)l.a, 4TO cxo)l.11Tc5! p5!;:i: :L~=t z,, ? 

2.68. IlyCTh CXO;:J:5!TC5! 6eCKOHe4HOe npOIBBe)l,eHHe n~=I (1 + Z,,) 

H pH.ll L ~=I z,, . Cne.rryeT JIH orc10,11,a, '-ITO CXO.UHTC5! pH.ll L ~= 1 1 z,, 1
1 

? 

2.69. IIycTh cxo)l.5!TC5! 6ecK0He'rnb1e npo113Be.rreH11.11. 

n~=I (1 + z,,) H n~=I (1 + z:.) . 

HccJie,11,oBaTh Ha cxonHMOCTh 6ecKoHe4Hbie npoH3Be,11,eH115!: 

1) Il~= 1 (l+z,)(l+z:,); 2) Il~= 1 (l+z,,+z:,); 

3) n~=I(~: Z~) · 
z,, 
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2.70. ,UoKa3aTb paseHcrna: 

1) 11-_,(1-~) = 112; 2) 11--1(1 + l ) = 2; ,,__ n- ,,_ n(n + 2) 

3) 11~=3[,,:22 ~ 41) = 1/4; 4) 11~_,(1- 2 ) = ~; , -- n(n+l) 3 

5) 11- [n3-l)=~- 6) 11-,,--1(1+(-l,1)"+1)=1; 
n=l n3 + 1 3, 

2.71. I1oKa3aTh, qTo 

/l-1 

TI~=il:n-I =ec ,r.n.e c= ~L~(I:=1 k- 1 -lnn). 

3To qHCJIO c Ha3bIBaeTC5! nocmOR1i1iOU 3Wiepa. 

2. 72, ,l(oKa3aTb, qrn ecJIH lzl < 1, TO 6ecKoHeqHoe npoH3sene-

11- 7" 1 11- 2" 
HHe n=D (1 + z- ) CXO,.!J.HTC5! a6COJIIOTHO H -

1
- = n=D (1 + Z ). 
-z 

2. 73. ,l(OKa3aTh CXO..!J.HMOCTh CJie,D.yJOll.(HX 6ecKOHeqHhIX npOH3Be­

.n.eHHH: 

[ 
(-1)" z) 

3) 11~=1 l+-
17
- , Imz > O; -[ (-1)") 4) 11,,=1 l+-- , Re z > O; 

n+z 

IT- ( z) -111 5) _ 1-- e· ,z-:t-1,2, ... ; 
11-1 n 

6) rr-_ ch (:rr i). 
,,_3 Tl 

2.74. KaK11e m 6ecKoHeqHhIX npo113se.n.eHHH npe,D.hI.D.ymei1 Ja.n.a­

qH CX0.[{5ITC5I a6comorno? 

2.75. Hai1TH o6nacTH cxo,D.HMOCTH 6ecKoHeqHhIX npOH3Be.n.eHtti1: 
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1) I1~=1 (l+naz"), aE R; 2) I1~= 1 (1-~}''"; 

4) rr={ i + ll~~,} 
5) n~ (1- z" )· 

11=1 ' 6) n~={1 + ~::} 7) n~.{1- :: } 
2.76. qTO MO)l(HO CKa3aTb 06 06Jiacn1 CXO,ll,11MOCTJ1 6eCKOHeqHoro 

npOI13Be,LJ,emrn: rr~=I (1 +ell z) ' ecJIH 113BeCTHO, qTo p5!,L1, L~=l ell cxo­

,ll,11TC51? 



I'llll6ll 3 
<l>YHKIJJIH KOMilJIEKCHoro IlEPEMEHHOro. 

HEilPEPbIBHOCTb 
H PABHOMEPHMI HEilPEPbIBHOCTb 

MHO)Kecrno Z C C Ha3brnaeTc5l 02paHu'leH1-tbZM, ecm1 

:JM >0: VzE Z =>J z J<M. 

ToqKa z0 EC Ha3bIBaeTC5l npeoe.nbHOu mo'lKou MHO)Kecrna Z, 

ecnu ttaifileTCH rrocne,noBaTeJibHOCTb { z,,} ToqeK MHO)l(ecrna Z, Ta­

KaH, qTo 

lim z,, = z0 , z,, =t z0 , n = 1, 2, ... 
u-too 

Mtto)l(eCTBO Z c C Ha3brnaeTCH 3aAtKHymbz.M, ecJIH OHO co.uep­

)l(HT Bee CBOH rrpe,neJJbHbie TOqKH. 3aMKHyroe orpaHHlJeHHOe MHO-

)KeCTBO Ha3bIBaeTC5l KOMnaKmoM. Mtto)Kecrno C 6y,neM ClJHTaTb 

KOMIIaKTOM ITO orrpe;:i:eJieHHIO. 

MHO)l(ecrno { z : I z - z0 I< R} = BR ( z0 ), z0 =t 00 , Ha3bIBaeTC5l 

omKpbzmbzM Kpy20A1 c u:ettTpOM B TOlJKe z0 H pa,nuycoM R > 0. 
0KpecmHOC111b10 1110'-lKU Zo * 00 Ha30BeM JII060H OTKpbITbIH Kpyr 

BR(z0). OKpecTHOCTbIO ToqKH z 0 = oo tta3oseM MHO)Kecrno 

{zE C: I zl>R}, R~O. 

Mtto)Kecrno Z c C Ha3bIBaeTC5l omKpblmbw, ecmr n106aH TOqKa 

Zo E z co,nep)l(HTC5l B z BMeCTe c HeKoTOpOH CBOeH OKpeCTHOCTbK>. 

3aMblKQHUeAl z MHO)KeCTBa z c c Ha3bIBaeTC5l MHO)l(eCTBO, rro­

JIYlJeHHOe H3 Z rrpHcoe,nHHeHHeM scex era rrpe;:i:eJibHbIX ToqeK. Ta-

KHM o6pa30M, MHO)l(eCTBO z 3aMKHYTO, eCJIH z = z . 
<PyHKL{Ueil KOM/1J/eKC1-1020 nepeAtel-lfl020 f(z), orrpe,neJieHHOH Ha 

MHO)l(eCTBe z c c, Ha3bIBaeTCH OT06pa)l(eHHe MHO:>KeCTBa z B MHO­

)l{eCTBO w cc, npH KOTopoM Ka)l{)J,OMY 3Ha4eHHKl z c z CTaBHTCH B 

coOTBeTCTBHe o,ntto HJIH tteCKOJibKO 3HatJeHHH H3 MHO)Kecrna W. B 
3aBHCHMOCTH OT 3TOro cpyHKU:HIO Ha3bIBaIOT 001-1031-IQ'll-IOLl HJIH Ml-10-
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zo3HattHou (s .uaJibtteihneM, ecmr He orosopeHo rrponrnttoe, 6y.ueM r 
paccMaTp1-rnaTb TOJlbKO O.UH03HaqHbie cpyHKUHH). 

MHo:>Kecrno W1 C W Ha3hIBaeTC5I o6pa30M MHO:>Kecrna Z npH 

oTo6pa:>KeHHH J, ec1rn .UJI5I mo6oro ffi E W 1 cymecrnyeT z E Z, TaKoe, 

qrn ffi = f(z). 

Mtto:>Kecrno Z 1 C Z tta3bmaeTc5l npoo6pmoM MHO:>Kecrna W1 c W, 

ecJIH .umr mo6oro z c Z1 cylllecrnyeT ffi E W, TaKoe, qrn f(z) = ffi. 

IIycTh z0 5IBJI5IeTc5l npe.ueJihHOH ToqKoH MHO:>Kecrna Z c C - 06-

JiaCTH onpe.ueJJeHH5I cpyttKUHH f(z). qHcJio A i- oo tta3brnaeTC.H npe­

de!lbHbZM 3HatteHueM cpyHKUHHj(z) B TOqKe z0 no Kowu, ecJIH 

'v' E > 0 :Jb'(E) > 0 :'v'zE Z, 0 <I z- z0 I< b', 

(i5<IZ1< 00 , ecnH Z0 = 00) =>I f(z)-A I<£. 
06o3ttaqaeTC.H 3TO c11e.uyJ01lIHM o6pa3oM: Jim f (z) =A. 

:-'t.::o 

lJ11c110 A H33hrnaeTC.H npede!lbHbZM 3HatteHueM no TeuHe cpyHKUHH 
f(z) B ToqKe z0, ec1111 .UJI5I n1060H: noc11e.uosaTeJihHOCTH {z11 } ToqeK 

MHO:>KeCTBa Z, TaKOH, qTo Z11 * Zo H Jim z,, = Zo ' noc11e.uosaTeJihHOCTh 
1/-'tOO 

{f(z11)} cxo,n:HTC.H KA, T. e. limf(z,,)=A. Onpe.ue11eHH.H npe.ue11bH0-
11-'too 

ro 3HaqeHH.H no Kormr 11 f eH:tte 3KBHBaJieHTHbI. 

KpuTepuu Kornu cy~ecTsosauuH Koue•rnoro npe,1J,eJibHOro 
3uaqeuuH. ,lJ;JJ.H TOfO qT06bI cpyHKUH.Hj(z) HMeJia B TOqKe Zo KOHeq­
HOe npe.ueJibHOe 3Haqem1e, He06XO.UHMO H .UOCTaToqHo, qT06bI: 

1) npH Zof::. OO, 

'v' E > 0 :3 i5 ( E) > 0 : 'v' Z" Z2 E Z, 0 <I Z1 - Z0 I< i5, 

0 <I Z2 - Zo I< i5 => I f(z1)- f(z2) I<£; 
2) npH z0 = oo, 

'v' E > O :Jb'(E) > O: 'v'z" z2 E Z, i5 <I z1 I< 00 , 

i5 <I z2 I< 00 => I !Cz1)- f(z2) I< c: 
<PyHKUH5Ij(Z) HMeeT B TOqKe Zo E c npe.ue11, paBHhIH 6ecKOHeq­

HOCTH, eCJIH 

'v'R > 0 :38(R) > 0: Vz E Z, 0 </ z-z0 /< 8, 

(i5 <I z I< 00 , ec1111 z0 = 00) => / f (z) / > R. 
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IlycTb MHO)!(eCTBO z cc - 0611aCTh orrpe):(eJieHl15I ¢YHKU:11H 

f,(z) 11 fiz), a Zo - npe.uenhHaH TOqKa MHO)!(ecrna Z. Tor.ua, ecmi: 

cyw,ecrny10T KOHeqH&Ie npe.ue11&H&1e 3Haqemrn cpyHKu11H:f1(z) 11f2(z) 
B TQqKe Zo, TO cyw,ecTByFOT KOHeqH&Ie rrpe.ueJibHbie 3HaqeHl15! cpyHK-

u11H:f1 (z) ±fz(z), f1(z)J2(z) B TOqKe Zo 11 

lim(J; (z) ± f 2 (z)) = lim J; (z) ± lim f 2 (z), 
:-+:o :-+:o .::-+:o 

lim(J; (z) · f 2 (z)) = lim J; (z) · lim f 2 (z). 
z-+.:o :-+:a :-+:o 

EcJI11, KpOMe Toro, rrpe.unoJIO)!(Jffh, qTo lim f 2 (z)-:!- 0, TO cyw,ecrny-
:-+.:o 

eT KOHeqHoe npe.ueJI&Hoe 3HaqeH11e cpyHKu1111 J; (z) · f 2-
1 (z) 11 

lim (J; (z) · f 2-
1 (z)) = lim J; (z) · (lim f 2 (z)) - 1

• 
::-+.:::o ~-+.:o 

IlycTb MHO)!(eCTBO z cc eCTh 0611aCTh onpe):(eJiemrn cjJyHK­

u:1111.ftz), a TOqKa Zo E Z RBm1eTC5! rrpe,neJI&HOM .UJIR Z. <PyHKU115!.ftz) 

Ha3&rnaeTC5! 1-1enpepbl61-1ou B mO'-lKe ZQ, ecmr lim f (z) = f(z0). He-
.::-+:o 

npepbIBHOCTh B TOqKe Zo = 00 03HaqaeT cyrn,eCTBOBaH11e KOHeqttoro 
npe.ueJibHOfO 3HaqeHl15I B TOqKe Zo = 00. 

<PyHKUl15I, HerrpepbIBHa5I B Ka)!(,UOM TOqKe MHO)!(eCTBa z cc, Ha-
3hIBaeTC5I HenpepbZBHOU Ha MHO:J/Cecmee Z. 

ITycTh f(z) = u(x,y) + iv(x,y), z = x + iy. ,n:1151 rnro, qrn6b1 
¢YHKU:115I .ftz) 6bma HenpepbIBHOH B TOqKe ZQ, Heo6XO.U11MO 11 .UOCTa­
ToqHO, qT06b1 .ueH:CTBMTeJibHbie cpyHKUl111 u(x, y) 11 v(x, y) nepeMeH­
HbIX x, y 6&IJil1 HenpepbIBHhI B TOqKe (xo, Yo). 

Ern11 cpyHKUl111 J, (z) 11 f2(z) HenpepbIBHbl B TOqKe Zo. TO cpyHKUHH 

fi(z) ±f2(z),J1(z)J2(z) H J; (z) · f 2-
1 (z) (ecJIH Ji(:zo) i- 0) Herrpep&IBHhI 

B TOqKe ZQ. 

IlycTh cpyHKU115! .ftz) onpe.ueJieHa Ha MHOJKecrne Z H Herrpep&rnHa 

s ToqKe Zo E Z, a cpyHKUl15! g(w) orrpe,neJieHa Ha MHOJKecrne 3Haqe­

Hl1H cPYHKUl111 flz) 11 HerrpepbIBHa B TOqKe CDo = .ft:zo). Tor.ua CJI0)!(Ha5! 
cpyHKUIUl g(j(z)) ttenpepbIBHa B TOqKe ZQ. 
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cDyttKU115I f(z), orrpe.ueJieHHa5I Ha MHO:>Kecrne Z c C , Ha3hJBaeTrn 

02paHuttem-t0il Ha Z, ecJI11 3M> 0: 't/z E Z =>If (z) I< M. CrrpaBe.u­

JIHBa cJie.uy10rua5I TeopeMa. 

TeopeMa. Bc5IKa5I HenpephrnHa5I Ha KOMrraKTe Z c C cpyHKUl15I 

5IBJI5IeTC5I orpaH11qeHHOH Ha 3TOM KOMJlaKTe, a ee MO.UYJih .uocniraeT 
Ha MHO:>Kecrne z TOqHo:H BepxHeH H HH:>KHeH rpaHeH 

<PyHKUH5I f(z) Ha3bJBaeTC5I pa61io.11tepHO Henpepbl6HOU Ha MHO:>Ke-

CTBe z c C , ecmi: 

'tf £ > 0 35(£) > 0 :'tfz" z2E Z, I z,- z2 I< 5 =>If (z, )-f (z2 ) I<&. 
CnpaBe.UJIHBa cne.uy10rua5I TeopeMa. 

TeopeMa KattTopa. HerrpephIBHa5I Ha KOMrraKTe cpyHKUH5I paB­
HOMepHo HerrpepbIBHa Ha 3TOM KOMilaKTe. 

Mooylle.M Henpepbl6Hocmu w(j, 8) cpyHKUHH j(z), onpe.ueJieHtto:H 

Ha MHO:>KeCTBe z c c , Ha3hJBaeTC5I QJYHKUH5I nepeMeHHOro 8 > 0 BH,Ua 

w(f ,5) = sup IJ( zJ - f(z2 ) J. 
1:,-:,l<d 
: 1.:,EZ 

<PyHKUH5If(z) paBHOMepHO HenpepbIBHa Ha MHO:>Kecrne z cc Tor.ua 

11 TOJibKO Tor.ua, Kor.ua ee MO.UYJib HerrpepbIBHOCTH w(j, 8) Ha 

3TOM MHO)l(eCTBe CTpeMI1TC5I K 0 rrp11 8 - +O. 

3JieMeHTapHbie QJYHKU.HH KOMUJieKCHOro nepeMeuuoro 

1. <PyHKUH5I P,,( z) = a0 z'' + a,z''-1 + ... + a
11

, r.ne ak, k = 0,1, . .. , 11 , 

KOMilJieKCHbJe q11cna H aoi- 0, Ha3hIBaeTC5IMH020l/JleHOM CTerreHH 11. 

a0 z 11 + ... +a 
2. <t>yHKUH5I R(z) = 11 

, r.ue a0 7' 0, b0 7' 0, Ha3hrnaeTC5I 
b0 z'" + ... + b,

11 

patfUOHGJlbHOU rjJyHKL/Ueii. 

3. <PyHKUH5I e: =e'(cosy+isiny), z =x+iy, Ha3hrnaeTc5I 110Ka-

3antellbHoii. 

4. Tpu20Ho.11temputtecKue rjJyHKtfuu: 
sin z = (e;:_ e-i: ) I 2i, cos z = (e;:+ e-i:) / 2, 

sm z cosz 
tg z=--, ctgz =-.- . 

cosz sm z 
5. I'u11ep60JnttteCKUe rjJyHKtfUU: 
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e0 + e-0 e0 
- e-: sh z ch z 

ch z = sh z = th z = --, cth z = --. 
2 2 ch z sh z 

3.1 . .il:OKa3aTb 3KBl1BaJieHTHOCTb orrpe.n:eneHHH rrpe.n:eJibHOro 3Ha­

qeHH5I cpyttKU:HH s ToqKe ITO Koum 11 ITO f ei1:tte. 

3.2. Jl:oKa:JaTb Kp11Tep11i1: Koum cyruecrnosatt115I Kotteqttoro ITpe­

.n:eJibHOro 3HaqeHH5I cpyHKU:HH B TOqKe. 

3.3. IIycTb cpyHKU:H5I f(z) oITpe.n:eneHa Ha MHO)Kecrne Z c C H 

ToqKa z0 E Z. Jl:oKa3aTb, qTo ecn11 cyruecrnyeT KOHeqHoe ITpe.n:enb­

Hoe 3Haqemre cpyHKWIH j(z) B ToqKe Zo, TO ttai1:.n:eTC5I OKpeCTHOCTb 

TOqK11 Zo, ITp11Ha;:i:Jie)Karua5I Z, Ha KOTOpOH cpyHKU:115Ij(Z) orpaH11qeHa. 

3.4 . .il:OKa3aTb, qTo eCJil1 cpyHKU:115I f(z) HeITpepbIBHa Ha MHO)KeCT­

se z cc ' TO cpyHKU:115I [f(z)I TaK)Ke HeITpepbIBHa Ha z. 
3.5. IIycTb TOqKa z0 = oo 5IBJI5IeTc5I rrpe.n:enbHOH )1JI5I MHO)KeCTBa Z 

H cpyHKU:H5I f(z) HeITpepbIBHa Ha z. Cne.n:yeT JIH OTCIO)la, qTO f(z) or­

paHHt-IeHa Ha Z? 

3.6. IIycTb ToqKa z = oo 5IBJI5IeTc5I ITpe.n:enbHOH )1JI5I MHO:>KeCTBa Z, 
cpyHKU:H5I f(z) HeITpepbIBHa Ha Z 11 cyruecrnyeT KOHeqHbIH ITpe.n:en 

lim f ( z) . Cne.n:yeT JIH OTcIO.n:a, qrn j(z) orpaH11qeHa Ha Z? 
:--->co, :EZ 

3.7. Jl:oKa3aTb, qTQ eCJIH cpyHKU:115If(z) HeITpepbIBHa Ha c' TO OHa 

5IBJI5IeTC5I orpaHHqeHHOH Ha c. 
3.8. IIycTb cpyttKU:H5I HeITpepbIBHa Ha MHO)Kecrne Z c C. Cneny­

eT n11 oTcIO.n:a, qTo OHa orpaHH'IeHa Ha Z? 

3.9. Jl:oKa3aTb, qTo HeITpepbIBHa5I Ha 3aMKHYTOM MHO:>KeCTBe 

z c c ciJyHKUH5I 5IBJI5IeTC5I orpaHHqeHHOH Ha z. 
3.10 . .D:oKa3aTb, YTO HeITpepbIBHa5I cpyHKU:H5I rrepeBO)lHT 3aMKHY­

TOe MHO)KeCTBO 113 c B 3aMKHyroe MHO)l(eCTBO. 

3.11. Jl:oKa3aTb, qTo ITp11 oT06pa:>KeH1111, ocyruecTBJI5IeMOM HeITpe­

pbIBHOi1 cpyHKU:HeH, o6pa3 KOMIIaKTa 5IBJI5IeTC5I KOMIIaKTOM. 

3.12 . .D:oKa3aTb, qTO rrp11 0To6pa)KeH1111, ocyruecTBJI5IeMoM HeITpe­

pbrnHoi1 cpyHKU:HeH, npoo6pa3 OTKpbITOro MHO:>KeCTBa 5IBmieTC5I OT­

KpbITbIM, ITpoo6pa3 3aMKHYTOro MHO:>KeCTBa 3aMKHyT. 
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3.13. IIoKa3aTh, qTo yrnep:>K.uem1e o TOM, qTo npH HenpephIBHOM 
OT06pa:>KeHHH o6pa3 OTKpbITOfO MHO:>Kecrna OTKpbIT, HeBepHO. 

3.14 . .1J:oKa3aTh TeopeMy KaHTopa. 

3.15 . .1J:oKa3aTb, qTO eCJIH cpyHKUI15l fi.z) HenpepbIBHa Ha c' TO 

OHa paBHOMepHO HenpepbIBHa Ha c . 
3.16. IIycTh cpyHKUH5I paBHOMepHo HenpephrnHa Ha MHO:>Kecrne 

Z c C . Cne.uyeT JIH OTCIO.Ua, qTo oHa orpaH11qeHa Ha Z? 

3.17. IIycTh cPYHKUHH paBHOMepHo HenpephIBHa Ha Ka:>KJJ:OM H3 
MHO:>Kecrn Z1 H Z2. Cne.uyeT JIH 0Tc10.ua, qrn oHa 6y.ueT paBHOMepHo 

HerrpepbIBHa Ha MHO:>Kecrne Z1 U Zi? 
3.18. IIycn; cpyHKUHH pasHoMepHo HerrpephrnHa Ha Ka)l(JJ:OM m 

KOMrraKTOB Z1 11 Z2. Cne.uyeT JIH 0Tc10.ua, qTo oHa 6y.ueT paBHOMepHo 

HenpepbIBHa Ha MHO)l(ecrne Z1 U Z2? 

3.19. BepHo JIH yrnep:>K.UeHHe o TOM, qrn HenpepbIBHaH Ha 3aMK­
ttyroM MHO:IKCCTBC cpyttKQH>I >IBJI>ICTC>I paBHOMeptto ttenpepbIBHOH na 

3TOM MHO)l(eCTBe? 

3.20. IIp11secTH npHMep HenpepbIBHOH H orpaH11qeHHOH Ha MHO­
)l(eCTBe z cpyHKUHH, He HBJIHIOIUeHCH paBHOMepHO HenpepbIBHOH Ha 
3TOM MHO)l(eCTBe, eCJIH: 

1) z - orpaH11qeHHOe MHO)l(eCTBO; 

2) z - HeorpaHHqeHHOe MHO:>KeCTBO. 

3.21. IIycTb TOqKa Zo = 00 HBJIHeTCH npe.ueJibHOH .[(JIH MHO:>Kecrna 

z cc ' cpyHKUH5l fi.z) HenpephIBHa Ha z I1 cyrn;ecrnyeT KOHeqHbIH 

rrpe,n:en lim f (z). Crre,n:yeT JIH 0Tc10,n:a, qTQ cpyHKUH5I fi.z) pas-
.:-+oo 

HOMepHo HerrpepbIBHa Ha Z? 

3.22. IIycTh TOqKa z0 = oo HBJIHeTCH npe.neJihHOH .[(JIH MHO)l(ecTBa 

Z c C .If cpyHKUHHfi.z) paBHOMepHo HenpephIBHa Ha Z. Crre,n:yeT JIH 

OTCIO,n:a, qTo cyrn;ecrnyeT KOHeqHhIH npe,n:err limf(z)? 
::~oo 

3.23. IIycTh Z - orpaH11qeHHOe MHO)l(eCTBo, a Z - ero 3aMhIKa­

HHe . .ll:oKa3aTb, qTO ,[(JIH TOfO qrnfar cPYHKUHH fi.z), orrpe,n:eJieHHaH H 

HenpepbIBHaH Ha Z, Morna 6hITh npo.uon:>KeHa Ha Z .uo HenpepbIBHOH 
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<i>YHKUl111, Heo6XO)J,11MO 11 )J,OCTaTOqHo, qrnfa1.f(z) 6bma paBHOMepHO 
HenpepbIBHOH Ha z. 

3.24. IIycTb <i>YHKUl15I j(z) onpe.ueJieHa Ha MHO:>Kecrne Z c C 11 

ro(j, 8) - ee MO.UYJib HenpepbIBHOCTl1. ,[(oKa3aTb, qTQ )J,JI5I paBHOMep­

HOH HenpepbIBHOCTl1 cpyHKUl111 j(z) Ha MHO)KeCTBe z He06XO.U11MO 11 
.UOCTaTOqHo, qrnfa1 lim (J)(j' <5) = 0. 

a·-->+O 

3.25. ,[(OKa3aTb, qTQ cpyHKUH5I e= o6Jia.uaeT CJie,UyIOIU11MH CBOHCT-
BaMH: 

1) e=1 • e=' = e=,+=,; 2) I e= I= eRe:; 

3) e=+ 2k1ri =e=,k=O,±l,±2, ... ;4) e=-:t-0,zEC; 

S)ecJIH e= =e=+',,, TO (J)=i2k1l, k=0,±1,±2, ... ; 

6) e= HenpepbIBHa Ha C ; 7) He cyruecrnyeT lime= ; 
:~oo 

8) e= npHHl1MaeT .uei1CTBl1TeJibHbie 3HaqeHl15I TOJlbKO B ToqKax 

z = x + ink, x E R, k = 0, ±1, ±2, .... 

9) e= npHHHMaeT 'IHCTO MHHMbie 3Ha'ieHH}I TOJlbKO B TO'!Kax 

z = x + i( n/2 + nk), x E R, k = 0, ±1, ±2, .... 

10) e= = e=. 

3.26. ,[(JIH cpyHKUl1H sin z 11 cos z .uoKa3aTb cJie.uy10m11e yrnep-
:>K,Uemrn: 

1) sin (-z) = -sin z, cos (-z) =cos z; 

2) sin2z + cos2z = 1; 

3) sin (z + k-rr) = (- l)k sin z, cos (z + nk) 

=(-llcosz,k=0,±1,±2, ... ; 

4) sin (z + n/2) =cos z, cos (z + n/2) = -sin z; 

5) sin (z1 + z2) =sin z1 cos z2 + cos z1 sin z2, 

cos (z1 + z2) =cos z1 cos z2 - sin z1 sin z2; 

6) sin z1 +sin z2 = 2 sin ((z1 + z2) I 2) cos ((z1 - z2) I 2), 

cos z1 + cos z2 = 2 cos ((z1 + z2) I 2) cos ((z1 - z2) I 2); 

7) sin iz = i sh z, cos iz = ch z; 
8) eCJil1 Z = X + iy, TO 

Re sin z = sin x ch y, Re cos z =cos x ch y, 
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Im sin z =cos x shy, Im cos z =-sin x shy 

9) ecm1 z = x + iy, TO 

I sin z I = ~,-sh_1_y_+_s-in_1 _x, I cos z I = ~ch 2 y - sin 2 x ; 

I sin z I= ~ch2y - cos2 x, I cos z I= ~sh2y + cos2 x 

10) )l.OKa3aTh, qTO 

ecm1 sin z= 0, TO z = k11, k = 0, ±1, ±2, ... , 

ecmi: cos z = 0, TO z = 11/2 + k11, k = 0, ±1, ±2, ... ; 

11) HaHTH MHO)KeCTBO TOqeK, B KOTOpbIX H sin z, H cos z rrpH­
HHMaIOT )l,eHCTBHTeJibHbie 3HaqeHmr; 

12) HaHTH MHO)KeCTBO ToqeK, B KOTOpbIX H sin z, H cos z rrpH­
HHMaIOT qHCTO MHHMhie 3HaqeHmI; 

13) .uoKa3aTh, qTo cpyHKUHH sin z H cos z HerrpepbIBHhI Ha C; 
14) .uoKa3aTh, qTO He cyruecrnyeT limsin z H lim cos z; 

:--+oo Jl--+oo 

15) .uoKa3aTh, qTo .umr z = x + iy crrpaBe)l.JIHBhI HepaBeHcrna 
I shy I ~icosz I ~chy, I shy l~lsinz l~chy; 

16) )l.OKa3aTb, qTo )l.JI5I z = x + iy crrpaBe)l,JIHBhI paBeHCTBa 

sin z = sm z , cos z = cos z 
3.27. ,[(JI5I cpyHKUHH tg Z H ctg Z 

a) .uoKa3aTh cJie.uy10rutte yrnep)K.ueHtt5I: 

1) tg (-z) = -tg z, ctg (-z) = -ctg (z); 

2) tg (z + krr) = tg z, ctg (z +kn)= ctg z, k = 0, ±1, ±2, ... ; 

3) tg (z + 11/2) = -ctg z; 

4) tg (iz) =i th z, ctg (iz) = i cth z; 

5) eCJIH Z = X + iy, TO 

R 
sin 2x 

etgz = , 
cos2x+ch2y 

sh2y 
Im to7 = -----­

o~ cos2x+ch2y 

6) eCJIH Z = X + iy, TO 

ltgzl= ch2y-cos2x, 
ch2y+cos2x 

sin2x 
Rectgz = , 

ch2y-cos2x 

sh2y 
Imctg z = -----­

ch2y - cos 2x 

I ctg z I= ch 2 y + cos 2x . 
ch 2 y - cos 2x ' 
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7) o6JiaCTb orrpe.n:eJiem:rn: cpyHKUHH tg z - BC51 KOMITJieKCHa51 

ITJIOCKOCTb C, KpOMe rnqeK z = n/2, k = 0, ±1, ±2, ... , a cpyHKUHH ctg z -

BC5I rrJIOCKOCTb C, KpoMe rnqeK z =kn, k = 0, ±1, ±2, ... ; 

8) cpyHKUHH tg z H ctg z HerrpepbIBHbl Ha o6JiaCTH orrpe.n:eJieHtt5I; 

9) lim tg z, lim ctg z He cymecrnyIOT; 
.:~oo :---4-oo 

10) tg z = tg z , ctg z = ctg z ; 
6) HaMTH MHO)l(eCTBa rnqeK, B KOTOpbIX cpyHKUHH tg Z, ctg z rrpH­

HHMaI{)T 
11) .ueifcTBHTeJibHbie 3HaqeHH5I; 
12) qHCTO MHHMbie 3HaqeHH5I. 

3.28 . .D:JI5I cpyHKUHM sh z H ch z ,l(OKa3aTb CJie,UyIOIUHe yrnep-
)1(.LJ: e HH5I: 

1) ch (-z) =ch z, sh (-z) =-sh z; 

2) ch2 z - sh2 z = 1; 

3) ch (z1 + z2) =ch z1 ch z2 + sh z1 sh z2; 

4) sh (z + ikTI) = (-1/sh z, ch (z + ikTI) 

=C-llchz, k=0,±1,±2, ... ; 

5) sh (z + in/2) = i ch z, ch (z + in/2) = i sh z; 

6) sh (iz) = i sin z, ch (iz) = cos z; 

7) rrp.11 z = x + iy 

Re sh z = sh x cosy, Re ch z = ch x cosy, 

Im sh z = ch x sin y, Im ch x = sh x sin y; 
8) rrpH Z = X + iy 

I sh z I= ~~ch_2_x_--co_s_2 -y, I ch z I= ~ch 2x-sin2 y; 

I sh z I = ~sh 2 x + sin 
2 
y, I ch z I = ~sh 2 x + cos 2 y , 

I thz I= ch2x - cos2y 

ch2x + cos2y 

9) cj:>yHKUHH sh z H ch z ~rnmrIOTCH HerrpepbIBHbIMH Ha KOM­
rrJieKCHOH ITJIOCKOCTH C; 

10) lim sh z H lim ch z He cymecrnyIOT; 
.;:-too :-too 
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11) cpyHKUIUI sh z o6paruaeTC5! B HYJib TOJibKO B ToqKax z = ikTI , 

a cpyHKIJJrn ch z - TOJibKO B TOqKax z = i( 'ITl2 + kTI ), k = 0, ±1 , ±2, .. . ; 

12) IIpH Z = X + iy 

lsh xi ::; lch zl ::; ch x, lsh xi ::; sh zl ::; ch x; 

a) HaHTH MHO)l(ecrna ToqeK Z, B KOTOpbIX cpyHKUHH sh z, ch z 

npHHHMaIDT ;::i:eHCTBHTeJibHbie 3HaqeHH5!; 

6) HaHTH MHO)l(ecrna ToqeK Z, B KOTOpbIX cpyHKUHH sh z, ch z 

npHHHMaIDT q11CTO MHHMbie 3Haqemrn; 

13) LJ:OKa3aTb cpopMyrrhI: chz =ch z, shz =sh z . 
3.29. PaccMOTpHM MHoroqJieH 

P ( ) II 11-! 0 
11 z = a0 z + a1 z + ... + a

11
, a0 :# ; 

a) 5!BJI5!eTc5! JIH P,,(z) HenpepbIBHOH cpyttKUHeH: Ha C? 

6) BepHO JIH, qTQ P,, ( z) = P,, (z) ? 

3.30 . .[.(oKa3aTb, qrn lim P,, (z) = oo • 
: --+oo 

3.31. IIoKa3aTb, qTo ypaBHetttte P,,(z) = 0 HMeeT n KOpHeii c yqe­

TOM KpaTHOCTH. 

3.32. PaccMorpHM pau110HaJibHYID cpyHKUHID R(z); 

a) noKa3aTb, qTo R(z) HMeeT Ha C He 6oJiee KOHeqHoro q11cJia 

ToqeK pa3pbIBa H cyruecrnyeT KOHeqHbIH HJIH 6eCKOHeqHbIH npe;::i:eJI 

limR(z); 
.: --+ oo 

6) Beptto rr11, 'ITO R(z) = R(z)? 

3.33. KaKHe H3 cJie;::i:y10w.11x cpyHKUHH 5!BJI5!IOTC5! paBHOMepHo He­

npepbIBHbIMH Ha MHO)l(ecrne { z: lzl < 1 } : 

1) _1_; 2) _1_' ; 3) e 11<:-1>; 4) e-11/:-11; 5) e-11/:-i/; 

1- z 1 + z-

6) e-11<:-i>' ; 7) sin z; 8) sin-1- ; 9) ch z. 
z -1 

3.34. PaccMoTpHM cpyttKUHIO f( z ) = e-i i: B o6JiaCTH {O < lzl < R, 

largzl<a}. 

1) IIpH KaKHX a cpyHKUH5! e·llz HenpepbIBHa B :noH: o6Jiacrn? 

2) IlpH KaKHX a cpyHKUH5! e-1/z paBHOMepHO HenpepbIBHa B :noii 

o6JiaCTH? 
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3.35. PaccMOTPHM cpyttKUHIO f (z) = e- 11 
:

1 

B o6nacTH { 0 < izl < R, 

jargzj :::; a} . 

1) IlpH KaKHX a cpyHKUHJI f (z) = e-l/ :
2 

HerrpepbIBHa B 3TOH 06-

JiaCTH? 

2) IlpH KaKHX a cpyHKUHJI f (z) = e-1/:
2 

paBHOMepHO HerrpepbIB­

Ha B 3TOH o6JiaCTH? 

3.36. KaKHe H3 cJie.LI.yIOIUHX cpyHKUHH JIBJIJIIOTC.sr paBHOMeptto He-
rrpepbIBHbIMH B o6naCTH { z: 0 < izl < 1 } : 

1) Re (z) I z; 2) Im (z) I z; 3) Re (z)·Im (z) I z; 4) z2 I jz2 j; 

5) (Re z)
2 I lzl; 6) Im (z2) I jzj; 7) (z Re z) I lzl; 8) (z Im z) I jzj. 

3.37. ,IJ:oKa3aTb, qTQ cpyttKUH.sI e:
2 

paBHOMepHO HerrpepbIBHa B 06-
nacrn { z E C : I arg z ± 7i I 2 I ::; a < 7i I 4} . 

3.38. ,IJ:oKa3aTb, qTo· lime:' = = , ecJIH 
.:~-

z E { z E C : I arg z I ::; a < 7i I 4. I arg z - 7i I ::; a > Jr 14} . 

3.39. IlycTb 0 < p < n:/2. 0603Ha'!HM 

D p = c \ u~=-{ z : I z - n7i I < p} . 

.D:oKa3aTb, 'ITO rrptt z E Dp crrpaBe.LI.JIHBbI ttepaBeHcTBa 

jsin zl :::: sin p, jctg zl :::; cth p. 

3.40. flyCTb P ( ) /1 11- l 

11 z = z + a1 z + ... + a
11 

• 

z E { z E C : I arg z - 2kn In I::; a< 7i I 211
, k = 0, 1, 2, . .. , n -1} . 

3.41. ,IJ:oKa3aTb, qTQ rrptt izl :::; R crrpaBe.LI.JIHBbI ttepaBettcTBa 

jch zi :::; ch R, jsh zj :::; sh R, jcos zi :::; ch R, jsin zj :::; sh R. 

3.42. ,IJ:oKa3aTb, 'ITO .LI.JIJI MHOfO'!JieHa 

P,,( z) = a0 z 11 + a1z
11

-
1 + .. . + a

11
, a0 ::t 0, 

cymecTByeT rnKoe R > 0, 'ITO B o6nacrn { z: izl > R} cpyHKUH.sI 
P,,(z) I z" paBHOMeptto tterrpepbrntta. 

3.43. ,IJ:oKa3aTb, 'ITO .LI.JI.sr pauttoHaJibttoii cpyttKUHH R(z) cyruecT­
syeT TaKoe R > 0 H TaKoe HaTypaJibHOe m, 'ITO cpyHKUHJI R(z) I z

111 

paBHOMeptto tterrpepbIBHa B o6nacrn { z: lzl > R} . 
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3.44. BepHo mr yrnep)J(,UeH11e npe,ub1,uyruei1 3a,uacrn: mm: cpyHKUHH 

eP,,c:J, me P11(z) - MHoroqneH CTeneH11n::::1. 

3.45. IToKa'.3aTb, qTQ nptt !al < 1 pauirnHaJibHa5! cpyHKU115! 

a-z 
f (z) = --_- 5!Blli!eTC5! ttenpepbIBHOM B 3aMKeyTOM Kpyre { z: lzl ::::: 1} 11 

1-az 
OT06pa)KaeT B3a11MHO O.UH03Haqtto 3TOT Kpyr Ha ce65! . 

3.46. IToKa3aTb, qTo pau110HaJihHa5! cpyttKUl15! 

f (z) =IT=, a,_= z , r.ue Jakl < 1, k=l, 2,. . ., n, 
I-a, z 

5!BJI5leTC5! HenpepbIBHOH B 3aMKHYTOM Kpyre { z: lzl ::::: 1 } ' 11 B 3TOM 

Kpyre cnpaBe,UJil1BO HepaBeHCTBO lf(z)I ::::: 1. )J;oKa3aTb np11 3TOM, qTQ 

lf(z)I = 1 Tor.ua 11 TOJibKO TOr.ua, Kor.ua Jzl = 1. 
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IIOCJIE,L(OBA TEJibHOCTII, P.SI,L(bl 

II I>ECKOHEqHhIE IIPOII3BE,L(EHII.SI <I>YHKQIIH 
KOMIIJIEKCHOrO IIEPEMEHHoro. 

P ABHOMEPHA.SI CXO,L(IIMOCTb 

<flyHKQHOHaJibHaH rrocJie,n:oBaTeJibHOCTb lf,,(z)}, orrpe.n:eJieHHaH Ha 

MHO)KeCTBe Z, CXO,n:HTC5I Ha 3TOM MHO)KeCTBe K cpyHKQHH f(z), eCJIH 

Iimf,,(z) = f(z) ,n:JIH mo6oro z E Z. 
n-too 

<flyHKQHOHaJihHbIH pH.n: L.;=Jk (z)' r.n:e Ka)K,n:a5I cpyHKQH5I fi(z) 

orrpe,n:eJieHa Ha MHO:>KeCTBe Z, CXO.ll:HTC5I Ha 3TOM MHOJKeCTBe, eCJIH 

CXO.ll:HTC5I 4HCJIOBOH pH.n: L..;=Jk (z) .ll:Jl5I mo6oro z E z. 
d>ymo~UOHaJibH3$1 nocJTe,n:oaaTeJibHOCTb lf,.(z)} CXOJJ:liTCSl Ha 

MHO:>Kecrne z paBHOMepHO K cpyHKQHHj(z), ecJrn 

'II E > O 3N(c): '1111?:. N(c), 'llzE Z =>If,, (z)- f (z) I< c. 

Onpe)J.eJieuue. <l>yHKQHOHaJibHaH nocne,n:oBaTeJibHOCTb lf,,(z)} Ha-

3bIBaeTC5I paBHOMepHo 02paHUl/eHHOU Ha MHO:>Kecrne Z, ecmr 

3A > 0 :I f,,(z) l:S A,Vn E N,Vz E Z. 

Onpe.aeJieuue. <l>yHKQHOHaJibHaH rrocJie,n:oBaTeJibHOCTb lf,,(z)} Ha-

3bIBaeTCH nocJleiJoeameflbHOcmbJO c pae110111ep110 ozpartu'leHHbl.M u3-

MeHenueM Ha MHO:>Kecrne Z, ecJIH pHiJ. I,~J f,, ( z) - f,,+1 ( z) I cxo,n:HT­

CH paBHOMepHO Ha MHO:>Kecrne z. 
KpuTepuU: Kornn paBHOMepuoU: cxo)J,HMOCTH cl>ymn~uouaJih­

uoU: nocJie,llOBaTeJibHOCTH. <l>yHKQHOHaJibHa5I rrocne.uosaTeJibHOCTb 

lf,,(z)} CXO.UHTC5I Ha MHO:>Kecrne z paBHOMepHO Tor.n:a H TOJibKO TO­

r.n:a, Kor.n:a 

'II c > 0 3N(c): Vn?:. N(c), 'llpE N, 'llzE Z =>I f..+p(z)- f,,(z) I< c. 

<l>yHKUHOHaJibHbIH p51:.n: .L:;=I J,, ( z) CXO)J:HTC51: Ha MHO:>KeCTBe z 
paBHOMepHO K cyMMej(z), eCJIH 

'II e>O 3N(E): '1111?:. N(c), 'llzE Z=> I J,, (z)-L,~=Jk (z) I< c. 
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Kpurepun Komu pasuoMepuoii cxoJJ.nMocru <t>ymcuuouaJih­

uoro pHJJ.a. <f>yHKUl10HaJlbHbIH PH.ll :L~=I f,, (z) CXO)lMTC5I Ha MHO)l(e­

CTBe z paBHOMepHO TOr,[(a 11 TOJlbKO Tor;:i:a, KOr;:i:a 

\f E > 0 3N(E): "in?:. N(E), \fp EN, 'rfzE Z =>I :L~:~+ift (z) I< E. 

1Ipu3ua1rn pasuoMepuoii cxoJJ.HMocru <1>yuKu;11ouaJihnoro pH­
.n:a. IIptt3HaK Beiiepmrpacca. EcJJ11 ;:i:nH mo6oro HaTypanbHOro n 

cnpase;:i:n11so Hepaseucrno sup If,, (z) Is a
11 

11 q11cJJosow pH.ll L~=1 a11 
:EZ 

cxo.n:11TcH, TO cpyHKUl10HaJihHhIH pH.ll 2:~= 1 f,, (z) cxo;:i:11TcH pasHo­

MepHo Ha MHO)l(ecrne Z. 

IIptt3HaK .JJ:upuxJie. .II:JUI paBHOMepHOH cxo;:i:11MOCTM pH.Ila 

L~= 1 u11 ( z)v11 (z) Ha MHO)l(eCTBe Z ;:i:ocTaToqHo, qTo6hI qacTMqHbie 

cyMMbI 2:~=1 vt (z) 6hIJIM paBHOMepHo orpaH11qeHhI no n 11 no z, a 

nocJJe)lOBaTeJJbHOCTb {u,i(z)} 6I>ma IlOCJJe)lOBaTeJJbHOCTblO c paBHO­
Meptto orpattH':IeHHbIM H3MeHCHHCM rrpH lim u,, (z) = 0. 

1l-+OO 

CJieJJ.CTBHe. ,ZJ:JJH paBHOMepHoi1 cxo;:i:11MOCT11 cpyHKUHOHaJibHOro 

pH;:i:a 2:~= 1 u11 
( z) v

11 
( z) Ha MHO)l(ecrne Z ;:i:ocrnToqHo, qT06h1 qacrnq-

Hbie cyMMhI 2:~=1 vk (z) 6hm11 paBHOMepHo orpaH11qeHbI no 11 11 no z, 

a nocJJe)lOBaTeJJbHOCTb { u,,(z)}' npMHMMaJOIUaH ;:i:eiiCTBMTeJJbHbie 
3HaqeHl1H, 6bma MOHOTOHHOH no n np11 cpMKCMposaHHOM z 11 paBHO­
MepHO no z crpeMMJJacb K HYJJJO. 

IIptt3HaK A6eJIH. ,ZJ:JJH paBHOMepHow cxo;:i:11MOCT11 pH;:i:a 

L~=i u
11 

( z) v,, ( z) ua MHO)l(ecrne Z ;:i:ocrnToqHo, qT06h1 pH.n: 

L~=1 u,, ( z) paBHOMepHo cxo;:i:MJICH Ha MHO)l(ecrne Z, a nocne;:i:osa­

TeJibHOCTb { v,,(z)} 6bIJia nocJie)lOBaTeJibHOCTblO c paBHOMepHO orpa­

HH'IeHHbIM M3MeHeHHeM H Jim v,, ( z) 6bIJI orpaH11qeHHOH cpyHKUMeH 
11~00 

Ha MHO)KeCTBe z. 
CJieJJ.CTBHe. ,ZJ:nH paBHOMepHow cxo;:i:11MocT11 Ha MHO)Kecrne Z 

p5I;:i:a 2:~= 1 u,, (z) v,, (z) ;:i:ocTarnqHo, qrn6h1 p5I.U L~=I u,, (z) pasHo­

MepHo cxo.uwnc5I Ha MHO)Kecrne Z, a nocne;:i:osaTeJibHOCTb { v,,(z)}, 
np11H11Ma10IUa5I )leHCTBHTeJibHbie 3HaqeHH5I, 6bIJia MOHOTOHHOH no n 
H Ha MHO)Kecrne z - orpaH11qeHHOH. 
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ITycTb r 11(z) = f(z) - f,,(z). qT06b1 cpyHKUHOHaJII>HaH rrncJie)l.oBa­

TeJihHOCTh lf,,(z)} paBHOMepHO CXO)l.HJiaCb Ha MHO){{eCTBe z K cpyHK­

UHHj(Z), Heo6XO)l.HMO H )l.OCTaTOqHo, qrn6h1 

lim sup I r,, (z) I= 0. 
fl-too :EZ 

ITycTh r,, (z) = f (z)- L,~;Jk (z) . .IJ:1151 rnro qrnfa1 cPYHKUHOHaJih­

HhIH p5I)I. L~;J11 (z) paBHOMepHo cxo)l.HJICJI Ha MHO){{ecrne Z Kj(z), 

He06XO)l.HMO H )l.OCTaTOqHo, qTo6hI 

lim sup I r,, (z) I= 0. 
n-too :EZ 

TeopeMa. EcJIH cpyHKUHOHaJihHaJI rrocne)l.oBaTeJihHOCTh lf,,(z)} 

CXO)l.HTCH Ha MHO){{eCTBe z paBHOMepHO K cPYHKU:HH j(z) H cPYHKU:HH 

f,,(z) HerrpepbIBHhl Ha Z, TO cpyHKUHHj(z) TaK){{e HerrpephIBHa Ha z. 
TeopeMa. EcnH cpyHKUHOHaJihHhIH PM I,~; 1 /,,(z) cxo)l.HTCH Ha 

MHO){{eCTBe z paBHOMepHO K cpyHKUHH f(z) H cpyHKUHH f,,(z) Herrpe­
pbIBHhl Ha z, TO cyMMaj\z) TaIOKe HenpepbIBHa Ha MHO)l(eCTBe z. 

foBOp5IT, qTo cpyHKU:HOHaJibHaH fIOCJie)l.OBaTeJihHOCTh lf,,(z)} 

cxo)l.HTCJI paBHOMepHo BHYTPH 0611acTH D, ecJIH oHa paBHOMepHo 

cxo)l.HTC.51 Ha mo6oM KOMnaKTe Kc D. 

CeMettcTBO cpyHKUHH {f(z)}, onpe)l.eJieHHhIX Ha MHO)l(ecrne Z, Ha-

3hrnaeTc.H paeHocmeneHHO Henpepbl6Hbl.M Ha Z, ecJIH 

'11£>0 35(£)>0:Vzl'Z2EZ, lz1-z21<5,VfE{f(z)} 

~Jf(z1)- f(Z2)J<£. 

CeMeikTBO cpyttKU:HM {f(z)} 06pa3yeT orpaHHqeHHoe BHYTPH 06-

nacTH D MHO)Kecrno, ecJIH )l.JI.51 mo6oro KOMnaKTa Kc D 

:JC(K) > O:'llf E {f(z)}, VzE K ~I f(z) I~ C. 

<l>yHKU:HOHaJihHOe 6eCKOHeqHoe npOH3Be)l.eHHe 

r)l.e cpyHKUHH f,,(z) onpe)l.eJieHhI Ha MHO)l(ecrne z, J,,(z) f:: -1, z E Z, 

Ha3hrnaeTC.5l cxoofl.i4uMCfl. Ha MHO:J1Cecmee Z, ecJIH OHO cxo)l.HTCH B 

Ka){{)l.OH ToqKe z E Z. 
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oeCKOHe'IHOe IIp0113Be)leHHe rr~=I (1 + f, , ( z )) Ha3bJBaeTC5I pa61W­

AtepHO cxoOJlUfU.M-CJl 1-ta A11-to:J1cecmee Z, ec;u1 nocne)loBaTeJibHOCTh 

llaCTJill{HbIX IIpOH3Be,UeHHH rr~=I (1 + f k (z)) paBHOMepHO CXO.UHTC5I 

Ha MHO)KeCTBe z. 
,I(ocTaToqffbIH npH3HaK paBHOMepHOH CXO)J,HMOCTH 6eCKO­

Hequoro npott3BeJJ,eHHH. Ecn11 .UJI5I mo6oro HaTypanbHoro n cnpa-

se)lJIHBO HepaseHcrno sup I f, , ( z) I::::; a11 u p5I)l I~= ' a,, cxo)lHTCJI, To 
~EZ 

Ha MHO)KeCTBe Z 6eCKOHe'IHOe IIpOH3Be)leHJie rr~=l (1 + f, , ( z )) CXO­

.UHTC5I a6coJIIOTHO H paBHOMepHO, a 6eCKOHelIHOe IIpOH3Be)leHHe 

rr~= l (I+ If,, (z) j) TaK)Ke CXO)lHTC5I paBHOMepHO. 

4.1. ,I(oKa3aTh Kp11Tep11ii Kourn pasHoMepHoii cxo)lttMocTu 

a) cpyttKUHOHaJibHOro p5I)la, 

6) <liYHKUHOHaJibHOH IIOCJie)lOBaTeJibHOCTH. 

4.2 . .[{oKa3aTb npH3HaK Bei1epwrpacca paBHOMepHOH cxo)l11Mo­

CTH <PYHKUHOHaJibHOro p5I,Ua. 

4.3 . .[{OKa3aTb IIp113HaK .[{upuxne paBHOMepHOH CXO)lHMOCTH 

<PYHKUHOHaJibHOro p5I.ua. 

4.3.1. IlpuBeCTH IIpHMep, IIOKa3b1Ba10mui1, lITO B IIpH3HaKe .[{H­

puxne ycnosue lim u
11 

( z) = 0 5IBJI5IeTC5I cymecrneHHhIM. 
n --+ (XJ 

4.4. L{oKa3aTb nptt3HaK A6emr paBHOMepHoi1 cxo)lHMOCTH <PYHK­

UHOHaJihHOro p5I.ua. 

4.4.1. Ilp11secT11 npuMep, IIOKa3b1Ba10mui1, qrn B nptt3HaKe A6e­

JI5I YCJIOBHe - lim V
11 

( Z) eCTb orpaHHlleHHa5I <i>YHKUH5I Ha MHO)KeCT-
n - rxi 

Be z - 5IBJI5IeTC5I cymecTBeHHbIM. 

4.4.2. BepHo JIH yrnep)K)leHue: .UJIJI paBHOMepHOH CXO.UHMOCTH 

p5I)la I~= ' u,, ( z) v,, ( z) Ha MHO)Kecrne Z .uocTaTOlIHO, lIT06hr p5IJl 

I~= ' u,, ( z ) pasHoMepHo cxO)lHJIC5I Ha MHO)Kecrne Z K cyMMe, KOTO­

pa5I orpaHHlleHa Ha )TOM MHO)Kecrne, a IIOCJie.UOBaTeJibHOCTb { V11(Z)} 
6hIJia IIOCJie)lOBaTeJibHOCTblO c paBHOMepHO orpaHHl!eHHbIM H3MeHe­

HHeM. 
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4.5. JJ:oKa3aTh, qrn lim sup Ir;, (z) I= 0 - Heo6xo,z:u1Moe 11 ,n:ocrn-
"--+oo .:EZ 

rnqHoe ycJIOBHe, qrnfa1 cpyHKU:HOHaJibHbIH p5I,n: HJIH cpyHKU:HOHaJib­

Ha5I IIOCJie,n:oBaTeJibHOCTb CXOJJ:HJIHCb paBHOMepHO. 

4.6. JJ:oKa3aTb, qTQ eCJIH cpyHKU:HOHaJibHa5I IIOCJie,n:oBaTeJibHOCTb 

j,,(z), cocrnBJieHHa5I 113 HerrpepbIBHhIX cpyHKU:HH Ha MHO)Kecrne Z, 
cxo,n:HTC5I paBHOMepHo Kf{z) Ha MHO)Kecrne Z, TO cpyHKU:H5I j{z) He­

rrpephIBHa Ha Z. 

4. 7. HattTH MHO)Kecrna, Ha KOTOpbIX paBHOMepHO CXOJJ:5ITC5I CJie­

,n:y10rn.11e IIOCJie,n:oBaTeJihHOCTH: 

3) { si:nz }· 

4.8. IlpH KaKHX ,n:ettCTBHTeJihHbIX 3HaqeHmIX a IIOCJie,n:oBaTeJib­

HOCTb f,, (z) = na ze-n:: 

1) CXOJJ:HTC5I; 

2) CXOJJ:HTC5I paBHOMepHO Ha o6JiaCTH CXOJJ:HMOCTH. 

4.9. JJ:oKa3aTb, qTo IIOCJie,n:oBaTeJibHOCTb !,, (z) = nze- 11'=' paBHO­

MepHO CXOJJ:HTC5I B yrne Jarg zJ :::; a, 0 < a< n/4, K cpyHKU:HHj{z) = 0. 

4.10. JJ:oKa3aTh, qrn ecJIH pH,n: ,L~J f,, (z) I cxo,n:11TcH paBHOMepHo 

Ha MHO)Kecrne Z, TO cxo,n:HTCH paBHOMepHo H pH,n: ,L~=I f,, (z), z E Z. 

4.11. HattTH o6JiacTb cxo,n:HMOCTH CJie,n:y10rn.ttx pH,n:oB: 

l) L= smnz. 2) L~ cosnz. 3) L~=I shnz ; 
11=1 

11 
' 11=1 

11 
' 

11 

II 1 
5) "'= z . 6) "'= . .Lru=l_l __ u ' .L..11=1_1 __ 11 ' 

+z +z 
~ (-1)" 

7) L11=I-; 
z+n 

8) L= ( ;, 1 ) 9) L= 1 ( II 1 ) z +- . - z +- . 
11=1 z" , 11=1 n z11 , 

10) "'= e-11
= · 11) "'= ne-11

= · 
L...in=l ' .L..,n=l ' 

12) "'= e=1
"

11 
. L-t11=l 

412 L= 1 i11 
• • IToKa3aTh, qTo p5I,n: 

1 
, , r,n:e z = e , 

11= n-(z-zll) " 
6y,n:eT 

cxo,n:HThCH rrp11 Bcex z, He Jie)Kanrnx Ha OKpy)KHOCTH I z I = 1. 
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n-1 

4.13. IloKa3aTJ>, qTo cyMMa " - z 
p51.na s( z) = L...11=1 (1- zll )(1- z"+1) 

1 
pasHa 2 rrpH I z I < 1 H 

(1- z)' 
1 

rrpH I z I> 1. 
z(l - z) 2 

4 14 IT L- 2" . z 6 6 • • OKa3aTb, qTO p51.[( sm- y.neT a COJIIOTHO cxo-
11=1 211 

.[(HTJ>C51 rrptt scex z E C. 

4.15. IlycTb I c I < 1. IloKa3aTb, qrn pH.n L~=i c"
2 

e": a6comoTHO 

CXO.[(HTC51 rrptt scex z E c. 
4.16. IlOKa3aTb, qTQ p.Hn 

a-b 2 (a-b)(a-2b) ... (a-(n-l)b) ,, 
z+--z + ... + z + ... 

2! n! 
a6co1110rno cxo.nttTC51 nptt I z I < I b 1-1. 

11-I 

4.17. 11oKa:3aTb, 'ITO pH~ "-, nz a6comOTHO CXO~HTCH 
L..J,,: z" - ( 1 + 1/ n) 

rrptt I z I< 1. 

4.18 . .[{oKa3aTb, qro rnrrepreoMerpttqecKttH: p51.n 
ab a(a + l)b(b + 1) , 

l+-z+ z· + ... 
c 1·2·c(c+l) 

a(a+l) ... (a+(n-l)·b(b+l) ... (b+(n-1)) ,, 
+ z + ... , 

n!c(c + 1) ... (c + (n -1)) 

r.ue c i= 0, -1, . . ., -(n - 1), . . ., CXO.[(HTC51 a6co1110rno rrptt I z I< 1, 
pacxonttTCH rrptt I z I > 1, a rrpH I z I = 1 Heo6xo.nttMoe H .nocraToqHoe 
ycJIOBHe a6COJIIOTHOH CXO.[(HMOCTH - 3TO 

Re (a+ b - c) < 0. 
(-1)"-I 

4.19. IloKa3aTb, qTo pH.n 2:~= 1 , cxo.nttTC.H rrptt I z I < 1, HO 
I z- +n 

He a6COJIIOTHO. 

4.20. Orrpe.ne11ttT1> 0611acT1> a6comoTHoH: cxonttMOCTH pH.nos (p -
.neH:CTBHTeJibHOe qHCJIO): 

1) L~=1 sin nz ; 2) L~=i cos nz ; 3) L~=1 sin :,1z ; 
n 11 n 
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7) "- z" . 
.L.Jn=I ' n 

8) "- 1 . 
.L.i11=1 1 + z" , 9) "- 1 ( II 1 ) .L.i11=l 2 z +--;; ; n z 

4.21. Halim: o6naCTh paBHOMepHoii CXO.ZUfMOCrn: p-H.UOB (p - .ueii­

CTBHTeJibHOe q11cJIO ): 

l) "- sinnz. 2) "- cosnz. 
L...11=1 ' L...u=I ' n n 

4) "- e-11: • 5) "- 1 ( II -11) .L.i11=I ' .L.i11=l -? Z + Z ; n-
6) "- (-1)" . 

L...11=1 ' z+n 

7) ""'- 1 . 8) ""'- z" . 
.L.i11=1 1 + z" , .L.i11=1 z + z" ' 

9) , - 2" "· 
.L...i11=l z ' 

4.22. IIycTb p-H,u L~=l f,, (z) cxo,u11Tc.H paBHOMepHo Ha MHO:JKeCT­

Be Z. Cne.uyeT JIH oTcFO,ua, qTo p-H,u I~J f,, (z) I cxo.u11TC$l Ha MHO­

:JKecTBe Z? 

4.23. II ycTb p$i.U I~=I f,, ( z) cxo.u11TC$l paBHOMepHo Ha MHO:JKecT­

Be Z 11 cxo,u11TC$i pj{.u I~J f,, (z) I Ha 3TOM MHO:JKecTBe. Cne.uyeT JIH 

0Tc10,ua, qrn pH,u I~=il f,, (z) I 6y.ueT cxo.u11TbCH paBHOMepHo Ha 

MHO:>KecTBe Z? 

4.24. I1p11Becrn: rrp11Mep p.H,ua L~=1 f,,(z), KOTOpbIH cxo,uHTCH a6-

COJIFOTHO, HO He paBHOMepHO Ha MHO:>KeCTBe z. 
z2 

4.25. ,UoKa3aTb, qTQ p.H.U "- 0 2 CXO,UHTC.H a6cOJifOTHO, HO 
.L.,,,,= (1 + z )" 

He paBHOMepHo Ha MHO)l(ecTBe { z E C : I arg z I ::::; tr I 4} . 
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4.26 . .[(oKa3aTh, LITO Ha MHO)l(ecrne Z = { z: I z I < 1, larg zl :::; n:/4} 

~ (-l)" z2 

P511l ~ CX01ll1TC51 a6comOTHO 11 paBHOMepHO, a p511l 
~11=0 (1+ 2 2 )" 

L~=o l z2 I I I (1 + z2 
)" I Ha MHO)l(ecrne Z paBHOMepHo cxon11TbCR He 

6yneT. 

4.27. Onpenen11Th o6nacTb cyru:ecrnosaH115! L(JIH cpyHKu:1111 

f ( z) = L~= t (1 + \)k 11 11ccnenosaTh ee tta tterrpephIBHOCTh. 

4.28 . .[(oKa3aTh, qTQ L(JI51 TOro qrn6b1 110CJieL(OBaTeJihHOCTh {f,,(z)} 
tterrpepbIBHhIX cpyttKU:11tt pasttoMepHo cxon11nacb Ha KOMrraKTe K K 
cpyHKU:1111 f(z), Heo6XOL(HMO 11 L(OCTaTOqHo, qTo6hI IlOCJieL(OBaTeJib­
HOCTb {f,,(z)} CXOL(l1JiaCh BO scex TOqKax 3TOro MHO)l(ecrna: 

limf,,( z) = f(z),zE K, 11 ecn11 z0 - npeneJibHa.R ToqKa K, TO LtJIH 
n-+oo 

mo6ott nocnenosaTeJibHOCTl1 { z
11

} , z
11 

E K, lim z
11 

= z0 , cnpasenn11so 
11 -too 

lim f,, ( z ) = f ( z0 ) . 
Jj~OQ 

4.29. OnpeneJIHTh o6nacTh cyru:ecrnosatt11H cpyHKU:HH 

~~ z f (z) = ~11 =1 2 2 
n +z 

11 HCCJie,[(OBaTh ee Ha HenpephIBHOCTb. 

4.30. Onpenen11Th o6nacTh cxon11MocT11 pHna 

L~=i (nze- 11
: - (n - l)ze-<11-t>: ) 

11 ttattTH ero cyMMy. IIoKa3aTb, qTo cyMMa p51na ecTb cpyHKU:H51 He­
npepbIBHaR, HO PM Ha o6nacm CXOL(HMOCTH CX01ll1TC51 HepaBHOMepHO. 

4.31. Orrpe,n:eJIHTh o6nacTh cyru:ecrnosaHHH 8-cpyttKU:HH 

8(z) = ~~ e-1111
':. 

~11=-00 

IIoKa3aTh, qTo Ha o6nacTH cyruecrnosaHHH 8(z) ecTh cPYHKUHH tte­
npepbIBHa51. 

4.32. OnpenenHTb o6naCTh cyru:ecrnosaH115! cyMMhI pHna 

~~ sinnz 
~11=1 2" . 
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4.33. )loKa:Jan, HenpepbIBHOCTb cyMMbI p.sr.n:a B yKa:JaHHbIX 06-
nacrnx: 

1) I~=I < 
1 

)' z;t-1,-2,. .. ; 
n n+z 

- (-1)" 
2) L11=I--, z * 1, 2, ... ; 

z-n 

3) L~=1 (2(z,;n)J, lzl<l; 

4) '°'- sinnz I I L..i11=l I , z < oo; 
ll. 

5) L- sh nz I Z I< oo; 
11=1 n! , 

6) L~= 1 n11 e11
\ Re z < 0; 

L- -211 1l 31l 37r 1l 
7) e- -<araz<- --<argz<-. 11 =1 '4 e 4 ' 4 4 

4.34. IloKa3aTb, qro ceMeiicrso <PYHKUHH {cos (a I (1 - z))}, a -
.n:eiicTBHTeJJbHOe 'IHCJJO, 06pa3yer orpamrqeHHoe BHYTPH o6nacTH 
D = {I z I < 1 } , Ho HeorpaH11qeHHOe B o6nacTH D ceMeiicrno. 

4.35. IlpHBeCTH npHMep paBHOCTeneHHO HenpepbIBHOro Ha 06-
JiaCTH D, HO HeorpaH11qeHHOro BlfYTPH D ceMeiicrna cpyttKUHM. 

4.36. IlpHBeCTH npHMep ceMeHCTBa <PYHKUHM, orpaHHqeHHOro 
BttyrpH o6JiaCTH D, HO He paBHOCTeneHHo HenpepbIBHoro Ha o6JiaCTH D. 

4.37. BepHo JIH yrnepJK.n:eHHe: mo6oe ceMeiicrno HenpepbIBHbIX 
cpyHKUHH, orpaHHqeHHOe BHYTPH o6nacrH D, .srsn.sreTc.sr paBHOCTe-

neHHO Henpep1>IBH1>IM Ha mo6oM KOMnaKTe KC D. 

4.38. IlycTb ceMeHCTBO <PYHKUHH paBHOCTeneHHO HenpepbIBHO Ha 
o6nacTH D H orpaHH'leHo BHYTPH D. Cne.n:yer JIH orc10.n:a: 

1) H3 .n:aHHoro ceMdicrna MOJKHO Bb16parr, cxo.n:.srmy10c.sr no.n:­
nocne.n:osaTeJI1>HOCTb cpyHKUHH Ha o6JiaCTH D; 

2) H3 .n:aHHOro ceMeHCTBa MO)l(HO BbI6paTb paBHOMepHO CXO.ll.R:­
IUYIOC.R: no.n:nocne.n:osaTeJJbHOCTb cpyHKUHH Ha o6Jiacnr D. 

4.39. )loKa3aTb, 'ITO Ha MHOJKecrne Z 6ecKoHeqHoe npo113se.n:e­

HHe rr~=I (1 + f,, (z)) CXO.llHTC.R: paBHOMepHO H a6COJIIOTHO, eCJIH ,UJI.R: 
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scex z E Z cnpase.n:mrno HepaseHCTBO IJ,,(z) I :S a,,, n EN, l1 p51,n: 

L:~=' a
11 

cxo,n:ttTC51. ,[(oKa3aTb, qTo 6ecKoHeqHoe rrpoIBBe,n:eHtte 

n~=I (1+ I!,, (z) D CXOJUfTC.sI TaIOKe paBHOMepHO Ha MHO)l<'.eCTBe z. 

4.40 . .lJ:oKa3aTh, qTo ecm1 p.si:,n:hI :L;~=' f,, (z) 11 :L;~J f,, (z) 1
2 

cxo­

.n:.si:Tc.si: pasttoMepHo Ha MHO)l<'.ecrne Z, TO 6ecKoHeqHoe npo113se,n:eH11e 

Il~=I (1 + !,, (z)) TaK)l<'.e paBHOMepHO CXOAHTC.sI Ha MHO)l<'.eCTBe z. 

4.41. IIycTh p.si:.n: :L~=I a11 cxo,n:ttTC51. qTo MO)KHO CKa3aTb o 

CXO.ll:HMOCTH 6eCKOHeqHoro IIpOH3Be,n:eHH.sI Il~=l (1 + a,,z)? 

4.42. IIycTb c - KOHCTaHTa, c * -1, -2, .... .lJ:OKa3aTb, qTo 

TI~= 1 (1-_z_) e''" a6comoTHO cxo,n:11Tc.si: npH lzl < oo. 
c+n 

4.43. IIoKa3aTb, qTo np11 I z I > 1 6ecKoHeqHoe rrpomBe.n:e-

HHe rr~..[r-( J -;;-r Z _,,] CXOAITTC• 

4.44. HaifTH o6JiaCTH cxo1111MoCTH 6ecKoHeqHhIX npo113se.n:ett11H:: 

1) n- (1-z")· 2) n- (1-
22 

)·_!_ 3) n- (I+~)e-''"· 
11=1 ' """' n2 ' 2 11=1 n ' 

4) TI~_, cos~; s) Il~= 1 ( sin;;~n)} 6) n~_,c1 + z2
"). 

( 
(-1)"+

1
) 

4.45. ,UoKa3aTb, qTQ npoH3se.n:ett11e TI~=' 1 + ~ CXOAHTC.sI 

npH Re z > Yi ' a6comOTHO CXOAHTC.sI IIpH Re z > 1. 
n ·Jn~ 

4.46 . .lJ:oKa3aTh, qTQ npoH3se,n:ett11e [[=
1
--e · " cxo1111TC5I a6-
z + /1 

COJIIOTHO BO sceH: KOMIIJieKCHOH IIJIOCKOCTH C, KpOMe ToqeK z = -1, 
-2, .... 3To IIpOH3Be,n:eHHe o603HaqaIOT r(z+l) H Ha3bIBaIOT 2aMMa­

PYHKU,Ueu. 
I :ln11 

4.47 . .lJ:oKa3aTh ¢opAtYJ1Y 3Wiepa: f(z) = Iim--
1
-1._e __ _ 

,,_,_ z (z+ l) · · · (z+n) 
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4.48 . .UoKa3aTb, qTO: 1) f(z + 1) = z f(z); 2) f(m+ 1) = m!. 

4.49. ,I(oKa3aTh rjJop.Mylly Beiiepuanpacca: 

[f(z + l)] -i= e": TI~= 1 ( l + ~) e-:tu, 

c - fIOCT05IHHa5I 3Iinepa. 

4.50. IloKa3aTh, qTO rrptt a, ~ =f: -1, -2, ... 

TI~-, nca + fJ + n) = rca + o rCfJ+ 1). 
- (a+n)(fJ+n) f(a+(J+n) 

4.51. ,I(oKa3aTh, qTO cne.uy10rutte 6ecKoHeqHhie rrpomse,neHM5I 
CXO.U5ITC5I paBHOMepHo Ha yKa3aHHhIX o6nacrnx: 

2) TI~=1 (1 +~) e-'1
", I z IS R < =; 1) n- (1- z2) lzl $ R < =· 

n=l ., ' ' n-

3) IT~=/l+z"),lzl$r<l; 4) IT~=l(l+z 2"),lzl$r<l. 

4.52 . .UoKa3aTh, qTO ecntt p5I.U L~=il J,, (z) I cxo,nHTC5I paBHO­

MepHo Ha MHO:>KecTBe Z, TO M 6ecKOHeqHoe rrpott3Be,neHtte 

IT~=I (1 + f,, (z)) CXO.D;MTC5I paBHOMepHO Ha MHO:>KeCTBe Z. 

4.53. IIycTh 6eCKOHeqHoe rrpOH3Be,UeHHe IT~=l (1 + J,, (z)) CXO,UHT­

C5I paBHOMepHo Ha MHO:>KecTBe Z. Cne.uyeT JIH oTcIO,na, 'ITO p5I.U 

I~=I J,, (z) cxo.n;HTC5I paBHOMepHo Ha MHO:>KecTBe Z? 

4.54. IIycTh p5I.U I,~=I J,, (z) cxo,n;ttTC5I pasHoMeptto Ha MHO:>KecTBe 

Z. CJie,nyeT JIM OTCIO.Ua, qTo Ha MHO:>KecTBe Z cxo;uffc5I paBHOMepHo 

6eCKOHeqHOe rrpOH3Be,UeHMe IT~=I (1 + f,, (z))? 

4.55 . .LJ:oKa3aTh, qTo cne,n;y10m11e 6ecKoHeqHhie npoH3Be,n;eHH5I rrpe.n;­

CTaBJI5IIOT co6oli HenpephIBHhie cpyttKUMM B YKa3aHHhIX o6nacrnx: 

1) IT~=I (1 + z" ), I z I< 1; 

2) IT~ (1+..£)e-~ lzl< 00 z!l Z· 
11=l ' ' ' II 

IT
~ 7 1l 

3) ,,=
1
cos2:., I z I< 00, z "#-

2 
n(2k + l); 

ll 
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IT= n · z I I k 4) 
11

=
1
-sm-, z; <oo,z;:;t tr; 
z n 

5) IT~= 1 (1 + c-1r ;) I z I< 00
, z :;t c-1r+1 n; 

6) n= ch...£, I z I < 00 , z :;ti 2"-1 (2k + 1)n; 
fl=I 2" 

7) n= cos...£, I z I< 00 , z :;t 211
-

1 c2k + l)n; 
11=1 2" 

8) n=,(1+~). lzl<2. 
11= 2" 

4.56. II ycTb nocJie,uoBaTeJibHOCTb {a"} TaKOBa, qro I a11 I < 1, 

n E N, 11 p}l,u L~=I (1- I a11 !) < 00 • .[(oKa3aTh, qro 6ecKoHeqttoe npo113-

a -z la I 
Be,UeHH:e rr~=1 -' - • -' CXO,UHTC}l a6COJIIOTHO I1 paBHOMepHO 

1- a, z a, 
Bttyrp11 e,nHHHqttoro Kpyra I z I < 1 H tte rrpeBocxo,nHT rro Mo,uymo 1. 



I'Raea 5 
,LJ;H <1><1> EPEHD;HPYEMOCTh <l>YHKD;HH 

KOMIIJIEKCHOfO IIEPEMEHHOfO 

KoMrrneKCH03Haqtta.sr cpyttKU.I1.srf(t) = f 1(t) + if2(t) .ueH:cTBHTeJihHO­

ro nepeMeHHOfO t Ha3bJBaeTC.sl ourj;pepe1-t4upyeMOU 8 HeKOTOpOH 

JnOl/Ke to, ecmi: B 3TOH TOqKe .u11cpcpepeHu11pyeMbI .ueHCTBHTeJibHbie 

cpyHKUHHf1(t),f2(t). 

KoMnJieKCH03HaqHa.sr cpyHKUH.srfiz) = u(x, y) + iv(x, y) (z = x + iy, 
a v(x, y), u(x, y) - .uei1CTBMTeJibHbie cpyHKUHH) KOMnJieKCHOfO nepe-

MeHHOfO z, onpe.ueJieHHa~ B HeKoTopoH: oKpeCTHOCTH ToqKH z0 E C, 
Ha3bIBaeTC5I .UHcpcpepeHUHpyeMOH B TQqKe Zo, eCJIH cyiuecrnyeT npe.ueJI 

1. f(z0 + b..z)- f(z0) _ f'( ) 
lffi - Z 0 , 

..:>z~o b..z 

KOTOpbitt Ha3brnaeTc.sr npoU3eoo1-tou cpyHKUHH fiz) B ToqKe z0. EcJIH 

cpyHKUH5I .u11cpcpepeHu11pyeMa B ToqKe Zo, TO OHa H HerrpepbIBHa B 

ToqKe z0. 

ECJIH cymecrnyIOT npOM3BO.UHbJe cpyHKUHH f(z), g(z) B TOqKe Zo, 
TO B 3TOH TOqKe cymecTByIOT rrpOI13BO.UHbie cpyHKUHH fiz) ± g(z), 
f(z)·g(z), fiz) I g(z) (g(z0) =f. 0) H cnpaae.umrnhI paaettcrna 

(! ± g)' (zo) = J'(zo) ± g'(zo)' 

(! · g)' (zo) = f'(zo)g(zo) + f(zo)g'(zo), 

(! / g)' (zo) = J'(zo)g(zo)2( ~(zo)g'(zo)' g(zo) :z: 0. 
g Zo 

lfa cymecTBOBaHirn IIpOH3BO.UHOH J'(zo) B TQqKe Zo = Xo + iyo c He­

o6XO.UMMOCTblO BbITeKaIOT CJie.uy10iu11e paBeHCTBa: 

u~(x0 ,y0 ) = v~(x1nY0 ), u~(x0 ,y0 ) =-v:,(x0 ,y0 ), 

KOTOpbie tta3bIBaIOTc.sr ycJ1oeuf1.MU Koiuu-PUAtaHa (CR). EcJIH BBeCTM 

CJie.UyIOIUHe o603HaqeHH.sl: 
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TO 6y.uyT cnpaBe.umrnhI COOTHOillemrn: 

J'(zo) = ~~ (xo, Yo), J'(zo) = -i :~ (xo, Yo), 

f 1
(z0 ) = :~ (z0 ), :~ (z0 ) = 0. 

TaK11M o6pa3oM, Beptta cne.n.y10rn;aJ1 

TeopeMa. <l>yHKQH.si:fiz) = u(x, y) + iv(x, y) .umpcpepeHuttpyeMa B 

TOqKe Zo = Xo + iyo TOrJ.J;a H TOJlhKO TOrJ.J;a, KOrJ.J;a cpyHKUMM u(x, y), 
v(x, y) .umpcpepeHuttpyeMhI B TOqKe (xo, Yo) H B '.HOH rnqKe BhinOJI­

H.sIIOTC.sI ycJIOBM.sI (CR). 

MttmKecrno D c C Ha3hrnaeTc.si: omKpblmblM, ecm1 Ka)l{.ua.si: ToqKa 

3TOro MHO)l{eCTBa COJ.J;ep)J(MTC.sI B HeM BMeCTe c HeKOTOpoH: 

oKpecTHOCThIO, T. e . .un.si: n1060H: TOqKH z0 E D HaH:.ueTc.si: q11cno R > 0, 

TaKoe, qrn {z: lz - zol < R} C D. (Ecmi: z0 = oo E D, To ttaH:.ueTc.si: 

TaKoe R > 0, qTo {z: I z I> R} CD). 

Mtto)l{ecrno D c C Ha3hrnaeTc.si: C8fl3HblM, ecJIM n106h1e .use 

TOt:fKH 3TOro MHO)l{eCTBa MO)l{HO coe,llHHHTh KpHBOH )l(op.uatta, 

uenMKOM Jie)J(amdi s D. 

0TKpbITOe CB.sI3HOe MHO)l{eCTBO D c c Ha3bIBaeTC.sI o6JZaCmb!O. 

06nacTh D c C tta3hrnaeTc.si: 001-1oceJ13HOU, ecJIH .un.si: n106oro 

3aMKHyToro KOHTypa )l(opJ.J;atta, Jie)J(amero B o6nacTH D, ero 

BHyTpeHHOCTh TaK)l{e Jie)l{HT B D. 06nacTh, He .si:Bn.si:10ma.si:c.si: O.llHO­

CB.sI3HOH, Ha3bIBaeTC.sI 1WH020CBfl3HOLl. 
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Mtto)l(ecrno D c C Ha3bIBaeTC5I 3aMK1-1ymb1A1, ecm1 MHO)l(ecrno 

C \ D HBnHeTc5! OTKpbITbIM. 

0.utto3Ha1rna51 cpyHKl.l:I-151 f(z), onpe.ueneHHa5! B o6nacrn D c C , 

"°' Ha3bIBaeTcH 001-10J1ucn11-1ou, ecm1 .unH mo6b1x TOl!eK z 1, z2 E D H 

TaKHX, 'ITO Z1 * Z2, HMeeM f(z1) * f(z2) . 

EcnH cpyHKU:H5I CD= f(z) ,LIJHpcpepeHU:HpyeMa B HeKOTOpof.i: 

OKpeCTHOCTH TO'IKH Zo H B 3TOH OKpeCTHOCTH J'(z) * 0, TO B L(OCTa­

TOl!HO Manoi{ OKpeCTHOCTH TO'!KH Zo cpyHKU:H5I f(z) 5!Bn5!eTC5! 

O.UHOnHCTHOi1: H B OKpecTHOCTH TO'!KH ffio = f(zo) cyruecrnyeT 

o6paTHa5I cpyHKU:l15! Z = F 1(w), KOTOpa5! .UHcpcpepeHUHpyeMa B 3TOH 

OKpeCTHOCTl1 TOqK11 co0, 11 cnpase.un11sa cpopMyna .umpcpepettu11po­

BaH115! o6paTHOH cpyHKU11H: 

0.UH03HaqHa5! cpyHKUH5! f(z) Ha3bIBaeTC5! a1-1aJlumu1teCKOU (HHOr.ua 
HCilOJib3YlOTC:K n ::pM11Hbl "rOJIOMOpcptta'1", "peryJrnpttajJ") B o6J1aCTl1 

D, ecJrn Otta .u11cpcpepettu11pyeMa B Ka)l(.uoi1: ToqKe 3TOH o6nacTH. 

Attan11THqHoCTb B TOqKe 03HaqaeT attanHTHqHOCTb B HeKoTopoi1: 

OKpeCTHOCTH 3TOH TOqKH. <PyHKUH5I f(z) Ha3bIBaeTC5I aHan11T11qecKOH 

B TQqKe z = oo, ecn11 cpyttKUH5! g(z) = j{z-
1
) aHanHTHl!Ha B TQqKe z = 0. 

reoMeTpH'leCKHH CMhlCJJ npOHJBOt(HOH 

B Ka)KL(OH ToqKe Zo, B KOTOpOH f I ( z) * 0, np11 OT06pa)l(eHl111 f 
11MeeT MeCTO coxpattett11e (KottcepsaT113M) yrnos no Ben11q11He 11 no 

HarrpaBneHmo OTcqeTa Me)l(.uy mo6bIMl1 .UBYM5! rna,UKHM11 KpHBbIMH 

)l{op.uatta, rrepeceKaIOIUHMHCj{ B TOqKe Zo, 11 HX o6pa3aMH npH OT0-

6pa)l(eHHl1 f KpoMe Toro, B 3TOM cnyqae Ben11q11Ha I f 1(z0 ) I cosna­

.uaeT c 11cKa)l(ett11eM Macnna6a np11 0To6pa)l(ett1111f11 3TO 11cKa)l(ett11e 

OL(HO 11 TO )Ke no BCeM HanpaBJ1eHH5IM, Bb!XO.U5!llll1M 113 TOqKJ1 Zo. 

Ecn11 cpyttKU115! /(~) aHan11Twrna B 06nacT11 G, a cpyHKU115I <p(z) 

attan11T11qHa B 06nacT11 D 11 MHO)l(ecrno 3HaqeHl1H cpyHKUl111 <p(z) 

j{Bn5!eTC5! o6naCTbIO 11 co.uep)l(HTCj{ B G, TO B 06nacT11 D onpe.ueneHa 

cynep1103ui/U5l py1-1KL{Uttf 11 <p - cpyHKU115If(cp(z)), KOTopa5! attan11T11q­

Ha B D, H cnpaBenmrna cpopMyJia IIHclJclJepemrnpoBamrn cynepno3HUHH: 

J,'(cp(z)) = J.'(cp(z)) cp'(z). 
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5.1. HaHTH BCe TO'IKH z = x + iy, B KOTOpbIX .ump¢epeHUI1-

pyeMbl cpyttKUHH: 

1) Re z; 2) z; 3) lzl ; 4) lzl2; 5) z Re z; 6) x2 y2; 
8) ~; 9) 2.xy - i(/ - y\ 10) x + iy2; 11) z- 1 

13) z · z
2

; 14) (az + b) I (cz + d), c ct 0, ad ct be; 

7) ? • 2 
x- + iy; 

12) z2 
• z; 

15)sinx+icosx; 16)cosx+isinx; 17)ex +i1/ ; 
18)e.r+isinx; 19)tgx+ictg y. 

5.2 . .[(OKa3aTb amurnTH4HOCTb BCIO.LlY B c H HaHTH npOH3BO)J,Hbie 
CJle)lyIOll.lHX cpyHKUHH: 

1) z", n - HaTypa.rrbttoe; 

2) R(z) = P(z) I Q(z) - pauttOHaJibHaH cpyttKUHH (KpOMe TOLieK z, 
B KaTopbIX Q(z) = O); 

3) e 2
; 4) e iz; 5) sin z; 6) cos z; 7) ch z; 8) sh z; 

9) ctg z (KpOMe T04eK z, B KOTOpbIX sin z = 0); 

10) tgz (KpOMe ToqeK Z, B KOTOpbIX cos z = 0); 

11) th z (KpOMe ToqeK Z, B KOTOpbIX ch z = O); 

12) cth z (KpOMe ToqeK Z, B KOTOphIX sh z = 0); 

13) sin (e 2
); 14) Z "e -z, /l - HaTypa.ribHOe; 15) (z + l/z) /2, Z oF 0. 

S.3. IlOKa3aTh, qTQ cpyHKUHH 

J(z) = ' ' !e-l /z' z += 0 

0, z = 0 

aHa.rrttTttqHa BCIOJlY B C , KpoMe T04KH z = 0, a ycnoBttH (CR) Bhmon­

HHIOTCH BCIO.LlY B C. 
S.4 . .[(oKa3aTh, qrn ecmi: cpyHKUHH f(z) atta.rrttrnqtta B o6naCTH 

D c C H BCIOJlY B D BbinOJIHHeTcH O.LlHO H3 ycnos11H:: 

1) Ref(z) =canst; 2) Imf(z) =canst; 

3) IJCz) I= canst; 4) argf(z) =canst, 

TO f(z) - KOHCTaHTa BCIOJW B o6naCTH D. 

S.S. IIycTb cpyttKuHH f(z) = u + iv atta.JIHTH4Ha B o6nacTH D c C 

H BCIO.LlY B D u(x, y ) = cp(v(x, y)), cp(t) - ;:i:ettCTBHTeJibH03Ha4HaH, 
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CTporo MOHOTOHHa5! l1 HenpepbIBHO .umpcpepeHuHpyeMa5! cpyHK­

Ul15! npH -oo < t < oo . .IJ:oKa3aTb, '-!TO j(z) = const B D. 

5.6. IIycTb cpyHKUirnf(z) = u +iv ammHm'fHa B o6Jiacm DC CH 

BC!O.UY B D au + bv + c = 0, r.ue .ueHCTBHTeJibHbie KOHCTaHTbI a, b, c 
He Bee paBHbI HYJIIO . .IJ:oKa3aTb, 'ITO j(z) = const B D. 

5.7. IIycTb cpyttKUH5!f(z) $. const aHaJIHmlfHa B o6Jiacm D c C. 

Ey.uyT JIH aHaJIHmlfecK11MH cpyHKUHH f(z) H j(z)? 

5.8. IIycTb cpyHKUH5! j(z) = u + iv, nptt'IeM cpyttKUHH u(x, y), 

v(x, y) .nttcpcpepettuttpyeMbI B o6JiaCTH D c C. .IJ:oKa3aTb, 'ITO ecJIH 

BCIO.UY B D BbinOJIHeHO O)J.HO 113 ycJIOBHH: 

a) cymecrnyeT lim Re 6.f ; 6) cymecrnyeT 
Ll.z - o 6.z 

1
. 6.f 
im Im-, 

Ll.z-o f).z 

TO cpyHKUH5!j{z) aHaJIHTH'IHa B D. 

5.9. IlycTb f(z) = u -r iv, rrptt'iCM cpyttKU.HH u(x, y), v(x, y) .ump­

cpepeHUHpyeMbI B o6Jiacm D C C . .IJ:oKa3aTb, 'ITO ecJIH B Ka)l(.uoif 

TO'IKe 06JiacT11 D cymecrnyeT lim 16.f I· TO JI1160 cpyHKUH5! f(z), 
ll.= - o 6.z 

JI1160 cpyHKUH5! f(z) attanttmlfHa B o6Jiacm D. 

5.10. IIycTb f(z) = u + iv, cpyHKUHH u(x, y), v(x, y) .u11cpcpepeH­

u11pyeMbI B o6JiacTH D c C . .IJ:oKa3aTb, qTO ecJI11 B Ka)l()J.OH TO'IKe H3 

D cymecrnyeT lim arg 6.f , TO cpyttKUl15!f{z) aHaJIHT!1lfHa B o6Jiacm D. 
Ll. z-o 6.z 

5.11. IIycTh z = re iq>' f(z) = u(r, <p) + iv(r, <p) . .IJ:oKa3aTb, 'ITO 

ycJIOBH5! (CR) B nepeMeHHbIX (r, <p) HMeIOT BH.U 

ou 1 ov ov 1 ou 
-=-- -=---or r oip ' or r oip 

5.12. IIycTb cpyHKQH5!f(z) = u + iv aHaJIHTH'IHa B o6JiaCTH D C C, 

a BeKTOpbI s H n Ha nJIOCKOCTH nepneH,UHKym1pHbl, np11qeM noBopoT 

OT s K n COBeplllaeTC5! npOTHB qacOBOH CTpeJIKH . .IJ:oKa3aTb, '-!TO eCJIH 

Is I= In I= 1, TO 
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au av OU av 
--

8s on ' 8n OS 

5.13. ITycTh cpyttKUJurf(z) = u +iv amUIHmqtta B o6nacm DC C. 

.D:oKa3aTh, qTO B Ka)l(.ll,OH TOqKe z E D crrpaBe.ll,JIHBhI COOTHOilleHHH: 

1) J'(z) = u~ + iv:, ; 2) J'(z) = v~ - iu~; 

3) J'(z) = u:, - iu;; 4) J'(z) = v; +iv: , 

5.14. IlycTh cpyttKUHH f(z) = u + iv H cpyttKUHH u(x, y), v(x, y) 

.n;HcpcpepeHI.~HpyeMhI B o6nacm D C C . .D:oKa3aTh, qTo 

df = 
0 f dz + 0 f dz, dz = dx + idy, dz = dx - idy, oz oz 

af = ~(af _ i af ), a~= ~(of+ i of). 
oz 2 ox oy oz 2 ox 8y 

5.15. ITycTh f(z) = u + iv, rrpHqeM cpyttKUHH u(x, y), v(x, y) .ll.Hcp­

cpepeHUHpyeMhI B o6nacm DC C. .D:oKa3aTh, qrn cpyHKUHH f(z) 

aHaJIHTHqHa B o6naCTH D Tor.ua H TOJihKO Tor.ua, Kor.ua of = 0 a-z 
(yc;zoeue /{GJZaM6epa-3Wr.epa). 

5.16. I1ycTh cj:>yHKUHH f(z) = u + iv H cpyHKUHH u(x, y), v(x, y) 

.umpcj:>epeHUHpyeMhI B o6nacm D c C. .D:oKa3aTh, qTo HK06HaH npe-

06pa3osaH1rn OT rrepeMeHHhIX (x, y) K rrepeMeHHhIM (u, v) BhJqHc­
JIHeTCH no cpopMyne 

D(u, v) 18fl2 18f 12 

D(x, y) = 8z - 8z 

5.17. (I1po.ll,OJI:>KeHHe 3a)l.aqH 5.16.) .D:oKa3aTb, qTQ eCJIH cj:>yHKUHH 

f(z) aHaJIHmqHa B o6nacm DC C, TO \!'(z)\ = 1:~1. 
5.18. ITycTh cpyttKUHH f(z) aHanHmqHa B o6nacm D c C H 

o6nacTh G c D. IlycTh, KpoMe Toro, G 1 
- o6nacTh, HBnmoruaHcH 
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o6pa30M o6nacnr G np11 oT06pa)KeHHH f Ecn11 f(z) O.llHOJIHCTHa B 

o6nacTH G, TO nnoma.llh S(G') MO)KeT farTh Bhrq11cneHa no cpopMyne 

f fc: I J'(z) 1
2 

dx dy. 

5.19. ITycTh cpyHKUH5I f(z) = u + iv 11 cpyHKUHH u(x, y), v(x, y) 
.[(Ba)K.[(hI .L\HcpcpepeHu11pyeMhI. ):(oKa3aTh, qTo 

<ff <ff 8 2 f 
l:::,.f=.-+-=4--. 

8x2 8y2 8z8z 

5.20. ITycTh cpyttI<l(H5Ij(z) aHaJIHTttqHa B 06nacT11 D C C 11f(z) I- 0 

BCIO.llY B D. ):(oKa3aTh, qTo BCIO.llY B D cnpase.[(JIHBO paBeHcrno 

~log I f(z) I=!_ J'(z). 
oz 2 f(z) 

5.21. ITycTh cpyHKQH5I f(z) aHaJIHTHqHa B 06nacT11 D c C. 

):(oKa3aTh, qTo BCIO.llY B D 

4 if'(z)i 2 

1) fl lf(z)j
2 = 4 lf'(z)i2; 2) .6.log(l+IJ(z)l2) = .. ; 

(l+lf(z)l 2)2 

3) fl log lf(z)I = 0, ecn11f(z) j 0. 

5.22. HattTH of ,[(Jlj{ cne.ny10ru11x cpyHKQHtt: oz 
1) f(z) = lzl; 2) f(z) = lzl P, p ER; 3) f(z) = eP lzl, p ER; 

4) f(z) = ~I z - a 1
2 

+ I z - b 12 ; 5) f(z) =log jzj; 

6) f(z) = jz - al I lz - bl; 
i+ I z I 

7) f(z) = arctg--, I z I< 1. 
1- I z I 

5.23. IlycTh cpyHKQttj!f(z) = u +iv aHaJIHTHqHa B o6nacTH D c C. 

):(oKa3aTb CJie.[(yIOlll,He cpopMyJihI: 

1) ~I J(z) I=!_ I J(z) I J'(z); 
8z 2 f(z) 

{) 1 I 
2) -u=-f(z); 

{)z 2 

{) 1 I 0 1 / f 1(z) 
3)-v = --! (z); 4) -cp(j f(z) I)= -<p (I f(z) I) I f(z) 1-, 

8z 2 8z 2 f(z) 
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r.ue cp(t) - .umpcl>epeHu11pyeMa}l cPYHKUH}l .ueHCTBHTeJihHOro nepe­
MeHHOro t. 

5.24. 11cnOJib3Y}l cPOPMYJIY .LI.JI}! np0113BO.UHOH o6parnoi1 cPYHK­
UHH, .UOKa3aTb, qTO 

I efZ 
1) (efi) = - , n - HaTypaJibHOe; 

nz 

2) (ln z)' = z - 1
; 

4) (arctg z)' = -
1
- .,; 

1 + z-

3) (arc sin z)' = 1 
2 

; 

~ 

5) (arccos z)' = --
1
-

2
• 

l- z 

5.25. Hai1TH 3as11c11MOCTh Me)l(.uy cJie.uyIOm11M11 cPYHKUH}lMH: 

1) arc cos z, ln z; 2) arc sin z, ln z; 3) arctg z, ln z. 

5.26. llycTh cPYHKUH}lj(z) = ln (z - c) =In lz - cl+ i Arg (z - c), 
r.ue c - HeKOTOpoe cp11Kc11poBaHHOe KOMnJieKCHOe q11cJIO. llposepHTh 
BhmOJIHHMOCTh ycJIOBHH Koum-P11MaHa .LI.JI}! 3TOH cpyHKUHH. 

5.27. Hai1TH MHO)l(eCTBO ToqeK Z, B KOTOpb!X K03cpcp11u11eHT JIH­
HeHHOro pacrn)l(eHHH np11 cJie.uyI-Om11x 0To6pa)l(ett11Hx paseH HYJIIO: 

az+b 
l)j(z) = z2

; 2).f(z) =sin z; 3)/(z) = --, c:;cO, ad :;c be; 
cz+d 

1 1 
4).f(z) = z", n - HaTypanhHoe; 5).f(z) = -(z +-). 

2 z 

5.28. HaHTH MHO)l(eCTBO rnqeK Z, B KOTOpb!X yroJI nosoporn np11 
cJie.uyIOm11x oT06pa)l(eH11}1X paseH HYJIIO: 

l)flz) = z
2

; 2)flz) =sin z; 

4)flz) = z", n - HaTypanbttoe; 

az+b 
3)flz) = --, c;eQ, ad;ebc; 

cz+d 

1 1 
5)flz) = - (z + -) . 

2 z 

5.29. llycTh cpyHKUH}l j(z) aHaJI11rnqHa B TOqKe z0 11 f '(zo) i=- 0 . 

.lJ:oKa3aTb, qTQ yroJI nosoporn a KpHBOM y B TOqKe Zo 11 K03cpcp11u11eHT 
JI11Hei1Horo pacrn)l(eHHH R npH oTo6pa)l(eHHH f onpe.ueJI}leTrn cJie­
.Ll.YI-OlllHM o6pa30M: 



ll)1<J:J<J:JEPEHQY!PYEMOCTb <J:JYHKUHH 63 

a= argf(z0) +2kTI, k E Z, R = lf(zo) I-

5.30. ITycTh cpyHKU115! f(z) amummqHa B TOqKe z0, f(z0) i= 0, 11 
rna;:i:K11e Kp11Bhie y 1 11 y2, npoxo;:i:m1u1e qepe3 ToqKy z0, o6na;:i:aIOT 

cBowcrnoM Re f(z) = Re f(zo), z E Y1, Im f(z) = Im f(zo), z E Y2-

.D:oKa3aTb, qTo B 3TOM cnyqae Kp11Bb1e y1 11 y2 nepeceKaIOTC5! B ToqKe 

Zo IlO.ll np5!MbIM yrJIOM. 

5.31. ITp11 BbrnOJIHeH11H ycnoBHH 3a;:i:aqH 5.30 npe;:i:nonm1rnM no­

nontt11TeJibHO, qTO lf(z)I = lf(zo)J, z E Yi. a arg f(z) = arg f(zo), z E y2 . 

.D:oKa3aTb, qTo KpHBbie y1 H y2 nepeceKaioTc5! B ToqKe z0 no;:i: np5!MbIM 
yrJIOM. 

5.32. ITycTb f(z) = u + iv, cpyHKUHH u(x, y), v(x, y) HenpepbIBHO 

.llHcpcpepeHUHpyeMbl B o6JiaCTH D c c H J(JI5! JII06bIX TOqeK Z1 H 

Z2 113 D 

lf(z,) - fiz2)I = lz1 - z2I . 

.D:oKa3aTb, qTo J(z) = e;11 z+a, rne 8 - n·eH:crnHTeJibHbIH, a a - KOM­

nneKCHbIH napaMeTp, HJIH f(z) = e;11 z +a. 

5.33. ITycTb cpyHKUH5! f(z) attaJIHTHqHa B TOqKe z0 H d(zi. z2) -
paCCT05!HHe Me)J(ny CTepeorpacpHqecKHMH npoeKUH5!Ml1 ToqeK Z1 11 

z2 E C . .D:oKa3aTb, qTO cymecrnyeT 

1
. d(J(z). J(z0 )) 
llTI ---'----'---'--'-

z~ zu d( Z. z
0

) 

H HaHTH ero. 

5.34. ITycTb cpyHKUH5! f(z) paUHOHaJibHa H d(zi. z2) - paccT05!HHe 
Me)J(ny CTepeorpacpHqecKHMH npoeKUH5!MH TQqeK Z1 H Z2 .. ,[(oKa3aTb, 

qTO ecJIH d(j(z1),f(z2)) = d(zi. z2) .llJI5! JII06b1x TOqeK z1 H z2113 C, TO 

f(z) = az + b. 
CZ+ d 

5.35. ITycTb cpyHKUH5! f(z) paUHOHaJihHa H attamuwqtta B TOqKe 
z = 0 . .D:oKa3aTb, qTQ eCJil1 B JII06oi1 TOqKe z aHaJIHTJ1qHOCTH f(z) 
cnpaBe.nmrno paBeHCTBO 
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IJ'(z) I i 

1 +lf(z)l2 1 + lzl2' 

TO f(z) 5IBJU!eTC5I .upo6Ho-mrneHHOH cpyHKUHei1:. 

5.35.1. ITycn, cpyHKUH5Ij(z) pauttoHaJibHa 11 attaJIHTHqHa B ToqKe 

z = 0 . .[(oKa3aTb, qTO ecJm B HeKOTOpoH: OKpeCTHOCTI1 TOqKH z = 0 
crrpaBe,ll.JII1BO paBeHCTBO 

IJ'(z)I 1 

1+ lf(z)l2 1+ lzl2
' 

TO f(z) 5IBJU!eTC5I .upo6HO-JlHHeHHOH cpyHKUHei1:. 

5.35.2. ITycTb cpyttKUH5I .f(z) aHaJIHTHqHa B HeKoTopoH: oKpecT­

HOCTH TOqKH z = 0 I1 B :now OKpeCTHOCTI1 crrpaBe,ll.JII1BO paBeHCTBO 

I J'(z ) I 1 

1+ IJ(z)l 2 
1 + lzl2 

.[{oKa3aTb, qTO .f(z) 5IBJU!eTC5I .upo6HO-JII1Hei1:HOH cpyHKUHei1:. 

5.36. ITycTb cpyHKUI15I .f(z) pauttoHaJibHa H aHaJIHTHqHa B ToqKe 

z = 0 . .[{oKa3aTb, qTo ecntt .UJI5I mo6oro z, I z I< 1, BbIIIOnHeHbI 

ycnoBI15I 

lf(z)I< 1, I J'(z) 1
2 

1- lf(z)I 
1 

l- lzl2' 

TO cpyHKUI15If(z) 5IBJI5IeTC5I .upo6HO-JIHHeHHOH. 

5.37. ITycn, f(z) = P(x, y) + i Q(x, y), r.ue P I1 Q - MHoroqneHbI 

OT x I1 y c .uei1CTBHTeJibHbIMH K03cpcpI1UI1eHTaMH, H rryCTb f(z) -
aHaJIHTHqecKa5I cpyHKUH5I Ha C. Cne.uyeT JIH OTCIO.Ua, qTO .f(z) -

MHOroqneH OT z? 

5.38. BepHo nH yrsep)l(,ll.eHHe, qTo .UJI5I n106oro MHoroqneHa 

P(x, y) cymecrnyeT aHaJIHT11qecKa5I cl>YHKUI15I .f(z) Ha C, rnKa5I, qTo 

Ref(z) = P(x, y)? 

I 

5.39. ITycn, cl>YHKUH5Ij(z) aHaJIHmqHa Ha Kpyre I z I :S 1 I1 rrpHHH-

MaeT Ha rpamrue 1<pyra Cl z I = l) neifCTBHTeJI1>H1>Ie 3HaqeHllil . .[(oKa3an, I 
qTO f(z) = const. 
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5.40. Ilycn, f(z) i: 0 11 aHaJI11T11qHa Ha Kpyre I z I :'S 1 . .UoKa3aTb, 
'ITO f(z) = const, ecm1 jf(z)I = 1 Ha I z I = 1. 

5.41. IIycTb cpyHKU1151f(z) aHaJIHTifqHa Ha orpaH11'leHHOtt 06nacT11 
D 11 rrp11tt11MaeT ,n:eifcrn11TeJibHbie 3HaqeHH5I Ha ee rpatt11ue. Cne.nyeT 
JIM OTCIO)J;a, qTo f(z) =canst? 

5.42. IIycTb z = r e;o + a, r < R. LJ:oKa3aTb, qTQ cpyHKUH51 

Re;" + (z - a) 
J(z) = R ;,, ( ) e - z -a 

rrpH cp11Kc11poBaHHbIX R 11 cp ecTb aHaJIHT11qecKa51 cpyttKUl151 OT z B 
Kpyre lz - al < R, rrp11 3TOM 

R 2 -r2 
Re f( z) = -

2
--

2
-----­

R + r - 2Rrcos(cp - B) 

5.43 . .LJ:oKa3aTh rrp11se.ueHHbie HmKe CBoifcrna aopa IlyaccoHa 

R 2 - r 2 

R2 + r2 
- 2Rr cos(cp - B) 

rrpH 0 < r < R, cp If R - cpHKCHpoBaHbI. 

1) 5!.upo IlyaccoHa - rapMOHH'lecKa51 cpyHKUH51 OT z B Kpyre 
lz - al < R, r.ne z = a + re ;a. 

1 f " (R
2 

- r
2
)dcp 2

) 2n ° R2 + r2 
- 2Rrcos(B - cp) = l. 

3) Ecn11f(z) attaJIHTH'lHa B Kpyre jz - al :'SR, TO 

!() 
1 f 2" J(a+Re;")(R2 -r2 )dcp ;e 

z =-Jn ., 2 , z =a+ re . 
2n " R- + r - 2Rr cos(B - cp) 

4) Ecn11 u(z) - rapMOHifqecKa51 cpyttKUH5I B Kpyre lz - al::; R, TO 

( ) ( e) 
1 f h u(R,cp)(R2 

- r2 )dcp ;o 
u z =u r. =-J, z=a+re . 

' 2n ° R2+r2-2Rrcos(B-cp)' 

5) Ecn11 h(R, cp) E C([O, 211]), h(R, 0) = h(R, 211), TO cpyHKUl151 
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u(r. B) = ~ f " h(R, tp)(R2 - rz)dtp 
' 27r 0 R2 + r 2 

- 2Rr cos(B - tp) 

rapMOHttqHa B Kpyre lz - al< R, lim u(r, e) = h(R, cp). 
r--+R 

e~,; 
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HHTErPHPOBAHHE <l>YHKQHH 

KOMIIJIEKCHOro IIEPEMEHHOro. 
HHTErPAJibHAJI TEOPEMA KOUJH 

IlycTb cpyHKUIUI f(z) KOMIIJieKCHOro nepeMeHHOro z onpe.uenetta 

Ha cnpHMmreMOH KpHBOH y. Pa3o6beM KpHBYIO y Ha .uyr11 Yi. y2, ... , y11 

c IlOMOmhIO ToqeK Zi, Z2, ... ' Zn, 3aHyMepoBaHHhIX B nop5I,UKe HX 

cne.uoBamrn no KpttBoH: y. HaqanoM .uyrH Yk 5IBJI5IeTc5I ToqKa zk-t. 

KOHUOM - ToqKa zk. Bhr6epeM Ha .uyre Yk TOqKy ~ H paccMOTPHM 

HHTerpaJibHbie cyMMhI 

EcJIH cymecrnyIOT npe,UeJibl HHTerpaJibHhIX CYMM (Jn Ji[ ' (Jn' 

Kor.ua MaKCHMYM .UJIHH .uyr Yk> k = 1, ... , n, cTpeMHTC5I K HYJIIO 11 nptt 

)TOM npe.ueJibl He 3aBHC5IT OT cnoco6a pa36HeHmI KpHBOH y Ha .uyrtt 

Yk 11 OT BhI6opa ToqeK I;; k Ha .uyrax Yh TO 3TH rrpe.uenhI Ha3hIBaIOTC5I 

KpU60JlUHeUHblMU wm1e2pa.1Ul.MU nepBOro H BTOporo po.ua OT 

cpyHKUM5If(z) B,UOJih KpHBOH y H o603HaqaIOTC5I COOTBeTCTBeHHO 

J, f(z) I dz I= ,~~~a", J, f(z)dz = ,~~a;.. 
ECJIH cpyHKUH5I f(z) MMeeT BH,U f(z) = u(x, y) + i v(x, y), TO cnpa­

Be,UJIHBhI paBeHcTBa: 

J, f(z) I dz I= J, u(x, y)dl +if, v(x, y)dl, 

r.ue HHTerpaJibl f u(x, y)dl, f v(x, y)dl - KpHBOJIHHeHHbie HH-
1 I 

TerpaJihI nepBoro po.ua OT .ueH:cTBHTeJibHhIX cpyHKUMH u(x, y), v(x, y), 11 

J, J(z)dz = J, (u(x, y)dx - v(x, y)dy) 

+if (v(x, y)dx + u(x, y)dy, 
I 

r.ue HHTerpanhI 
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J, ( u(x, y)dx - v(x, y)dy), L ( v(x, y)dx + u(x, y)dy 

eCTb Kp11BOmrnei1:ttbJe 11HTerpa.Jibl BTOporo po.ua OT .ueikTBHTeJibHbIX 
cpyttKU11H u(x, y), v(x, y). IT03TOMY CBOHCTBa Kp11BOJ111HettHbIX 11H­
Terpa.JIOB rrepsoro 11 BToporo po.ua OT cpyttKU1111 KOMIIJleKCHOro 
rrepeMeHHOro f(z) BbITeKaIOT 113 CBOHCTB Kp11somrneH:ttbIX 11HTer­

pa.JIOB rrepsoro 11 BTOporo po.ua OT .uettCTBl1TeJibHbIX cpyttKUHH u(x, y), 
v(x, y) .uei1:CTBHTeJibHbIX rrepeMeHHhIX. B qacmocr11, crrpase,UJil1BbI cne­

.uyIOIU11e csoM:crsa. 

1. J (o: J(z) + f3 g(z))dz = o J J(z)dz +/3 J g(z)dz, 
I I I 

r.ue a 11 ~ - KOMIIJieKCHbie q11cna, rrp11 ycnos1111, qrn cymecrnyIOT 

11HTerpanbI fJ(z)dz 11 J
1 
g(z)dz; 

2. f,J(z)dz= J
1
J(z)dz+ LJ(z)dz, 

r.ue Kp11sa51 y ecTb 06ne.u11HeH11e .uyr y1 11 y2, rrp11 3TOM Haqano 
KpHBOtt coBna.n:aeT c HaqarroM .n:yr11 Yi. KOHeQ ,nyrH y1 coBna,naeT c 

ttaqanoM .uyr11 Y2, KOHeu .uyr11 Y2 cosrra.uaeT c KOHUOM .uyr11 y, 11 rrp11 

ycnos1111, qrn 11HTerpa.JibI .( J(z)dz 11 J,, f(z)dz cymecrny10T; 

3. I J f(z)dz I :S JI f(z) II dz 1-
Ecn11 cpyHKU1151 f(z), 1a.uaHHa5I Ha Kycoqtto-rna.uKott Kp11soH: y, 

51BmieTC5I tterrpepbIBHOH 11Jil1 11MeeT KOHeqHoe q11cno ToqeK pa3pbIBa 
11 orpatt11qeHa, TO .UJI5I Hee cymeCTBYIOT Kp11BOJil1HettHbJe 11HTerpa.Jibl 
rrepsoro 11 sToporo po.ua rro Kp11soi1: y. 

ITycTb cpyttKU115I z = cp(w) ocymecrnn.HeT s1a11MHO-O.UH03Haqttoe 
OT06pa)KeH11e CIIp5IMJI5IeMOH Kp11BOH y Ha KpHBYIO f 11 5IBJI5IeTC5I 
attan11T11qecKott Ha Kp11soii y. Tor.ua, ecn11 cymecrnyeT 11ttTerpan 

fr f (z )dz, TO TaK)Ke cymecrnyeT 11ttTerpa.JI J J( cp( w)) cp1 
( w )dw 11 

crrpase.[{Jil1BO paBeHCTBO 

frf(z)dz= f,f(cp(w))cp'(w)dw. 

HuTerpaJibHaH TeopeMa Kornu. ITycTb D - O.UHOCB5I3Ha5I 
o6JiaCTb KOMIIJieKCHOH IIJIOCKOCTl1 c 11 f(z) - atta.Jil1Tl1qecKa5I ¢ytt­
KU115I B D; Tor.ua .UJI5I n106oi1: 1aMKHYTOH )l(Op.uattosoii crrp5IMJI5IeMoii 
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KpHBOH y, Jie)[(ameii B D, HHTerpaJI OT cpyHKLl,HH f(z) ITO KpHBOH y 
paBeH ttymo: 

JJ(z)dz = 0. 

TeopeMa Kornn )].JUI MHOroCBH3HOH ooJiaCTH. IlycTh orpa­

HHqeHHa.sr 06JiaCTb D HMeeT rpaHHUY f, COCT05llllYIO H3 KOHeqHoro 

q11cJia 3aMKHYTbIX :>Kop.uaHOBbIX cITp.srMJI5leMbIX KpHBbIX. EcJIH cpyH­

KUH5l f(z) aHaJIHTHqHa B o6Jiacn-r D H HeITpepbIBHa B 3aMhIKamur 

D = D u r o6JiaCTH D, TO HHTerpaJI OT cpyHKUHHj(z) ITO rpamrue r 
paseH HYJIIO: 

fr f( z)dz = 0, 

r.ue HaITpasJieHHe o6xo.ua ITO rpattwue TaKOBO, qTo o6JiaCTh D 
ocTaeTc.sr cJieBa. 

HeKOTOpbIM o6pamettHeM TeopeMbI Konrn .UJI5l O.UHOCB5l3HOH 

o6JiaCTH 5lBJI5leTC5l 

TeopeMa Mopepa. IIycTh D - OJJ.HOCB.H.3ttaR 0611aCTh KOM­

ITJieKCHOH ITJIOCKOCTH C H f(z) - HerrpephIBHa.sr cpyttKuH.sr B D. Ecmr 

.UJI5l mo6oii 3aMKHyYOH )[(Op,UaHOBOH CITp5lMJI5leMOH KpHBOH y HHTer­

PaJI rro KpHsoH: y paBeH HYJIIO: 

§ f( z)dz .= 0, 

rn cpyttKu11.srf(z) attaJIHTHqHa B D. 

EcJIH rpamrua r 0611aCTH D TaKOBa, qyo r = u:~o "'/; ' r.ue y; -

3aMKHYThie )[(Op.UaHOBhI KpHBhie (i = 0, 1, ... , n), BHYTPM KpHBOH y0 

co.uep:lI<aTc.sr KpHBhie y, , Y2, ... , Y11, TO .urr.sr cpyttKu1111 f(z) , 
attarrHTHqecKOH s o6JiaCTH D 11 HeITpephIBHOH B 3aMhIKaHHM 

D =Dur o6rraCTH D, CITpaBe.UJIHBO paseHCTBO 

J f( z)dz= 2=~= 1 J J( z)dz , 
10 '1 

rLJ;e HaITpasrreHHe o6xoLJ;a ITO KpMBhIM yo, y,, ... , Y11 TaKoso, qyo 

o6JiaCTh D ocrneTc.sr CJieBa. 

AHaJIMT11qecKa.sr B o6rracrn D cpyHKUH.sr F(z) Ha3bIBaeTc.sr 

nepeoo6pa3HOU HJIH HeonpeoeJleHHblA1 UHme2pQJlOA1 OT cpyHKUHH fi.z) 

B D, ecJIM F'(z) = f(z), z E D. 
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EcJJtt D - o;::i:HOCB513Ha51 o6JJacTb nJJOCKOCTH C tt /(z) -

aHaJJHTttqecKa51 cpyHKUJ'.151 s D, TO cosoKynHOCTb ee ITepsoo6pa3HbIX 

B o6JJacTtt D ttMeeT stt.r:i: 

F(z) = J: f(~)d~ + C, z0 , z ED, 

r;::i:e c - ITpOH3BOJlbHa51 KOHCTaHTa. 

IIycTb y - CITp51MJJ51eMa51 Kpttsa51 tt ITOCJJe;::i:osaTeJJbHOCTb cpyHKUttii: 

{f,,(z)} TaKosa, qTO cymecrnyIOT ttHTerpaJJbI J, f, , ( z )dz, n E N. EcJJtt 

ITOCJle.[(OBaTeJlbHOCTb cpyHKUHH {f,,(z)} CXO.[(HTC51 paBHOMepHO K 

cpyHKUHH f(z) Ha KpttBOH y, TO cymecrnyeT HHTerpaJJ f f(z)dz I1 
I 

cITpase;::i:JJttBo paseHcrno 

fJ(z)dz= .~~~J, f,,(z)dz, 

r;::i:e o6xo.r:i: ITO KpttBOH y .[(Jl51 scex HHTerpaJJOB ocyrueCTBJl51eTC51 B 

0.[(HOM HaITpaBJJeHHI1. 

IIycTb y - cITp51MJJ51eMa51 Kpttsa51 tt ITOCJJe;::i:osaTeJJbHOCTh cpyHKUttii: 

{f,,(z)} TaKOBa, qTO cyruecrnyIOT ttHTerpaJJbI J, f,, (z)dz, n EN. EcJJtt 

p51;::i: L~=I J,, (z) cxo;::i:ttTC51 pasHoMepHo Ha Kpttsoii: y K cyMMe S(z), TO 

cpyHKUH51 S(z) HHTerpttpyeMa Hay 11 cITpase;::i:JJttBO paseHcrno 

J, S(z)dz = J, (2-:::~= 1 f, , (z)) dz = L~=l J, f, , (z)dz, 

r.r:i:e o6xo.r:i: ITO Kpttsoii: y .[(Jl51 scex HHTerpaJJoB ocymecTBJJ51eTc51 s 

0.[(HOM HanpaBJJeHI1J1. 

IIycTb cpyHKUJ'.151 f(z, s) OITpe;::i:eJJeHa B o6JJaCTI1 D KOMITJleKCHOH 

ITJJOCKOCTH C, napaMeTp s E y - )f(Op;::i:aHosa KycoqHo-rna;::i:Ka51 

KpttBa51. EcJJH cpyHKUJ'.151 /(z, s) aHaJJJ1TJ'.1qHa B D npH JJI060M 

cpttKcttposaHHOM s E y 11 tteITpepbrnHa ITO s E y ITptt JJI06oM 

cpttKCttposaHHOM z E D, TO cpyttKU1151 F(z) = J, f(z , ()d( attaJJttrnqHa 

BD H 

F'(z) = J J,'( z, ()d(. 
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CTycTb cpyttKUI1JI f(z, t) onpeaenetta )l.JJ5l z ED 11 t E [a, +oo) . 

l
+oo 

HttTerpan J(z, t)dt Ha3hIBaeTC5l pae1-10.11-1ep1-10 cxoOJ1.U/U.MCJ1. B 
" 

o6nacni D, ecn11 

Ve> 0 :JAo > 0, VA> !\" Vz ED =? lf~+oo J(z, t)dtl < c: 

nycTh f(z, t) aHan11mqHa no z E D np11 mo6oM t E [a, +Xi) H 

HerrpephIBHa no t E [a , +oo) np11 mo6oM z E D. Ecn11 HHTt.:rpc1. c: 

l +oo 
a j(z, t)dt CXO}::{I1TC5l paBHOMepHO B 06nacT11 D, TO cpyHKU:W! 

l +oo 
F(z) = n f(z, t)dt aHaJJI1TI1qHa B D I1 

r+oo 
F'(z)=J" J,'(z,t)dt. 

HHTerpan J.+00 

f,'(z, t)dt TaIOKe 6yaeT paBHOMeptto cxoa11ThC5l B D. 

AHanor11qHa5l TeopeMa cnpaBe)l.JJHBa .LJ.JI5I t E (-m, a], t ER. 

,Uanee B 3a.n.aqax, ecn11 He oroBopeHo oco6o, no.n. Kpueoii 6y.n.eM 
noHHMaTh )KOp.LJ.aHoBy KycoqHo-rna.n.KyIO KpHByIO. Ecn11 Kp11Ba5l 
3aMKHyTa, TO ITOJIO)KHTeJibHOe ttarrpaBJJeHHe TaKOBO, qTQ KOHeqHa5l 
o6JJaCTh, orpaH11qeHHa5l '.HOH KpI1BOH, OCTaeTC5l CJJeBa rrpH o6xo.n.e 
ITO KpI1BOH. 

6.1. ITycTh cpyttKUI15I f(z) = u(x, y) + i v(x, y), z = x + i y, 11 

cyruecrnyeT KpHBOJJHHeHHhIH HHTerpan nepBoro poaa J, f(z) I dz 1-

,UoKa3aTh, qTo 

J, f(z) I dz I = J, it(x, y) dl + i J, v(x, y) dl, 

r.n.e dl - .n.mpcpepettu11an .LJ.JJHHhI nyrn y. 

6.2. IloKa3aTb, qTQ KpHBOJJHHeHHhIH HHTerpan BTOporo po.n.a no 
KpHBOH 'Y paBeH 

jJ(z)dz= j(u(x,y)dx-v(x,y)dy) , , 

+i J ( v(x, y)dx + u(x, y)dy). , 
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6.3. I1oKa3aTh, qrn J, z" dz=(z;i+1- z;;+1)/(n+l), 11=0, 1, ... , r.z:i;e 

Kpr-rna51y11MeeT Haqa.n:oM ToqKy Zo, KOHUOM -TOqKy z,. 

6.4. ITycTb y - 3aMKHyrn51 Kp11Ba5!. I1oKa3aTb, qrn J, I dz I= I / I , 
J, dz = 0, r.z:i;e I y I - .LJ;Jil1Ha Kp11soi1 y. 

6.5. Bb1qttcJIHTb J I z I dz B cJie.z:i;y10ru11x cnyqa51x: 
I 

1) y - IIp5IMOJ111HeHHbIH OTpe30K, 11.z:i;ym11i1 H3 TQqK11 z = - i B 

TOqKy Z = i; 

2) y - rroJiyoKpy)KHOCTb I z I= 1, Re z ~ 0, tt.z:i;yrua5I 113 rnqK11 

Z = - i B TOqKy Z = i. 

6.6. BbJqHCJIHTb HHTerpa.n: r I z - 11 dz . 
J jzj=l 

6.7. I1oKa3aTb, qTo eCJil1 Kp11Ba5I y 5IBm!eTC5I 3aMKHYTOH 11 s -
IIJIOIUa.llb o6JiaCTl1, orpaH11qeHHOH 3TOH KpI1BOH, TO: 

1) J x dz = i S ; 2) J y dz = -S; 3) J z dz = 0. 
7 7 7 

6.8. I1ycTb KpHBa5I y He rrpOXO.LJ;l1T qepe3 TQqKy z = 0. I10Ka3aTb, 

qrn rrp11parueH11e apryMeHrn 11y arg z B.LJ:OJih y MO)KeT 6hITh Bh1q11c­

JieHo no cpopMyJie 

J 
dz J -y dx + x dy 

6 _ arg z = Im - = 2 ·) 
I 1' Z 7 X + y-

BbJBeCTl1 oTcIO.z:i;a, qTo 11y arg z = 0, ecJI11 KOHTYP y He co.z:i;ep)!(11T 

BHYTPl1 ce65I TOqKy z = 0, 11 qTo l'c:.y arg z = 2nn, n E N, ecJI11 TOqKa 

z = 0 Jie)!(l1T BHYTPl1 KOHTypa y, a Kp11sa51 y 06xo.z:i;11TC5I 11 pa3 rrpoT11B 

qacoBOH CTpeJIKH. 

6.9. I1ycTh p > 0, OKpy)!(HOCTh I z I = p 06xo.rr11Tc5! o.z:i;11H pa3 

rrpOTl1B qacoBOH CTpeJIKl1. JJ:oKa3aTb paBeHCTBO 

1
27ri, n = -1, 

J ,=,z"dz = _ 
I I 1 0, n - 0, + 1, ± 2, .. . 
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6.10 . .[(oKa3aTh HepaseHcrno 

l I dz I < 27rp 0 
I I- I 2 2 I - I 2 I 12 1 , < P 7' I a I . z-p z - a p - a 

6.11. BbrqHCJIHTb HHTerpan 

l I dz I 
lzl=P I z - a 12' I a 17' p. 

6.12. BbrqHCJIHTb HHTerpan J,. (z - a)" dz , n EN, B cJiyqa51:x: 

1) y - IIOJIYOKpy)!(HOCTb lz - al= p, 0::::: arg (z - a)::::: TI, H.llyIUa5I 

H3 TOqKH Z = a + p; 

2) y - OKPY)l(HOCTb lz - al = p; 

3) y - rpaHHua Ksa.uparn c ueHTpOM B TOqKe z = a H co CTO­

poHaMH, rrapanJieJibHbIMH OC5IM KOOp.D.HHaT. 

6.13. ITycTb cpyHKUH5I f(z) HHTerpttpyeMa B.llOJib crrp5IMJI5IeMoif 
KpHBOH y . .[(oKa3aTb, qTo crrpase)J.JIHBO HepaseHCTBO 

I J f( z )dz ls;JI f(z) II dz I· 
' i I 

6.14. IlycTb cpyHKUH5I fiz) HHTerpttpyeMa B.llOJib CI1p5IMJI5IeMOH 

KpHBOH y . .[(oKa3aTb, qTo crrpase)J.JIHBO HepaseHCTBO 

I J f( z )dz ls;M I / I, ,. 
r.n.e I y I - .D.JIHHa Kpttso:tt y H lf(z)I :<::: M .D.JI5I z E y . 

6.15 . .[(oKa3aTh ttepasettcrna: 

1) I e-'-1 ls; lzl,Re z?.:0; 

2) ±lzls; lez-ll s;~lzl, izl<l; 

3) le"-ljs; e1
"

1-ls; lzl e1
"

1,z - mo6oe. 

6.16. IlycTb cpyHKUH5I f(z) HerrpepbIBHa B ITOJIYITJIOCKOCTH 

Im z :'.". 0 H Y.llOBJieTBOp5IeT HepaseHcrny lf(z)I :<::: M lzl 111
, Im z :'.". 0. 
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.LJ:oKa3aTb, qrn 

I J, J(z)e"dz 1::; 11MR111

, 

me y - IIOJIYOKPY)KHOCTb Jzl = R, Im z ~ 0. 
6.17 . .LJ:oKa3aTb HHTerparrbHYIO TeopeMy Koum ,n:Jisr o,n:HOCBSI3HOH 

06Jiacn1. 

6.18 . .LJ:oKa3aTb TeopeMy Kourn ,n:Jisr MHOroCB}!3HOH o6JiaCTH. 

6.19. IlycTb orpattttqettHa}! o6JiacTb D HMeeT rpattttuy y -
3aMKHYTYIO )l(Op,n:aHOBY CIIp5!MJI51.eMyIO KpttByIO . .LJ:oKa3aTb, qrn eCJIH 

cpyHKUI15! f(z) aHa.JIHTHqHa B o6JiaCTH D 11 HeIIpepbIBHa Ha 

D =Duy, TO J f(z)dz =O. 
"I 

6.20. IlycTb D - o.n:HoCB51.3Hasr o6JiaCTb KOMrrneKCHOH nJIOCKOCTl1 

C 11 cpyHKUH5! f(z) aHarr11T11qHa B o6JiaCTH D, 3a HCKJIIOqeHHeM 

KOHeqHoro q11cJia ToqeK a,, a2, ... ' a,,, ,[(JI}! KOTOpbIX cyurecTBYIOT 

npe,n:eJibI lim (z-aJf(z) = 0, j = 1, 2, ... , n. 
::----->-<i) 

.LJ:oKa3aTb, qTo ,[(JISI JII06oi1: 3aMKHYTOH )l(Op,n:aHOBOH crrpsrMmieMOH 

KpHBOH y, He npOXOMUieH qepe3 a,, a2, .. . , a,,, HHTerparr f f(z)dz = 0. 
I 

6.21. IlycTb cpyHKU11}!f(z) HenpepbIBHa B HeKOTOpOH OKpeCTHOCTl1 

TO'-!KI1 z = Zo . .LJ:oKa3aTb, '-!TO 

1. J J(z)dz _ 2 'f( ) 1111 - 1fZ Z0 . 
p - 0 z - z 

l• - >ol=f' O 

6.22. riycTb cpyHKUI151. f(z) HeIIpepbIBHa B o6Jiacrn 0 < Jz - z01 < R 
11 M(z) = max I J(z) J . .Il:oKa3aTb, '-!TO ecJIH lim rM(r) = 0, TO 

lz - z0 l= •·<R ··-O 

~~~~ J J(z)dz = 0. 
lz - zol=r 

6.23. IlycTb cpyHKUH5! j(z) HeIIpepbIBHa IIpH Jz - zol > ro H 

!~n;, rM(r) = 0 . .LJ:oKa3aTb, qrn :~i;, J f(z)dz = 0. 
lz -z0 l=r 

6.24. rioKa3aTb, qrn 
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0. a(/_ 1,n ~ - 1,n E Z, 

J ( z - a)" dz = 27ri, a E D.,, n = -1, 
' 

0, a r:/: D., ,n = -1, 

r.ue y - KOHTyp, orpaH11'!11Ba10m11M: KOHe'IHYIO o6nacTb Dy, D, 

3aMbIKamre Dy. 

6.25. fiycTb f(z) - aHaJil1Tl1'IeCKa5! cpyHKU:115! B O,UHOCB5!3HOH 

06nacT11 D, y - 3aMKHYTa5! Kp11Ba5! y ED. ,UoKa3aTh, 'ITO 

6.26. fiycTb cpyHKU:H5! f(z) HerrpepbIBHa B OKpeCTHOCTH Ha'IaJia 
KOOp,UHHaT. ,UoKa3aTb, 'ITO 

lim f
2

" J(re;" ) dcp = 27rf(O). 
r -0 Jo 

6.27. fiycTb cpyHKU:115! f(z) aHaJIHTl1'IHa B KOHeqHoH BbIIIYKJIOH 

o6nacrn D 11 y.uoBnernop5!eT ycnoBHIO Refiz)?. M > 0, z ED. 

,UoKa3aTb, 'ITO JlJI5! n106brx ToqeK zi, z2 E D crrpaBe,UJIHBO Hepa­

BeHCTBO 

EyneT JIH sepHbIM .uaHHOe HepaBeHCTBO, ecn11 ycnoB11e aHan11-
T11qHocT11 cpyHKU:HH 3aMeHHTb Ha ycJIOBHe HerrpepbIBHOCTH? 

6.28. fiycTb cl)YHKU:H5! .f(z) aHaJI11T11qHa B KOHe'IHOM BbIIIYKJIOH 

06nacT11 D 11 y.uoBnernop5!eT ycnOBHIO Imfiz)?. M > 0, z E D. 

,UoKa3aTb, qTo JlJI5! n106brx ToqeK z1, z2 E D crrpaBe,UJIHBO Hepa-

BeHCTBO 

EyneT n11 sepHbIM naHHoe HepaBeHcrno, ecn11 ycnoB11e aHan11-
n1qHocT11 cpyHKU11H 3aMeHJ1Tb Ha ycJIOBHe HerrpepbIBHOCTl1? 
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6.29. DycTh <l,JyHKUmif(z) attaJrnrnqHa B BbIITYKJIOH o6nacrn D 11 

lf(z)j 2': M, z ED. Cne.nyeT n11 0Tc10.na, qTQ .UJI5I n106b1x z 1, z2 ED 

crrpase,nJI11Bo ttepaBeHCTBO 

6.30. DycTb ¢YHKU115I f(z, ~) attan11mqHa no z ED np11 ~ E y 11 

ttenpepbIBHa no ~ E y np11 z E D, r.ne y - )f(Op,nattosa, Kycoqtto­

rna,nKaH KpirnaH . .[(oKa3aTh, qrn ¢yttKU:11H 

F(z) = J, J(z, ~) d~ 

atta.n:MTMqHa B o6IIaCTM D M 

F'(z) = J, J,'(z, ~) d( 

6.31. .[(oKa3aTh, qrn ecJI11 lf(z, t)j ~ F(t) .UIIH scex z E D 11 

MHTerpan i +"' F(t) dt CXO.U11TC5I, TO MHTerpaJI i+"" J(z, t) dt 

cxo,nMTC5I paBHOMeptto no z E D np11 ycnomrn, qTo 11HTerpan 

J,A f(z, t) dt cymecrnyeT np11 JII06oM A> a. 

6.32. DycTb ¢YHKUM5I f(z, t) attaJI11TMqHa no z E D rrpH JII06oM 

t E [a, +oo) M HenpepbIBHa no t E [a, +oo) np11 mo6oM z ED . 

.[(oKa3aTb, qrn eCJIM MHTerpaJI f +ev J(z, t) dt CXO.U11TC5I paBHOMepHO 

B o6nacm D, TO ¢YHKU:115I F(z) = J +ov J(z, t) dt af{aJmT11qHa B o6Jiac­

Tl1 D,; F'(z) = r+"' J}(z, t) dt 11 :noT 11HTerpaJI CXO,U11TC5I paBHO-J,, 
Meptto B 06JiacT11 D. 

6.33. HaHTl1 MHO)f(eCTBa, Ha KOTOpbIX paBHOMepHO CXO,U5ITC5I CJ1e­

.ny10m11e 11HTerpaJihI: 

2) J+"" sin t / ez
1111

dt; 
() 
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+"-I zlul c+i"-1 ezt ('+in..; ezl 
3) r cost/e dt; 4)j . -dt, c +'= O; sf -dt, c +'= 0. JO c-1<0V t c t 

6.34. JJ:oKa3aTh aHaJIHTHqHOCTb CJie,ayIOll.lHX cpyHKUHH B yKa3aH­

HbIX o6nacrnx: 

-tz 

l
N e 

1) --
2 

dt, Rez > O; 
0 1 + t 
r+oo dt 

2) Jo (t2 + 1)(1 +et')' Re z > O; 

3) 11 costz dt, z r/. [0,1]; 
0 z + t 

l +oo t sin t 
4) -

2
--

2 
dt, Rez > 0. 

0 t + z 

6.35. JJ:m1 HHTerpana Jiarrnaca fo+ro e1
' J ( t) dt , r.ae cpyHKUHH f(t) 

rrnTerpttpyeMa Ha [O, a] .z:vrn mo6oro a > 0, .l(OKa.3aTh: 

1) eCJIH HHTerpan CXO)J,HTCH B TOqKe z = Zo, TO OH CXO)J,HTCH B 

rronyrrJIOCKOCTH Re z > Re z0, paBHOMepHO cxo,aHTCH B yrne 

larg(z - zol ~ e < 11/2; 

2) eCJIH HHTerpan CXO,UHTCH a6COJIIOTHO B TOqKe z = Zo, TO OH 

cxo)J,HTCH a6coJIIOTHO H paBHOMepHo B rronyrrnocKOCTH Re z ~ Re z0; 

3) ecJIH lim ln I J(t) I/ t =a, TO HHTerpan cxo,aHTCH a6co-
/.---t+oo 

JIIOTHO B rronyrrnocKocTH Re z > a 11 paBHOMepHo BO BCHKOH 

rronyrrnocKocTH Re z :'.'. a + c, E > 0; 

4) ecJIH lim ln I f (t) I It = p, TO HHTerpan He cxo,aHTCH a6coJIIOT-

HO HH B O,UHOH TOqKe IIOJIYIIJIOCKOCTH Re z < p. 
6.36. HattTH o6nacm aHaJIHTHqHOCTH cne.aYIQll.lHX cpyttKUHH: 

+oo f(t)dt 
1) l --, I f(t) l'.SM(l + tt",a > O; 

0 t + z 

J:
+oo j(t) dt 

2) ·) "I j(t) I '.SM; 
I t- - z-
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J
+"'- f(t) dt M 

3) - 1-, I J(t) 1::; -
1 

t"; 
-CV e + Z + -

-1 

4) r _e_dt: 
J argl=n t+z ' 

cost dt 
5) J 1 , / = {t: 0 ::;1 t I::; IT.argt = 7r /2}. 

I C -z 

6.37. ~IDI ttHTerparra Jlarrnaca (CM. 6.35) ttaH:Ttt o6nacTh cyruecT­
BoBattmr I1 o6JJaCTb attar:IHTWIHOCTH, eCJJH QJYHKUHRj{Z) eCTh: 

1)1; 2)t",nEN; 3)e0 1
; 4)sincot; 

5) cos co t ; 6) sh co t ; 7) h 8) 
at . 

c co t; e sm co t; 

9) l 11 
cos co t, co * 0 - ;:i:eHCTBHTeJlbHOe qttcJIO. 

6.38. HaH:rn rrepBoo6pa.3Hhie JJ:IDI cpyHKuttH:: 

l)sinaz; 2)cosaz; 3)e'12
; 4)chaz; 5)shaz; 

6) e0
' sin bz; 7) e0

' cos bz; 8) e0
' ch bz; 9) e0

' sh bz 

(at 0, b t 0, at b). 

6.39. ,Ll;oKa'.3aTh, 'ITO Heo6xo;:i:ttMhIM H )J,OCTaTO'IHhIM ycJIOBHeM 
cymecTBOBaHHR rrepBoo6pa.3HOH MH HerrpepbIBHOH QJYHKUHH j{z) B 
o6JiacTtt D HBJIHeTcH paBeHcrno ttymo HHTerpaJia OT cpyHKUHI.f j{z) rro 

mo6oMy 3aMKHyTOMY )l(Op;:i:aHOBY crrpHMJIHeMoMy KOHTYPY y E D. 

6.40. ,Ll;OKa.3aTh, qTQ CJJe;:i:yIOIUtte cpyHKUI.fH He HMeIOT rrepB006-
pa.3HbIX B YKa3aHHhIX o6Jiacrnx: 

3) (sin z)- 1, 0 <I z I< n; 4) (cos z-1)-1
, 0 <I z I< 2n; 

5) P(z) I Q(z) B o6JiaCTH I z I< R, lz - a11>11, j = 1, 2, ... , 11, r;:i:e 

P(z) tt Q(z) - MHoroqJJeHhI, He HMeIOrutte o6mHX MHQ)l(ttTeJieH:, a 1, a2, 

... , a11 - Bee HYJIH Q(z), rrpw-IeM 06JiacTH lz - a11<'1•j=1, 2, ... , 11, 

rrpHHaJJ:]]e)!(aT o6JiaCTH I z I< R. 

6.41. IIycTh cpyHKU1urf(z, t) aHaJittTttqHa B OJJ:HOCBH3HOH o6JiacTtt, 
co;:i:ep)!(aweii TO'IKY z = 00. ,Ll;oKa3aTb, qTo cpyHKUI.fH HMeeT B yKa-
3aHHOH o6JiaCTH rrepBoo6pa3HYIO TOr;:i:a I1 TOJihKO Tor;:i:a, Kor;:i:a 

limzf(z)=O . 
.::~oo 
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6.42. ITycTb D - OJlHOCB5!3Ha5! o6nacTh, He conep)l(arua5! ToqKy 

z = 0. ,UoKa3aTb, qTO cpyHKU115! In z = f: dt 5!BmreTC5! nepBoo6pa3HOi1 
I t 

)lJI5! cpyHKU1111 z-' B o6nacm D. 

6.43. ,UoKa3aTh, 4TO ecn11 IlYTb l1HTerp11poBaHl15! He npoXO)ll1T 

qepe3 ttaqarro Koop.u11ttaT, TO f: d~ 1 . ·2k irp - = n r + 1m + l 1l z = re m -
I ~ 'f' ' ' 't' 

nrnBHoe 3Haqemre apryMeHTa, k - ueJioe q11cJio, YKa3brnaroruee, 
CKOJibKO pa3 IIYTb 11HTerpI1pOBaHH5! o6XO)ll1T Haqarro KOOp,U11HaT. 

6.44. ITycTb D - O)lHOCB5!3Ha5! o6nacTb, He co)lep)l(arua51 ToqeK 

z = ± i. ,UoKa3aTb, qTQ B o6JiaCTI1 D cpyHKUI15! arctg z = r: d~2 
Jo 1 + ~ 

5!BJI5!eTC5! nepBoo6pa3HOH .UJI5! cpyHKUI111f(z) = 1 I (1 + z\ 

6.45. IToKa3aTb, qTo ecn11 IJYTb He npoxon11T qepe3 TO~y +i, TO 

i1__!JJ_ _ 1l - + + ' - + k1l, k - 0, _ l , - 2, . . . ' 
0 1 +~- 4 

rne qJ1CJIO k 3aBl1Cl1T OT Bl1)la IlYTl1. 

6.46. ITycTb cpyHKUI15!f(z) aHarr11T11qHa B nonoce 0 <Im z <a 11 B 

3TOH 06nacT11 lim f (z) = 0. ,UoKa3aTb, qTo 113 cyruecrnoBaHH5! 
:;:-700 

11HTerpana f_:f(z)dz cJienyeT TaK)l(e cyruecrnoBaH11e HHTerpaJia 

e:: f(z)dz, a E (-a, a) 1111HTerparr He 3aBJ1Cl1T OT a. 

6.47. ITycTb cpyHKUI15! f(z) aHa.JIHTJ1qHa B 06JiacT11 larg zl < a 11 

lim z f (z) = 0, lim z f (z) = 0, larg zl <a. ,UoKa3aTb, qTO 113 cyruecT-
:-+o :-+= 

BOBaHJ15! HHTerpaJia r'° j (x) dx CJie)lyeT cyrueCTBOBaHl1e I1HTerpana 

L g:=a f (z)dz, a E (-a, a) , I111HTerparr He 3aBHCl1T OT a. 

6.48. ,[(oKa3aTb J/e)1wy JKopoaHa: 
1) ecn11j(z) - tterrpepbrnHa5! cpyHKUI15! B o6Jiacm lzl ::'."'.:Ro, Im z ::'."'.:a, 

limf(z)=O , TO .u1rn mo6oro /11 > 0 limf. e;111: f( z) dz =O, r.ue YR-
:~oo R-+oo YR 

.uyra oKp~Hocm lzl = R, Jie)!(arua51 B paccMarp11BaeMoii o6Jiacm; 
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2) Ecm1fiz) - tterrpephrnttasr cpyttKUI151. B rroJiymmcKocm Re z 2'. 0, 

lim f (z) = 0, TO .UJIH mo6oro t < 0 
,:~oo 

me YR- .uyra oKp)')Kttocrn I z I= R, Re z 2'. o. 

6.49. Bb1q11CJil1Tb 11HTerpan f; e-x' cos 2bx dx' 11CITOJib3YH MHTer­

pan ITyaccoHa J: e'' dt = .Jii. 
6.50. Bhlq11cn11Tb wa11e2paJ1bZ <PpeHenfl: 

f 0+- cos x 2 dx , fa- sin x 2 dx. 

r~ sinx 
6.51. BL1q11cJIMTb uHme2paJ1 ,l{upUX!le: J, -- dx. 

0 x 
. 111+1 

i
-sm x 

6.52. Bhl'IMCJIMTh MHTerpan dx, n E N. 
0 x 

6.53. BL1q11cJI11Tb MHTerpan 

r-sin
2
"ax-sin

2
"/3x d ,fl 0 

J, X, aJJ =F- • 
0 x 

6.54. Bh1q11cJIMTh MHTerpan 

J;( si:x Jdx, IZE N. 

6.55. I1oKa3aTb, qTO rrp11 a > 0 

r- cosx 
1 

__ ..!!_ _" 
J, , , c.x - e . 

0 x- +a- 2a 

6.56. I1oKa3aTh, qrn rrp11 a > 0, b > 0 

i-cos2ax~cos2bx dx=tr(b-a) . 
0 x-

6.57. IloKa3aTb, qTo rrp11 a> 0, b > 0 

ro- e-ay_ye-by b 
J, ---dy=ln-. 

a 
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6.58. Bh1q0cJIHTh HHTerpaJI 

r-cos
2
"ax-cos

2
"/Jx d ·R O 

J, x, ap * . 
0 x 

6.59. Bh1q0cJIHTh HHTerpaJI 

- cos 2
"+

1ax - cos
2
"+

1 /Jx f dx, a(Ji:-0. 
0 x 

6.60. IIoKa3aTh, qTQ npH b > 0, m ;:: 0 

6.61. IIoKa3aTh, qTO nptt a > 0, k ~ 0 

r- xsin ax dx- 1 -ka 
J, , , --n:e . 

0 x- + k- 2 

6.62. IIoKa3aTh, qTQ nptt a > 0, m > 0 

1_ sinm~ dx=_!!_- 1re-
111

" (m+~). 
0 x(x2 + a-) 2 2a 4 4a3 a 

6.63. IIycTh Re z > 0. IIoKa3aTh, qTQ 

-e-1-e-1
: 

f dt =In z. 
Jo t 

6.64. Bh1q0cJIHTh HHTerpaJI 

6.65. Bh1q0cJIHTh HHTerpaJI 

r- e"cosbx sin (a sin bx) dx. 
Jo x 

6.66. IIpeo6pa3oBami:eM <Pyphe J (q) cpyHKUHH f(x) Ha3hrnaeTc~ 
HHTerpaJI 

~ f e_;, .; f(x)dx:= f(q). 
".J2TC -
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.[loKa3aTb, qTo rrpeo6pa30Bam1eM <Pypbe cpyttKr.urn 

f (x) = e-"x', a> 0, 

5IBJU!eTC5I cpyHKUH5I 

f(f) =-1-e-~' ' 4" . 
J2:i 

CpaBHHTh c rrpHMepoM 6.49. 



I'!laaa 7 
IIHTErPAJihHAJI <I>OPMY JIA KOIIIII. 

IIHTErPAJI TIIIIA KOIIIII 

IIycTb D - orpaHHqeHHa5I o6nacn Ha C c KycoqHo-rna.uKow rpa­

HHU:eH l (D MO)KeT 6bITb H MHOI'OCB5!3HOH 06JiaCTblO ), cpyHKU:H.5! .f(z) 

aHaJIHTMqHa B D II HerrpepbIBHa B D =Dur. Toma crrpaBe,UJIHBa 
HHTerpa111Ha5I cpopMyJia Korrrn 

_l ~ J(;)d; ={f(z), ZED, 

27ri r ;-z 0, zE C\D. 

Ec1111: 0611acTb D .5IBJI.5IeTC.5I O.UHOCB.5I3HOH M 3aMKHYThIH KOHTYP 
)Jfop.uaHa y co.uep:)l<MTC.ll B D, TO TaK>Ke crrpase.u1111:sa cpopMyJia Korrrn 

_1_~ J(i;)di; ={f(z), zE inty, 

27ri r r; - z 0, z E !it int y 

rrpH yc.rroBMH, qTo cpyHKU:H5Ij(z) aHarrHTH"'IHa B 0611acT11: D. 
IlyCTb l - KycoqHO-rJia,UKa.5! KpJIBa.5! )l(op,UaHa (f - He 06.5I3a­

TeJioHO 3aMKHYTa.5I KpHBa.5!) H 3a,UaHHa.5I Ha l cpyHKU:H.5! f(~) .5IBJI.5IeTC.5I 

HerrpepornHoH: . .[(11.5! 11106oro z tf. r orrpe.ue1111:M cpyHKU:HIO F(z) no 

cpopMy11e 

F(z)=-l ~'J(;)d; 
2ni r r;- z ' 

.5IBJI.lIIOIUYIOC5l 0.llH03HaqHOH cpyHKUHeH. 3zy cpyttKU:HIO H33bIBaIOT 
umne2paJ10J11 muna Koiuu. MttTerpa111tta5! cpopMy11a Korrrn .um 
aHaJIMTMqecKOH cpyHKUHM .5IBJI5IeTC5I qaCTHhIM CJiyqaeM MHTerpaJia TMrra 

Korru:1. CrrpaBenmrna c11e.uy10ma51 TeopeMa. 

TeopeMa. B .JII06oH: TQqKe z tic r HHTerpaJI THIIa Konrn 5IBJT5IeTC.lf 

aHaJIHTJi!qecKOH cPYHKL{Ji!eH, KOTOpa5I HMeeT rrpOH3BOL(Hhie mo6oro 
rrop5I,llKa 11 crrpasen1111sa cpopMyJia 

Fr">(z)=~th J(;)d; n=l 2 .... 
27ri 'fr er;- zr+'' ' ' 
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Jib :noi1 TeopeMhI CJie;::i:yeT, qrn aHaJJ11T11qecKa5I B 06JJacT11 D cpyHKU115I 

5IBJJ5IeTC5I 6ecKoHeqHo ;::i:11¢¢epeHu11pyeMoi1 B o6mcrn D, 11 crrpa­

se;::i:mrna cpopMyJJa 

f <">(z) =~,+, J(;)d; 
2Jri 'fr ci; - z)"+I ' 

r;::i:e z - rrpo113BOJlbHa5I TOqKa B o6JJaCTH D H 3aMKH)'TbIH KOHT)'p y 

TaKOB, qrn int y c D 11 z E int y. 

EecKoHeqHa5I ;::i:11¢cpepeHu11pyeMOCTb aHaJJHT11qecKoi1 cpyHKUH11 

II03BOJJ5IeT ;::i:oKa3aTb TeopeMy Mopepa, 5IBJJfilOIUYJOC5I B HeKOTopoM 

CMbICJJe o6paIUeHHeM TeopeMbI Korrm. 

TeopeMa. ITycTb cpyHKUH5I f(z) HerrpepbIBHa B o;::i:HOCB5!3HOH 

o6JJaCTH D c C 11 J:J:JJ5I mo6oro 3aMKHyrnro KOHTypa )J{op;::i:aHa y c D 

Pr t<i;)d~ =o. 
Toma cpyHKUHHf(z) aHaJJHrnqHa B D. 

l1HTerpaJJbHa5I cpopMyJJa Korrm rro3BOJJ5IeT rroJJyqHTb eIUe pH;::i: 
Ba)f(HbIX CJle):(CTBHH. 

<l>opMyJia cpe;:i:uero 3uaqeuuS1. EcJJH cpynKuHHf(z) aHaJJHTHqHa s 

OTKpbITOM Kpyre { z: lz - zol < R} H HerrpepbIBHa B 3aMKHYTOM Kpyre 

{ z: lz - zol ::::; R}, TO crrpase;::i:JJHBa cpopMyJJa 

1 i'lt . f (z0 ) =- - f (z0 + Re"P)drp. 
2n ° 

TeopeMa JlnyBHJIJISI. EcJJH cpyHKUH5I f(z) auaJJ11T11qHa Ha scew 

KOMIIJleKCHOH IIJlOCKOCTH H lf{z.)I $ M lzla ' TO f(z) eCTb MHoroqJJeH 

CTeneHH He BblIIIe [a]. 

CJieJJ;CTBHe. EcJJH cpyHKUH5I f(z) aHaJJHTHqua so scew KOM­

nJJeKcuow o6JJaCTH c H orpaH11qeHa, TO OHa 5IBJl.!IeTC5I KOHCTaHTOH. 

Ilpuuuun MaKCHMyMa MOJlYJIH auaJIHTH'leCKOU <i>YHKUHH. 

Mo;::i:yJJh auaJJ11T11qecKoi1: B o6JJaCTH D c C cpyttKUHHf(z) , orn11qHo:H: 

OT KOHCTaHTbI, HH B OL(HOH ToqKe '.HOH o6JJaCTH He MO)KeT 

npHHHMaTb 3HaqeHH5I sup If (z)j. TaKHM o6pa3oM, ecJJH ¢YHKUH5I 
:ED 

f(z) aHaJJHTHqHa B o6JJaCTH D H HenpephIBHa B D, TO cpyHKUH5I 

/f(z)I J:J:OCTHraeT CBOero MaKCHMyMa TOJlbKO Ha rpaHHUe OD '.3TOH 

o6JJaCTH. 
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Ecm1 He .srsn.sr10w:a.src.sr KOHCTaHToi1 ¢YHKU115! f(z), aHaJI11r11qecKa.sr 
s o6nacrn D, BCIO.llY s D Y.llOBJiernop.srer ycnos1110 .f{z) =F 0, ro H11 B 
O.llHOtt roqKe H3 D cpyHKUH5! lf(z)i He MO)!(er npHHHMaTb 3HaqeHH5! 

inf If (z)I. 
:E D 

IIpuHQHn «l>parMeHa-Jlutt,11.eJie<l>a. EcnH o6nacrh 

D = { z E C : <Po < arg( z - z0 ) < <Po + n I 81 } 

ecrh yron pacrnopa n I 81 c seplliHHOtt B rn~e Zo Ha KOMnJieKcHoi1: 
nnocKocr11 C 11 3a)laHHa.sr B o6nacrn D cpyHKUH5! f(z) YJlOBJiernop.srer 
YCJIOBH5!M: 

1) Ha rpaHHUe oD o6JiaCTH D BCIOJlY cpyHKUH5! .f{z) HMeer 
KOHeqHhie npe)leJihHhie 3HaqeHH5! H3HYTPH D; 

2) cyw:ecrnyer KOHcraHTa M > 0, raKa.sr, qro lf(()i < M nmi: scex 

t:coD; 

3) nn.sr mo6oro z E D HMeeT Mecro HepaseHCTBO 

If (z) I< e1=-:.I", 0 < 8 < 8
1

, 

TO Jflz)j < M BCK>.l\Y B D. 
HHTerpaJI r1111a Konrn MO)KHO orrpenenHTh 11 s cnyqae, Koma ro~a 

Z 1IpHH3.IJ:Jle)KHT KpHBOH HHTerpttpOBaHH5!. Ilycrh f - KyCOqHo-rna]lKa5! 
KpHBa5! )l(opnaHa, a .f{{j - 3a)laHHa5! Ha f HerrpephIBHa5! cpyHKUH5!. 

IlyCTh, )laJiee, TO~a Zo E f, a [ &- qacTb KpHBOH f, Jie)!(aw:a.sr BHe Kpyra 

{ z : iz - Zoi :5 E}, r.ue E - nocraroqHo MaJioe noJIO)!(HTeJihHoe q11cno. 
Torna orrpeneneH HHTerpaJI 

FF(Zo) =-1 f J (/;)di;. 
2ni r, ~ - z

0 

EcnH cyw:ecrsyer lim F E ( z0 ) , TO 3TOT rrpenen Ha3hrnaerc.sr uHme2pa-
<->+o 

!IOJt e CAtblC!le 2;weH020 3Hal/eHu5/. no Koiuu mm CUHZ)l!IR.pHb/Jll UHme2-

paJ10M Koiuu, KOTOphIM o603HaqaIOT o6hJqHhlM CHMBOJIOM HHTerpaJia 

F( zo )=-1-f f(~)dl; . 
2ni r ~ - z0 

.[.(JI.sr cyw:ecrnosaHtt5! HHTerpaJia B CMhICJTe rnasHoro 3Haqemur no 

Konm: rrpH JII060M z E r ,il;OCTaTOqHo noTpe6oBan, OT cpyHKUHH f((j, 

qro6b1 OHa YJlOBJieTBOp5!JTa ycJIOBHIO feJJh)lepa BCIOJlY Ha f C 
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HeKOTOpb!M noKa3aTeJieM a, 0 <a :5: 1, T. e. 1-IT06b1 llJl51 mo6hIX 

(,, (2 E r 6brno crrpaBe)lJil1BO HepaseHCTBO 

r)le M - HeKOTOpM noJIO)K!1Tenr,tta.sr KOHCTaHTa, He 3as11c.srmM OT;, 11 C:2. 

TaK11M o6pa30M, .un.sr attan11T11qecKoH: s O.IlHOCB513HOH 06nacT11 D 
cpyttKI.1,1111 f(z) 11HTerpanhHa51 cpopMyna Kourn oKottqaTeJihHO 11MeeT 
CJie)lyI01U11H Bl1)l: 

_l t J(r;) dr; = 

2:rri r ;- z 

f( z ), z Einty, 

l 2 f( z), Z E y, 

0, z E inty, 

r.ue y - KycoqHo-rna;::i:Ka.sr 3aMKHyrn.sr Kp11Ba.sr :>Kop.IlaHa, I.J,eJIHKOM Jie)l(a­
ma51 s D. 

<PyttKI.J,tt.sr F(z), attan11T11qecKa.sr B 06nacT11 { z: Im z > 0}, np11tta.u­
Jie)l(HT rrpocTpattcrny Xap.Il11 H"(Im z > 0), 0 < p < oo, ecntt 

sup [ ,I F(x+ iy ) l"dx <oo. 
y>O 

Ilpocmpm1cmeo Xapou H"(Im z > 0) onpe.uen51eTc.sr KaK MHO)l(e­
crno cpyHKI.J,11H, aHaJil1Tl1qecKl1X H orpaHttqeHHbIX B o6JiaCTH 
{ z: Im z > 0}. Attanornqtto orrpe)leJIHIOTc.sr rrpoc'I'paHcTsa Xapm1 H" 
11 )lJI.sr o6nacTtt { z: Im z < 0}. 

Ecn11 cpyttKI.J,1151 F(z) E H "(Im z > 0), 0 < p < oo, TO .UJI51 Ka)l(.uoro 

y > 0 crrpase)lJIHBO ttepasettcrno 

IF(x+iy)~ y~'" 
r.ue KOHCTaHTa c 3aBHCHT TOJibKO OT cpyttKI.J,HH F(z) H qHCJia p. 
Crrpase)lmrna cne.uyIOma.sr TeopeMa. 

Teopel\rn. I1ycTh cpyHKI.J,IUI F(z) E H"(Im z > 0), 1 s p s oo. Tor.ua 

np11 noqT11 scex t E R cymecrnyeT lim F( z ) = F(t) 11 
.:-n.lm .:>0 

[,I F(t) I" dt < oo (sup I F(t) I< oo rrptt p = oo ). 

KpoMe rnro, .UJI51 cpyHKI.1,1111 F(z) crrpase)lJI11so npe.ucrnsnett11e 
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1 f= ? ' . F( z)=- yF(t)dt/((x-t)-+y- ), z = x +1y, y >O. 
1l -= 

3To ecTh cpopMy11a ITyaccoHa .ll.JI51 nonynnocKOCTl1. 

CJie.11.CTBHe. ITycTh BhmonHeHhI ycnoB115! TeopeMhI. I1p11 p = oo 
npe.unonm1<11M .uononH11TeJihHO, qrn Jim F(z) = 0 np11 z --t oo, 
Im z > 0. Tor.ua 

- 1-r F(t) dt = F( z), rm z > o, 
2rci - t- z 

f= F(t)dt=O I O , m z > . - t-z 
3T11 cpopMyJihl 51BJI51lOTC51 0606rueH11eM 11HTerpaJihHOH cpopMyJihl 

Kourn .umr BepxtteH: nonynnocKOCTl1 .UJI51 cpyHKU11H 113 npocTPaHcTBa 
Xap.u11 HP. 

<f>yHKU1151 F(z) , aHan11Tw-recKa5! B e.u11H11qHoM Kpyre { z: lzl < 1}, 

np11Ha,UJie)l(HT rrpoCTpaHcrny Xap.11.11 HP(lzl < 1), 0 < p :::; oo, ecn11 

sup [,I F(re;B) IP dB< oo, 0 < p < oo, 
05 r < I 

sup I F( z) I< oo , p = oo. 
1:1<1 

ITpocrpaHcTBa HP .umr rronynnocKOCTl1 11 Kpyra CB513aHhI Me)l(.uy 
co6oif cne.uyIOIUHM o6pa3oM. ITycT& w = (i - z) I (i + z), Im z > 0. 
3rn 3Haq11T, qrn lwl < 1. ITycTh TaK)l(e fiw) = F(z). Tor.ua cnpaBe.u-
1111Ba 

TeopeMa. 

1) ITycTh 1 :::; p :::; oo. ct>yHKU1151f(w) E H"(lwl < 1) rnr.ua 11 TOJihKO 

rnr.ua, Kor.ua cpyHKUH51 

F(z) I (z + i) ~Ip E H"(Im z > 0). 

2) ITycT& 1 < p < oo. Ec1111 cpyHKU1151 F(z) E H"(Im z > 0), TO 

cpyHKU1151/(w) E HP(lwl < 1). 

7.1. ,.U:oKa3aT& 11HTerpanhHYIO cpopMyny Kourn. 

7.2. )J,oKa3aTh TeopeMy Mopepa. 
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7.3 . .IJ:oKa3aTb, CJTO 

J. e' dz= -2ni. 
'fi:J=I 

7.4. 8hICJHCJU1Tb HHTerpaJI 

J. dz 
'fr z2 + 9 

no 3aMKHYTOH KpHBOH y, ec;rn: 

1) TOqKa 3i Jie)!(HT BHYTPH y, a TOCJKa -3i Jie)!(HT BHe y; 

2) TOCJKa -3i Jie)!(HT BHYTPH y, a ToqKa 3i Jie)!(HT BHe y; 

3) ToqK113i11 -3i Jie)!(aT BHYTPH y. 

7.5. Bh1q11cJI11Tb Bee 3HaqeHHH HHTerpaJia 

no pa3JIHqHbIM 3aMKHYThIM KpHBblM y, He npoxo.nHUJ.HM qepe3 TQqK11 

0, ±1. 
7.6. C noMOW.hIO HHTerpaJihHOH cpopMyJihI Korrm BhICJHCJIHTh 

HHTerpaJibI: 

l) J. . sinzdz; 2) J. dz . 
'fi:+•J=3 z + i 'f1:1=21 + z2 ' 

4) J. c~s z d~ ; S) J. dz 
'fi:l=4 z- -n- 'Yi:+IJ=1 (1 + z)(z-1)3

; 

e'dz 
3) ~J -J=' ~1; - -z -

6) J. dz , lal<r<lbl,nEN; 
'fi:l=r (z -a)" (z -b) 

7) J. cos z dz ; S) ~ z dz , a > l; 9) ~ e' zdz . 
'fi:-iJ=I (z-i)3 J:-al=" z~-1 J:-t1J=I (z-a)3 

7.7. BhICJHCJIHTh HHTerpaJI 

B CJie,nyIOll.lHX cJiyciaHx: 

_1_,t.. e=dz 
21!i 'Yr z2+ a 2 

1) ecJIH KOHTYP y He co.nep)l<HT BHyrpH ce6H Kpyr { z E C: izl .s_a}; 
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2) ecn11 KOHTYP y co.nep)!(HT BHYTPl1 ce65! Kpyr { z E C: lzl ~a}. 
7.8. BhI411CJJHTh HHTerpan 

th dz 
'fr 1 + z4 ' 

' ' 0 . r.ne y - 3nn11rrc: x- - xy + y- + x + y = , z = x + iy. 

7.9. ,l..J;oKa3aTh, 4TO rrp11 ll > 0 crrpase,n.rr11so pasettcrno 

I1r12 ri e - :r 
? ' d - ~-

0 lf +sin- e 2\f l + ri 2 

7.10. Bhrq11cn11:s HHTerpan 

1 ~ dz 
2ni l:l=1 (z-a)(z-a-1

)' 

.llOKa3aTh, qTo rrpH 0 < a < 1 crrpaBe,llJlHBO paBeHCTBO 

f" de 2n 
0 l+a2 -2acose = 1-a2 

· 

7.11. KaKoe q11:cno pa3JJWIHhIX 3HaqeHHM MO)!(eT rrp11:tt11:MaTh 
HHTerpan 

r.ne wn(z) = (z - z1) ... (z - z11), zk f: zi rrpH k f: j , H KOHTYP y He 
rrpOXO,llJi!T HH qepe3 0.llHY 113 ToqeK Zk? ,l..J;OKa3aTh, '!TO 

11 1 
:LIT = o, n ~ 2. 
i=I (7.-7.) 

j-:F.i "'1 "-' J 

7.12. 11ycTh cpyHKU115! f(z) aHaJJHTl14Ha B KOJlhUe { z E C: 

r < lzl < R} 11: HerrpephIBHa Bero 3aMhIKaH1111, 

7 - 1 th f (;)dq 171< R 
ii(_) - -2 · 'flcl=R ]: ' - ' m - .,,-z 

f( ) =-1 ~ 1c;)d; I I _ , Z , Z >I . 
- 2ni 1;1=,. ~ - z 

,l..J;oKa3aTh, '!TO B 3TOM KOJlhUef(z) =f1(z) + f2(Z). 

7.13. 11ycTh cpyHKUH5! f(z) aHan11rnqHa B 3aMh!Kamrn O,llHO­
CB5!3HOH orpaH11qeHHOH 06nacT11 D c KycoqHo-rna.nKott rpaH11ueH. y, 
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KOTopaH co.uep)!<I1T Bttyrp11 ce65! ttaqaJio KOOpJJ:ttHaT. )J,oKa3aTh, qro 

rrp11 mo6oM Bh16ope Bern11 Ln z crrpaBeJJ:JittBa cpopMyJia 

-
1 

. ~ f'(;)Ln; d; = f(z 0 )- f(O), 
2m r 

r.ue Zo - HaqaJibHa5! TOqKa 11HTerpHpOBaHl15! ITO KpHBOM y. 

7 .14. Bb1qwcJIHTh HHTerpaJI 

1 rK 2L z +l d -:y, z n-- z 
27ii y z - l 

r.ue Ln a = In a np11 a > 0, H KOHTypoM y 5!BJI5leTc5!: 

1) OKpy)KHOCTb {z EC: izl = 2}; 

2) OKPY)KHOCTh {z EC: iz - II= 1} H HaqaJihHaH ToqKa HHTer­

pwposattHH z0 = 1 + i. 

7.15. ITycTb cpyHKU115!f(z) aHaJIHTHqtta B 3aMbIKaHHH orpattwqeH­

Hoi1: OJJ:HOCB5!3HOH o6JiaCTH D c Kycoqtto-rJia.uKoH: rpaH11ueH: y 11 

w,,(z) = (z - z1) ... (z - z,,), r.ue Zk f= Zj np11 k f= j 11 Zj ED. )J,oKa3aTb, 

qTo HHTerpaJI 

P(z)=-1-~ J(;) _w,,(;)-w,,(z)d; zED 
2ni rw,,(;) ;-z ' ' 

5!BJI5leTC5! aJire6pa11qecKHM MHOfOqJieHOM CTerreHH He BbIIIIe n - 1, 
11HTepnOJIHPYIOIUHM cpyHKUHIO j(z) B ToqKaX Zi, Zz, ... , Zn. T. e. 

P(zk) = f(zk), k = 1, 2, .. ., 11. 3TOT MHoroqJieH HOCHT Ha3BaHHe 

uHmepnOJlJlLfUOflflbttt Amo20'-lJ1efl Jla2paH:J1Ca. 

7.16. )J,oKa3aTh TeopeMy JlHyBHJIJIH. 

7.17. )J,oKa3aTh CJie,LlCTBl1e H3 TeopeMhI JlHyBHJIJI5!, BbJqHCJil1B 

1rnTerpaJI 

1 ~ f(z)dz 
2ni l=l=R (z -a) (z -b) ' 

r.ue lal < R, lbl < R, 11 ouett11B ero np11 R---+ oo,f E A(C), lf(z)i :5: M. 

7 .18. )J,oKa3aTh, qTo ecm1 cpyttKU115! f(z) HBJIHeTCH attaJI11r11qec­

KoH: BO BCeH KOMilJieKCHOH IlJIOCKOCTH 11 np11 z ---+ 00 HMeeT MeCTO 

f(z) = o(izi), TO cpyHKUH5!f(z) eCTh T0)K,LleCTBeHHa5! KOHCTaHTa. 

7.19. )J,oKa3aTh, qrn eCJIH cpyHKUJ.rn f(z) 5!BmieTC5! aHaJIHTJ1qecKOH 

BO BCeH KOMilJJeKCHOH IlJJOCKOCTH 11 npH z ---+ 00 HMeeT MeCTO 
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f(z) = O(lzla) , r.ue a 2: 0, TO cpyHKUl15! .f(z) eCTh ITOJIHHOM CTeneHH He 
BbI!lle [a]. 

7.20. IIycTh y - 3aMKHyra51 KycoqHo-rna.uKa5! Kp1-rna51 )l(op.uaHa, 
orpaH11q11BaIOlll,a5! O.UHOCB5!3HYIO 0611acTh D. ,l.l,oKa3aTb, qrn ec1111 
cpyttKU115! f(z) attaJinrn:qtta BO Btte!llHOCTH 0611acrn D 11 cyruecrnyeT 

KOtteqHbIH npe.ue11 lim f ( z) = A , TO cnpaBe.UJIHBa cpopMy11a 
.;:~oo 

_1 p J(;)d; ={A- f(z), 
2ni r i;- z A, 

ze: D, 

ZED. 

KottTyp y 06xo.u11Tc5! B noJIO)KHTeJibHOM ttanpaBJieHHH OTHOCH­
TeJihHO o6nacTH D. 3rn cpopMyna Ha3hIBaeTc5! uHmezpGJLbHOu rjJopAty­
JZou Koutu OJ/fl HeozpaHul./.eFmou 06J1acmu. 

7.21. IIycTb cpyHKUH5! .f(z) 5!BJI5!eTC5! aHaJIHTHqecKOH BO BHern­
HOCTH O.UHOCBH3HOH orpaH11qeHHOH o6JiaCTH D c KYCOqHo-rna,nKoi1 
rpattnuei1 y 11 nycTh f(z) = o(z) np11 z -t oo. ,[(oKa3aTh, qrn 

crrpaBe,IlJTUBa cpopMy11a (rrpw ycJIOBHH, 4:TO 0 E D): 

ZED, 1 J(c;)d; {O, 
2ni Pr ;z- z2 = f~z) , zE D. 

EyneT n11 cnpaBe.un11Ba cj:JopMyna, ecn11 yc110B11ef(z) = o(z) npw z -too 
3aMeHHTh tta yc110B11e lf(z)I :5: M. 

7.22. ,l.l,oKa3aTb cpopMy11y cpe.uttero 3HaqeHH5! aHaJIHTHqeCKOH 
cpyHKUHH. 

7.23. ,[(oKa3aTh, qrn ec1111 cpopMy11a cpe.uttero 3HaqeHH5! cnpaBe.u-
1111Ba .UJI5! HenpepbIBHOH cpyHKUHH B mo6otl: OKpeCTHOCTH Ka)K,UOH 
TOqKH HeKOTopoi1: 06nacn1, TO 3Ta cpyttKU115! 5!BJI5!eTC5! aHaJI11T11qec­
KOH B yKa3attttotl: 0611acT11. 

7.24. IIycTh cpyttKU115!/(z) atta1111T11qHa s Kpyre { z : lzl < R} 11 He­
npepbIBHa B 3aMKHYTOM Kpyre { z : lzl :5: R} . Bh1q11c1111Th HHTerpaJI 

ff f (z) dxdy. 
r S j:jSR 

7.25. ,[(oKa3aTb npHHUHrI MaKCHMyMa MO.UYJI5! attamu11qecKOH 
cpyHKUHH. 
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7 .26. ,ll.oKa3aTh, '-ITO rrp1rnu1m MaKCHMyMa crrpase,IJ:;rns .UJJ5I 

mo6oi1: Herrpepb!BHOH O,UHOJJHCTHOH B o6JJaCTI1 D c c cpyHKUHH 

KOMITJleKCHOro rrepeMeHHOro z. 

7.27. ITycrh cpyHKUH5I f(z) attan11mqtta B orpatt11'-!eHHoi1 06nacr11 

D c C 11 HerrpephmHa BITJJOTh .no rpaHHUhI 3TOH 06nacr11. ,ll.oKa3aTh, 

'-ITO crrpase.umrno ttepasettcrno 

l f <"l(z)I ~ ML,, n=l,2, ... , 
n! 2:rrp"+ 

me M =max Jf(z)j, L- .un11Ha rpaHHUhI o6nacTH D, a p- paccT05IHHe 

OT TO'-IKH z E D ,no rpattHUhI 3TOH 06nacT11. 

7.28. ,ll.oKa3aTh JleMMY llleap4a: eCJJH aHaJJHTI14eCKa5I B Kpyre 

{ z E C: jzj < 1} cpyttKUH5I f(z) y.uosnernop5IeT ycnoBH5IM f(O) = 0, 

lf(z)j < 1 nn5I jzj < 1, TO crrpase.un11BhI cne.uy10m11e Hepasettcrna: 

IJ'(O)~l, IJ(z)~lzl 1lJI5l lzl<l, 
rrpH4eM eCJJH paseHCTBO lf(z)j = jzj HMeeT MeCTO XOT5l 6b1 B O;::t:HOH 

T04Ke Zo * 0, izol < 1, HJJH lf '(O)j = 1, TO BCIO;::t:y B e;::t:HHH'-IHOM Kpyre 

crrpase.un11so f(z) = e ia z, rne a - )leHCTBHTeJihHOe q11cno. 

7.29. ITycTh cpyttKUH5I f(z) tterrpephmtto-nmpcpepettu11pyeMa B 
3aMhIKaHHH orpatttt'-IeHHOH o6JJaCTH D, rpaHHUa 8D KOTOpOH COCTOHT 
113 KOHe'-Ittoro q11c1rn 3aMKHYThIX Kycoqtto-rnanKHX KpttBhIX )l{opnatta; 

)lOKa3aTh, '-ITO TOr)la M5I Ka)l{llott TO'-IKH z E D crrpaBeMHBO pasettcrno 

f(z)=-1 f J(i;)di; _!_ff (JJ_ d~d7J, 
2:rri dD i; - Z Jr D oi; i; - Z 

r.ue s = s + iri. 

7.30. ,ll.oKa3aTh crrpase)lJJHBOCTh pasettcrna 

_!_ff ~" di;d7J = z"-' (1- zz), 
Jr f,:f<I ~ - Z 

rnen= 1,2, ... ,s=s+iri, {z: izl < l}. 

7.31. TiycTh cpyttKUIDI fi:z) attaJJHTH'-Itta B Kpyre { z: jz - z0j < R} 11 
HerrpephmHa B 3aMKHYTOM Kpyre { z : jz - z0 j :::; R}. ,ll.oKa3aTh crrpa­
sen11ttsocTh rjJopMy.rt llleapi1a: 
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f (z) = 2~i fi;-:ol=R c!--z~;~i;+_\) Ref ci;)di; + ilmf (Zo), 

f (z) = 2~ fi;-:ol=R (:--z~;~~+_zz) lmf (~)d~ +Ref (z0 ). 

7.32. B IIpe,UIIOJIO:>Kemrn:x 3a.ua1u1 7.31 .UOKa3an, qiopMyJiy IIyac­
cotta: 

! ( ;e) 1 r2" R2_ ,2 f(R if{J)d 
re = -2 Jo R2 2 2R (B ) e (jJ, 1l + r - r cos - (jJ 

;s r. R irp r.n:e z - zo = re , -, - ro = e . 

7.33. IIycn, rrocJie.n:osaTeJihHOCTh attaJIHTHqecKHX B o6JiaCTH 

D c c <l>YHKUHH {f,,(z)} o6Jia.uaeT TeM CBOHCTBOM, qTo B HeKOTOpOH 

<l>HKCHposattttoif ToqKe z0 E D lim f,, (z0 ) = 0 H lim Ref,, (z) = 0 
11-+oo 11.-...+oo 

pasttoMeptto s o6JiaCTH D. )J,oKa3aTh, qTo rrocJie.uosaTeJihHOCTh 
<l>YHKUHH {j,,(z)} paBHOMepHO CXO.ZJ:HTCJ! K Hymo Ha mo6oM KOM­
naKTHOM MHO:>B:ecrse tt3 D. 

7.34. IIycTh <l>YHKUHH f(z) attaJIHTH:qHa H orpaHJitietta B rro.rryrr.rroc­
KOCTH { z : Re z > 0} H HenpepbIBHa B 3aMKHYTOM IIOJIYIIJIOCKOCTH 
{ z : Re z :::: 0}. )J,oKa3aTh, qTQ rrpH Re z > 0 cnpase,UJIHBa qiopMyJia 

RezJ~ . dry 
f (z) =- _f (1ry) (R )? ( Im )2 · 1l ez-+ ry- z 

7.35. )J,oKa3aTh qiopMyJiy .UH<l><l>epeHuHposamrn HHTerpaJia rnrra 
Ko urn. 

7.36. IIycTb r - KycoqHo-rnanKaJ! KpirnaJI H rrycTb .UOITOJIHeHHe Kr 
COCTOHT H3 KOHeqttoro qf[CJia o6JiaCTeH. )J,oKa3aTb, qTO B Ka:>K,llOH H3 
3THX o6JiacTeii HHTerpaJI THrra Konrn JIBJIJieTCJI attaJIHTHqecKOH 
<l>YHKUHeif. IIp11secrn: IIpHMep, rroKa3nrna10ru11H:, qTo 3TH attaJIH­
THqecKHe <l>YHKUHH, soo6rue rosopJI, He JIBJIJIIOTCJI aHaJIHTHqeCKHM 
rrponoJI:>KeHHeM .upyr .n:pyra. 

7.37. IIycn r - KYC04HO-rna.n:KaJI Kp1rnaJI )l{op)laHa. )J,oKa3aTb, 4TO 
HHTerpaJI THna Konm ecTh attamnHqecKa11 <l>YHKUHJI B T04Ke z = oo . 

7.38. IIycTh <l>YHKUHH f(t) )lettcTBHTeJILHoro nepeMettttoro t 

tterrpepnrntta Ha sceif qHCJIOBOH IIPJIMOH H .wur mo6oro t E R crrpase.u-

JIHBO ttepaBeHCTBO 
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.[(oKa3aTb, '-ITO 11HTerpa.JI T11na Koum 

F(z) =-1-. r J(t) dt 
2m -~ t-z 

onpe.uemreT .UBe cpyHKu1111 F+(Z) 11 F_(z), aHa.Jil1Tl1'-!ecK11e coorneT­

CTBeHHO B BepxHei1 11 HmI<Hei1 ITOJIYnJIOCKOCDl:X KOMITJieKCHOH IlJIOC­

KOCTl1 C. 

7.39. ITycTb cpyHKUl15I f(t) .uei1crn11TeJihHoro rrepeMeHHoro t 
HenpephrnHa np11 t 2: 0 11 y.uoBJiernop5IeT HepaBeHcrny 113 3a,Ua'-!H 7.38 . 
.[(oKa3aTb, '-ITO 11HTerpa.Jia T11na Koum 

F(z) =-1-r J(t) dt 
2ni 0 t- z 

5IBJI5IeTC5I cpyHKUHeH, aHaJIHTH'-leCKOH BO BCeH KOMITJieKCHOH IlJIOC­

KOCTH c pa3pe30M no noJiyOCH (0, +oo ). 

7.40. IIycTb cPYHKUH5! /(~) aHaJIHTH'-!Ha B noJioce {~ E C: - a:':'. 

~ Im s :<:: 0, a > 0} 11 np11 - a :<:: Im s :<:: 0 y.uoBJiemop5IeT ycJioBmo 

IJC~)l:':'.C(l+l~lra , a>O,c>O. 

rr K F(z) ___ l_J~ f(t) dt µ,OKa3aTh, '-ITO HHTerpaJia THna OllIH .uonyc-
2ni ~ t- z 

KaeT aHa.JI11T11'-!eCKoe npo.uomKeH11e 113 o6Jiacrn { z: Im z > 0} B 

o6JiacTb { z : Im z > - a} 11 :no npo.uomKett11e { z: Re z > 0} MO)KeT 

6nITb 3a,U3HO cpopMyJIOH 

F (z) =-1-J-ia+~ f(t) dt, Imz >-a. 
II 2ni -w-oo f - Z 

7.41. ITycTh 

F(-)=-1_,,f,. dt I I 2 
<- 2ni 'Yirl=~ (t 1 + 1) (t - z) ' Z < · 

.[(oKa3aTh, '-ITO cpyHKUH5I F(z) aHaJIHTH'-!Ha B Kpyre { z : lzl < 2} 11 

MO)KeT 6hITh 3H3Jil1Tl1'IeCKl1 rrpo,UOJI)KeHa Ha BCIO KOMnJieKCHYIO 

IlJIOCKOCTh. 

7.42. ITycTb F(z) - cpyHKUH5I, orrpe.ueJieHHa5I BHe 3aMhIKaHH5I 

o6Jiacrn D = { z : Re z > 0, I Im zJ < n} paBeHCTBOM 
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1 ee' dt -
F(z)=-.fav-, zE D. 

2m t-z 
.[(oKa3aTh, qro cpyHKUMIO F(z) MO)KHO amu:rttn-i:qecKM npo.UOJI)KMTh 

Ha BCIO KOMCTJieKCHYIO nJIOCKOCTh. 

7.43 . .[(OKa3aTh, qTQ ,[(J15I cpyHKUMM F(z) M3 3a.uaqtt 7.42 MMeIOT 

MeCTO aCMMilTOTMqecKMe cpopMyJihI: 

1) F(z) = -1/ z, Z---7 00, zE D; 

2) F(z) = -1/ z + e" + 0(1/ z2), z---700, ZED. 

7.44. ITycTh F(z) - cpyHKUM5I, onpe.ueneHHa5I BHe 3aMhIKamrn 

o6nacrtt D = { z E C: lzl > 1, Jarg zl < rr./p, p > 1} paseHCTBOM 

rP 

F(z) =-1-J e dt z~ D. 
2TCi (JD t - Z ' 

.[(oKa3aTh, qro cpyHKUMIO F(z) MO)KHO aHanttrttqecKM npo.uOJI)KHTh 

Ha BC!O KOMrrneKCHYlO IIJIOCKOCTb (t p > 0 rrp11 t > 0). 

7.45 . .[(OKa3aTh, qro .UJI5I cpyHKUHM F(z) M3 3a.uaq11 7.44 ttMeIOT 

MeCTO aCMMCTTOTMqecKHe cpopMyJihI: 

1) F(z) = _ _!_ r[_!_ + 1) sin Jr, z ---7 oo, z E D; 
z p p 

2) F(z) = -~r[~ +l}in ;-e~p +oC\ }z---700, zED. 

7.46 . .[(oKa3aTh, qro ecntt cpyHKUH5I/(t) y.uosnernop5IeT Ha KpttsoH: 

[' ycnostt10 fenh.uepa c noKa3aTeneM a, 0 < a ::5 1 (CM. sse.ueHtte, 

crp. 85, 86), TO .UJI5I n106oi1: roqKM z0 E [' cy~ecrnyer HHTerpan B 

CMhICJie rnasHoro 3HaqeHtt5I no Koum 

F(zo) =-1-f J(;)d;, 
2ni r ;- z0 

KOTOpb!H, eCJIM Zo He 5IBJI5IeTC5I KOHUOM KpMBOH f, MO)KeT 6hITh 

Bb!pa)KeH qepe3 06b1qHhIH HHTerpan 

F(zo) =-1-. fr f (~)- f (zo) c1; + f (z0 ) + f (z~) Ln b- Z0 , 

2m ~ - z0 2 2m a - z0 
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f)le a 11 b - KOHUbl Kp11BOM r, a 0)lH03HaqHa5! BeTBb Ln Bb1611paeTC5I 

TaK, qT06h1 B CJiyqae 3aMKHYTOM KpHBOM [ (a= b) qJieH C JIOra­

pmpMOM HCqe3aJI. 

7.47. ITycTh cpyHKU115! F(z) - HHTerpan THrra Koum rro 3aMKHyrni1 

KpHBOM f, cpyHKUH5I f(t) y)lOBJieTBOp5!eT YCJIOBl1l0 f eJib)lepa 11 TQqKa 

Zo E r. JJ:oKa3aTb, qTQ cymecrnyIOT rrpe)leJibl 

Jim F(z) = F+(z0 ), lim F(z) = F-(z
0

), 
:---7.:o 
:ED 

:--4:0 
:eD 

r)le D - o6JiaCTb, orpam1qeHHa5! KpHBOM r. 
7.48. B ycJIOBH5IX 3a)laq11 7.47 .uoKa3aTh cjJopMyflbl CoxOLfK020-

llJ1eMe;m: 

F+(z) =-1_,r, J(;)d; + f(z0 ) 
o 2 . 'fr ;: 2 , :m s -zo 

F-( )=-1_,h J(;)d; _J(z0 ) 
Zo 2 . 'f1 · ;: 2 , 

1!1 S - Zo 

F+( )+F-( )=-1 ,r, J(;)d; 
Zo Zo . 'fr ;: , 

1!1 s - Zo 

7.49. JJ:oKa3aTb, qTo )lJI5I aHaJIHTJ1qecKOM B O.UHOCB5I3HOM o6JiaCTH 

D cpyHKUHH f(z) crrpaBe,nJI11Ba HHTerpaJihHa5I cpopMyJia Ko um 

_1 <P J(;)d; = 
2tri y ;- z 

f(z), zEinty, 

1 
2.f(z), zEy, 

0, ze inty 

)lJI51 JII06oi1: KycoqHo-rna.uKOH 3aMKHYTOH KpHBOH y, ueJIHKOM Jie)l{a­

mei1 B D. 

7.50. ITycTh cpyHKUH5! F(z) orrpe,neJieHa cJie)lyIOlilHM paBeH­

CTBOM: 

F(z) =-1-. f' _!!!____ 
2m -1 x-z 
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Haifrn F(z) rrp11 z rf. [ - 1, 1], rrpe.ueJibHbie 3Haqettmr P@, 

~ E [ - 1, 1], rnasttoe 3ttaqett11e F(z) Ha [ - 1, 1] B CMbICJie Koum. 

7.51. IIycTb 0 < x < 1. ,[(oKa3aTb, qrn 

ii t
2 
dt 1 21 1- x 

--=-+x+x n--
0t-x 2 x ' 

r.n:e H:HTerpaJI IIOHH:MaeTC~ B CMhICJie rnaBHOro 3HaqeHI1~. 

7.52. ,[(OKa3aTb paseHCTBa: 

1) f~(-t-)A_:!!__=-!!-[1-(-z-)A], zE[0,1], O<A<l; 
1- t t - Z Slll hr Z -1 

2) f ~ (-t )A__:!!___= -!!-[1-(-z )A cos hr], 
1 - t t - Z Slll AJr Z - 1 

z E [O, 1), 0 <A.< 1. 

7.53. Br.1qucmfTr. HHTerpanr.1: 

fl J§-t t
2 

+3 1) -·--dt, -l<x<l; 
-I l+t {-X 

r1 1-r dt 
2) Join-·-, zE [O, 1]; 

t t- z 
3) r1 In 1- t. __:!!___, (0 1) J, ZE , . 

0 t t- z 
7 .54. BnrnCHHTh rrose.uem1e 1rnTerpana THrra Ko um 

_1 f ln J_ .-3:L 
2tri y q -1 q - z 

s6JIH3H ToqeK z = -R 11 z = R, ecnH y = { z: izl = R, Im z > 0, R > 1 } . 
7.55. ,[(oKa3aTb rrp11ttu11rr <I>parMeHa-Jlirn.uenecpa (cM. c. 85). 

7.56. IIycTh anre6pa11qecK11i1: MHoroqJieH P(z) KOMrrneKcttoro 

rrepeMeHHOro z y.uosnernopHeT HepaseHcTBaM: 

1) VxE R: I P(x) I~ 1; 2) ~J~ ln IP(~) I dx~ K. 
tr - l+x-

,[(oKa3aTh, qro ,LJ,J15l mo6oro KOMITJieKcttoro z crrpase,LJ,JIHBO ttepaseHCTBo 
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7.57. IIycTh aJJre6pa!1'-1ecK11i1 MHoroqJJeH P(z) KOMITJJeKcHoro 
rrepeMeHHoro z ynosJJeTBop5IeT ycJJOBl15IM: 

1) .umr mo6oro .uei1crn11TeJlhHOro x crrpase.nJJ11Bo HepaseHcrno 
1 $ IP(x)I $ H(x); 

2) f~ lnH(~) dx<oo. 
-~ 1 + x-

.IJ:oKa3aTh, qrn IlJl5l mo6oro £ > 0 Hafulcrc5I M > 0, TaKOe, qro Illlil 

mo6oro z EC HMeeT Mecrn: I P(z) l'.S: MeE 101 . 

7.58. IIycTh .naHa cpyHKU11.H F(z) E HP(Im z > 0), 1 $ p $ oo, 11 

rrycTh h > 0 . .IJ:oKa3aTh, qrn crrpasenmrna cpopMyJJa 

. 1 f~ yF(t + ih)dt . 
F ( z + zh) = - , , z = x + z y, y > 0. 

;r - I z-t 1-

7.59. IIycTh .naHa cpyHKU11.H F(z) E HP(Im z > 0), 0 < p < oo . 

.D:oKa3aTh, qTo .UJI.H KalK.noro h cnpase.nJJ11Bo HepaBeHcrno 

IF( 7 "/)j''<_!_J~ yJ F(t+ih)JP dt 7= - - 0 ~ + l l - ? ' ~ x + 1y, y > . 
n - I z-t 1-

1.60. IIycTh cpyHKU:115I F(z) E H1(lm z > 0) . .IJ:oKa3aTh, qTo 

f_:F(t)dt=O, r.ue F(t)= 0_}i~0>0 F(z), tER. 

7.61. .IJ:oKa3aTh HHTerpaJJhHYIO cpopMyJJy Koum .llJl5I cpyHKUHH 

F(z) E HP(Im z > 0), 1 $ p $ oo, .llJl5I sepxHeii rroJiyrrJJocKocm. 

7.62. IIycTh cpyHKUH5I F(z) E HP(Im z > 0), 1 $ p $ oo . .IJ:oKa3aTh, 

qrn cpyHKu115I f ( w) = F (z), w = (i - z) l(i + z), rrp1rnanJJelKHT 

HP(lwl < 1). IIoKa3aTh, qTo o6parnoe yrnepiK.lleH11e, soo6rue roBop.H, 
HesepHo. 

7.63 . .IJ:oKa3aTh Kp11Tep11i1 np11Ha)lJJelKHOCT11 rrpocTPaHcrny HP, 
1 $ p $ oo, )lJl.H Kpyra 11 ,UJJ.H ITOJJYITJJOCKOCTH. 

7.64. IIycTh cpyHKU11.H F(z) E H 1(lm z > 0) . .IJ:oKa3aTh, qrn .llJI5I 

JJI06oro A. 2: 0 
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7.65. DycTb cpyHKu:irn F(z) E HP(Im z > 0), 1 < p :5 2. ,UoKa3aTh, 

qrn ;::i:;rn mo6oro 'A 2: 0 

[, e ;J.r f (t) dt == 0. 

7.66. ,UoKa3aTI>, qrn ecmr cpyHKLUrn <!>(/..), onpe;::(eJJeHHaH ,n:nH scex 

A. E R, TO)K,[(ecrneHHO paBHa .Hymo nptt 'A 2: 0, HenpepbIBHa tt 

TO cyw,ecrnyeT cpyHKUHH F(z) E H2(Im z > 0), .LlJ15I KornpoH: 

f.: ei).r F(t)dt = <D(A.), 

0:1.e F(t) = lim F(z) nptt z-+ t, Im z > 0. 
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CTEIIEHHhIE P.Sl,il;hl. 

P.Sl,il;hl H3 AHAJIHTHqECKHX <l>YHKIJ;HH 

PHn BJ.fJla I,~=0 a,,( z -z0 )", rne {a11 }-nocJienoBaTeJibHOCTb KOM­

illleKCHbIX q11ceJI, ml3bIBaeTCH cmenerutbl.M pROO.M c uempoM B TO'Il<e :zo. 
IIepBaH TeopeMa A6eJIH. EcJm pHJl 'I,~=o a,, ( z - z0 )" CXOJlHTCH B 

mqKe z1 i- Zo, TO OH cxo,u11TcH a6coJIIOTHO s Kpyre {z EC: Jz - z0J < 

< Jz, - zoj}. 

BeJI11q11Ha R = (limeff~~T
1 

Ha3brnaeTcH paouyco)w cxoou.Mocmu 
J140C 

CTeneHHOfO pHna. 

TeopeMa KomH-.A.[(aMapa. IlycTb 0 < R < oo; mr.ua CTeneHHOH PM 

L~=o a,,(z- Zo)" 

cxo,uHTC.sI a6coJIIOTHO B Kpyre { z: Jz - z0J < R} 11 pacxonttTCH BHe 

3Toro Kpyra, T. e. { z: Jz - z0J > R}. Ilptt R = 0 pH.U cxo,n:HTCH TOJibKO s 

roqKe Zo, a npH R = +oo PHJl CXOJlHTC51 BO BCeH KOMOJieKCHOH OJIOC­

KOCTH. 

Kpyr {z: Jz - z0J < R} Ha3bIBaercH Kpy20M cxooU.Mocmu cTeneH­

Horo pHna. CTeneHHOH pH,n: cxo,n:HTCH pasHoMepHo Ha JII06oM KOM­

naKTe, np1rnanJie)l(ameM Kpyry cxonttMOCTH. B Kpyre cxon11MocT11 

{z: Jz- z0J < R} cTeneHHOro pH,n:a 'I,~=0 a,,(z- z0 )" ero cyMMa HBJIH­

eTCH aHaJIMTHqecKOH cpyHKUHeH, npH 3TOM a,,= f''l(z0)/n! TaKHM o6-

pa30M, 

3ror pH.U Ha3brnaercH pROOM Tewwpa JlJIH cpyHKUHH f(z) e oKpecm­

Hocmu mo<tKU zo. 
EcJIH cpyHKUHH attan11rnqHa B Kpyre { z: Jz - z0J < R}, TO B 3TOM 

Kpyre cpyHKUHIO en11HcrneHHbIM o6pa30M MO)l(HO pa3JIO)l(HTb B pH.U 

Tei1Jiopa c ueHTpOM B roqKe z0. 
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CTeneHHOH p5I.U L~;0 a11 z-
11 

tta3hIBaeTC5I p5I.UOM Teii:Jlopa .ll.Jl5I 

cpyHKUHH/(z) B OKpeCTHOCTH 6eCKOHeqHo y.uaneHHOH rnqKif (B OKpe­

CTHOCTlf oo), ecJlH p5I.U L~;0 a11 z
11 

5IBJl5IeTC5I p5I.UOM Teii:Jlopa )l.Jl5I 

cpyHKUHH/(z -I) B OKpeCTHOCTH Zo = 0. 

IlycTh cpyttKUH5I /(z) attanlfrnqHa B o6Jlacrn D H TOqKa z0 ED. 

Torna )lJI5l Bcex z E D If TaKlfX, qrn lz - zol < p(zo, oD), cnpaBe)lJllfBO 

pa3JlO:>KeHHe cpyttKUHH f( z) B p5I.U TettJlopa 

/
(11)( ) 

f (z) = ""~ z (z - z ) 11 

L..11;0 I o , n. 

r.ue oD - rpaHHUa o6JlaCTH D, p(zo, oD) = inf I Zo - ~I - paCCT05IHHe 
~EiJD 

OT TOqKif Zo JlO rpaHHUhl 8D. 
fOBOp5lT, qrn nyTh y HeKaCaTeJleH K OKpY:>KHOCTlf B TOqKe a, eCJlH B 

OKpeCTHOCTlf a nyTb y MO:>KeT 6hITh 3aKJl10qeH B yroJl, MeHhlllliH 11:, If c 

BepUIHHOM B TO~e a, 6HcceKipHCa KOToporo npoxo.uHT no pa.ueycy Oa. 

BTopaH TeopeMa AoeJIH. IIycTh a - roqKa Ha oKpy:>KHOCTH Kpyra 

CXO.UHMOCTH p5I.ua L~;0 a11 z
11 

11 nycTh CXOJlHTC5I pHJl L;=0 a11 a
11 

• To-

r.ua ~~(L~;0a11 z") = L~;0 a11 a11 
np11 ycJlOBHH, qrn z CTpeMHTC5I K a 

no II1060My nYTH y, pacrroJio:>KeHHOMY BHYTPH Kpyra CXOJlHMOCTH H 

He KacaTeJlhHOMY K oKpy:>KHOCTH B TOqKe z = a. 
TeopeMa e.uuucTBeuuocTu. Mo:>KeT cymecrnoBaTh caMoe 6oJlh­

Uiee o.uHa ¢YHKUH5l /(z), aHan11rnqecKaH B o6Jlacrn D, rrp11H11Ma10-
w:a51: 3a.uaHHhie 3HaqeHHH Ha KaKOM-Jm6o MHO:>Kecrne ToqeK E E D, 
06Jla.ua10w:eM no KpaM:HeM: Mepe o.uttoM: npe.ueJlhHOM rnqKoM: z0 ED. 

IlycTh A EC - npo113BOJlhHOe KOMIIJieKcHoe qucJio. Ha3oBeM A­
ToqKaMH cpyHKUHH j(z), aHan11T11qecKoM: B o6Jlacrn D, KOpHH ypaB­
HeHH5l f(z) = A. JI106oi1 KoMrraKT B D MO:>KeT conep:>KaTh JlHUih Ko­
Heqttoe q!fcJlo A-rnqeK attan11T11qecKoi1 cpyHKUHH/(z) B o6JlaCTH D. 

HaTypanhHOe q11cJlo k Ha3hrnaeTC5l nopROKO.M HJIH Kpamnocmb10 
A-mO'JKU Zo, ecmr B OKpeCTHOCTlf TOqKH Zo HMeeT MeCTO pa3JlO:>KeHHe 

f(z)-A=(z-z0)k 20 + Zo + ... ,J<kl(z0)-:t0. 
{ 

/
(k)( ) f(k+l)( ) } 

k ! (k + !) ! 
Ec;m k = 1, TO A-ToqKa Ha3hrnaeTC5I npocmou. 

Ilpuuu:urr MaKCHMyMa Mo.uym1. Mo.uyJlh cpyHKUHH, attanHTifqe­

cKoi1 B o6JlaCTlf, Hlf B KaKOH TOqKe 3TOH o6JlaCTlf He MO:>KeT )l.OCTH-
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raTh csoero MaKCl1MyMa, ern11 cpyHKU115! He 51BJrneTC5! TO)f()],eCTBeHHO 

llOCT051HHOH. 
TeopeMa. EcJI11 aHaJI11T11qecKa5! cpyHKu11.sr OTJiwrna OT KOHCTaHThI 

B 0611acT11, TO sepXH5!51 rpaHh MOJJ.YJ151 cpyHKU1111 He MO)f(eT JJ.OCTl1-
raThC51 Hl1 B OJJ.HOH TOqKe 3TOH 0611aCTl1. 

TeopeMa. Mo;::i;ynh aHaJI11rnqecKoi1: cpyHKUl111 B 0611acrn D 11 He­

npephrnttoi1: s i5 ;::i;ocnrraeT csoero tta116011hlllero 3Haqett115! s rpa­
H11qttoi1: TQqKe 0611aCTl1. 

TeopeMa JlHyBuJIJrn. Ec1111 cpyHKU1151 attaJI11T11qtta 11 orpatt11qetta 
BO scei1: KOMrrneKCHOH IIJ10CKOCTl1 C, TO OHa 5!BJ15leTC51 TO)f(JJ.eCTBeHHO 
IIOCT051HHOH. 

JleMMa llIBapua. ITycTh cpyHKUM.sI f(z) attaJI11T11qHa s Kpyre 

{z: lzl < R} 11f(O) = 0. Ec1111 B 3TOM Kpyre lf{z)j s; M, TO lf'(O)j s;MR- 1 

11 lf(z)j s; MR- 1jzj. PaseHcTBo B KaKoM:-111160 ToqKe z: 0 < lzl < R, MO­

)f(eT .uocTHraThC51BTOM11 TOJ1hKO B TOM cnyqae, ec1111fl.z) = MR- 1 /az, 
a - p:ei1:cTBHTeJihHOe qwcno. 

IIepsaH TeopeMa BeiiepuITpacca o pasuoMepuo cxoJJ.Hlll,HXCH 
pH11.ax attaJIHTH'ieCKHX <l>YttKu,uu. Ecmt cpyttKU.HOHaJJhHhIH pHA 

L~;1 J11 (z), cocTasneHHhIH 113 attan11n1qecK11x s 06nacT11 D cpyttK-

UHH, cxop:11TC5! pasHoMeptto BHyrp11 D, To S(z) = 2.:~; 1 f,, (z) ecTh 

attaJI11TwrecKa5! cpyttKUH5! s D, nptt 3TOM p51p: 2.:~; 1 1,;k) ( z) cxop:HTC51 

pasttoMepHo BHYTPH 06JiacT11 D H 

(k) - "'"'~ f,(k) - k - 2 7 S (z) - Lin=i ,, (<:), -1, ,. . ., ~ E D. 

BTopaH TeopeMa BeifepuITpacca. EcJIH see qJieHhI p51.ua 

L~;' f,, (z) ttenpephIBHhI s 3aMKHyToi1 orpatt11qettttoif 0611acT11 i5 w 

aHaJIHTJ1qHhI B o6JiaCTH D, TO H3 paBHOMepHOH CXO,[(HMOCTH p51.ua Ha 

rpaHHUe o6nacrn: D cne.r:i:yeT pasttoMepHa51 cxo.r:i:11MOCTh p51p:a Ha D . 
TeopeMa. lfa noc11e.uosaTeJ1hHOCT11 aHanHTHqecK11x s o6JiacTH D 

cpyHKUHH {f,,(z)}, o6pa3yI-OllleH ceMeHCTBO cpyHKUHH, orpaHHqeHHhIX 
BHYTPH D, MO)f(HO 113sne% pasHoMepHo cxo.r:i:5lllIYIOC51 BHYTPH D 
no.unorne.uosaTeJihHOCTh { fk,, ( z)}. 

TeopeMa BuTaJIH. ITycTh norne.r:i:osaTeJihHOCTh {f,,(z)} 06pa3yeT 
ceMei1crno aHaJI11T11qecK11x B 0611acT11 D cPYHKUHH, orpaH11qeHHOe 

BHYTPH D, 11 nycTh MHO)f(ecrno Z c D - cqeTHOe MHO)f(ecrno, 



CTETIEHHblE P51)J,bl. P51)J,bl 113 AHAJ111Tl1lfECKl1X <!>YHKUI1H 103 

11Me10w:ee npe.ueJibHYIO ToqKy B D. EcJI11 noCJie.uosaTeJibHOCTb 

{f,,(z)} CXO.lll1TCR Ha MHO)J(eCTBe Z, TO OHa paBHOMepHO eXO.[(HTCR 

BHYTPM 06JiaeT11 D. 

PaeeMoTpI1M cpyttKUI1IO f(z), attaJI11T11l.fecKy10 B tteKornpoM Kpyre 

K = { z: jz - zol < R}. TaKyIO cpyHKUI1IO Ha30BeM 3!leA1eHmoA1 (3Jie­

MeHT aHaJI11T11qeeKoi1 cpyttKu1111). ToqK11, Jie)J(am11e tta oKpy)J(ttocTM 

f = {z: lzl = R}, 6y.[(eM IIO.[(pa.3.[(eJIRTb Ha .[(Ba KJiacea: 

1) TQqKH S E f, 06Jra.[(aIOIUHe OKpeCTHOCThIO U~ = { z: lz - SI < p}, 

B KOTopoi1: eymeernyeT tteKOTOpaR aHaJIMTHqecKaR cpyHKUHR f t;(z), 

cosrra,z:i:a10w:aR c f(z) B o6w:eH: qacTH Kpyros K H U~, tta3oBeM npa-
6WlbHblA1U .llJIR ,z:i:aHHOro 3JieMeHTa; 

2) TQqKlf S E f, He 06Jra.[(aIOll.l,He TaKOH OKpeCTHOeTbIO, Ha30BeM 

oco6blA1U TOl.fKaMH 3JieMeHTa. 

lfa Orrpe.[(eJreHHR rrpaBHJibHOH TOlfKH BbITeKaeT, qTO eeJIH SO E f -

npaBHJibHaR TOlfKa, TO H see TOqKH ,z:i:yrtt OKPY)J(HOeTH r, HaXO.llR­

mei1eR BHYTPH cooTBeTeTsy10w:eH: oKpecTHOCTH U ,
0 

, TaK)J(e RBJIRIOT-

eR npasmihHhIMH. 3aMeTHM, l.fTO Ka)J(.[(aR ToqKa z0 EK RBJIReTeR npa­

BHJihHOM, rro3TOMY see ToqKw Kpyra K 6y,z:i:eM TaK)J(e tta3bIBaTb npa­

BHJibHbIMH ToqKaMH 3JieMeHTaj(z). 

8.1. )J,oKa3aTb, l.fTO ecJitt cymecrnyeT lim I a,, I a,,+1 I. TO pa.uttye 
Jl~OO 

cxo.[(HMOCTH cTerreHHoro pR.ua L~=0 a,,z" paseH Jim I a
11 
I a11+1 I· 

ll--'tQQ 

8.2. Onpe.uenMTh pan11yc exo.n:ttMoeTH eTeneHHhIX pR,n:os: 

1) °"'- z" . L...tu=l-, 
n 

4) °"'~ z"!. 
L...tu;:::Q ' 

2) °"'- z". 
L...tu=I ! ' 

fl. 

5) °"'- n"z"· L...tu=O ' 

7) "~ z2". 8) "~ 2 111 

L...tu=O ' L...tu=O 11 Z ·; 

3) °"'~ ~z"· L..,..,,=l 1l ' 11 
6) "- f2(n/I II. 

L...11=0 z , 

9) L:~=o (n +a") z"; 

11) °"'- (11 +a")" z". 
L...11=0 I 

11. 

8.3. llccJie,n:osaTh rrose,n:eHHe pMa Ha rpaHHue Kpyra exo.[(HMOCTH: 

( l)" II 

1) °"'~ 11"z 11 aE R· 2) °"'~ - z · 3) °"'- [3+(-1)"]" "· 
L...tu=O ' ' L...tu=I ' L...tu=O Z ' 11 
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211+! 

4) "'"'= ( 1)" z . 
L.. 11=0 (2n + 1) ! ' 

5 = (-l)"z211 
) I11=I c2n) ! 

8.4 . .[(oKa3aTb rrepsy10 TeopeMy A6em1. 

6) "= {'.'._ 
Liu=l 2 · n 

8.5. ITycTh ~ 2: R(l +a), n 2: n0 , a> 1, R > 0 . .[(oKa3aTb, lfTO 
a,,1 n 

pH.n: L~=o a11 z" cxo.n:ttTCH a6coJIIOTHO 11 pasHoMepHo Ha MHO)KecTBe 

{ z: lzl :S R}. 

8.6. IfasecTHO, lfTO pa.n:11ycb1 cxon11MOCTH pH.n:os L~=0 a11 z
11 

11 

L~=0 b11 z
11 

paBHhI cooTBeTCTBeHHO ra 11 rb. lITo MO)KHO CKa3aTb o pa­

.llHycax CXO.[(HMOCTH pH.UOB: 

1) "°'= (a +b) 11 · 2) "'"'= ab "· 3) "'"'= 5"_z" b #0? L.Jn=Q II - II z ' L...11=0 II ,,z ' L..J11:Q b ' II 

8.7. IlpocyMMHposaTh cne.n:y10m11e pH.n:bI: 

2) " = -1 " .c....,11=0/l z ; 

4) "'"'= (-l)"n-1 "'"'= (-l)"n-1 11 · L..Jn=l L...,,=1 Z ' 

2" 

5) "= ~ L .. m=I 2 · 
11 

II 

8.8 . .[(OKa3aTb, lfTO Tpe6osaH11e a6coJIIOTHOH CXO.[(HMOCTH CTe­

neHHOrO pH.n:a L~=0 a11 z
11 

B o.n:Hoii rpaHMlfHOH TOlfKe ero Kpyra 

CXO.[(MMOCTM { z: lzl < R} BJielfeT 3a co6oi1: a6comornyIO M paBHO­

MepHyIO CXO):(MMOCTb 3TOro pHna B 3aMKHYTOM Kpyre { z: lzl :s R}. 

8.9. Ilycn, {an} - MOHOTOHHO CTpeMHlllaHCH K HYJIIO IIOCJie.[(OBa­

TeJibHOCTb, panttyc cxonMMOCTH pHna L~=0 a11 z
11 

paseH 1. .[(oKa3aTh, 

lfTO rnrna pHn cxonttTCH sc10ny Ha oKpy)l(HOCTM { z: lzl = 1 } , 3a 11c­

KJIIOlfeHMeM, 6bITb MO)KeT, TOlfKH z = 1. 

8.10 . .[(oKa3aTh BTopy10 TeopeMy A6emi:. 

8.11. ITonh3YHCh BTopoii: TeopeMoii A6enH, noKa3aTh paseHcTBa: 

1) °"= COSIZ(/J =-ln,2sin (/JI O<m:<;;r· L..11=1 Tl 2 , 'I-' , 

2) "'"'= sin ll(/J = !r - q; 0 < < 2;r· 
L..11=1 2 , qJ , 

Tl 



CTEDEHHhIE P.51)].bl. P.51)].bl 113 AHAJil1Tl14ECKl1X C!JYHKU:11M 105 

3) " 00 sin(2n + l)ip = n 0 < < n· 
.L. 11=1 (2n + 1) 4' <P ' 

4) " 00 (- l)"+i sinnqJ = qJ I I< n . 
.L.11=1 2' <P 

11 

8.12. Ilp1rnecrn np11Mep pacxo,D.}IW:eroc.11: p.11:.ua I~=0 a11 , mm KO-

rnporo cyw:ecrnyeT ,~\I!oL~=0 a11 z
11 

• 

8.13. ,[(oKa3aTh meope.My Tay6epa: nycTh pa.u11yc cxo,UMMOCTM 

p.11:.ua I~=0 a,/' paBeH 1 M rrycTh f(z) = L~=0 a11 z
11 

; ecJIM 

,~~0 f(z) = 0 11 !i0;n I a11 I = 0, TO I~=0 a11 =0. 

8.14. Pa3JIO)KMTh B p.11:.11: Te:H:Jiopa B OKpecTHOCTH TOqK11 z = 0 3a­

.11:aHHhie cpyHKUMM M HaHTM pa.11:11yc CXOJJ:MMOCTM IlOJiyqeHHhIX p.11:.11:os: 

1)(1-z)- 2
; 2)(l+z)- 3

; 3)(a2 +z2
)-

1,a*0;4)(1+z2
)-

1
; 

5) c1 - z 2)- 1
; 6) o + z 3)- 2

; 7) [(1 - z 2)(4 + z 2)r 1• 

8.15. Pa3JIO)l{HTh B p.11:A TeH:Jiopa B oKpecTHOCTM z = oo <l>YHKUHH 

H3 npeJJ:hIJJ:YW:eH 3a.11:aqH H YKa3aTh o6JiaCTH CXOJJ:HMOCTM IIOJiyqeH­

HhIX PHJJ:OB. 

8.16. Pa3JIO)KMTh s p.11:.11: TettJiopa B oKpecTHOCTH ToqKH z = 0 CJie-

JJ:YIOW:He cpyHKUHH H HaHTH pa.11:ttyc CXOJJ:HMOCTH IIOJiyqeHHOfO p,lf.[{a: 

1) e z; 2) sin z; 3) cos z; 4) sh z; 5) ch z; 

6) sin 2 z; 7) cos 2 z; 8) e z cos z; 9) e z sin z; 

10) f: e~' d~; 11) fo' si~~ d;; 12) f
0
' 
1
:;;; 13) r= d;, . 

Jo 1 + ;-

8.17. Pa3JIO)KMTh s pHJJ:hI TettJiopa rro cTerreHHM (z - z0), lzol > 1, 
CJieny10w:11e cpyHKUHH H yKa3aTh o6JiaCTH CXOJJ:HMOCTH 3THX p.11:.11:os: 

1)(1-z)-2
; 2)(z 2 -l)- 1

; 3)(z2 +1)- 1
• 

8.18. HattTH pa.11:11yc cxo.11:11MOCTH 11 yKa3aTb o6JiaCTh cxon11MOCTH 

p.11:na TettJiopa s oKpecTHOCTH z = i JJ:JI.11: cJieny10w:Hx cpyHKUMH: 
2 

l)(z3-l)-2; 2)ezsinz; 3) Z 
(1 + z)2 ' 

4) [(z-a)(z-b)r 1
• a*i,b *i,a*b. 
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8.19. JJ:oKa3aTb, LITO K03cpcp11u11eHThI a,, pa3JJO)!(ettm1 B pRJl Tei1-

nopa cpyttKUHH f(z) = 1/(1-z-z2 )= L:~=0 a,,z" yJlOBJiernopmoT co­

OTHorneHHIO a,, = a,,_ 1 + a ,, _ 2 • Hai1T11 a JI 11 paJl11yc CXOJlI1MOCTI1 p51-
Jla. qI1CJia a JI Ha3bJBaIOTC51 'IUCJWJ\IU C/Ju60HQ'l'IU. 

8.20. IlycTbf(z) = L:~=0 a11 z
11 , lzl < R. 

a) I1oKa3aTb, '-ITO ecn11 np11 KaKoM-JI1160 r, 0 < r < R, HepaseHCT­
so Kow11 rrepexomu B pasettcrno, TO f(z) = a k z k. 

6) ITycTh s n. a) np11 HeKOTopoM r, 0 < r < R, BhIITOJIHReTcR HH­
TerpaJibHoe paBeHCTBO 

1 (JT ·o , 2 
-J,- I f(re' ) 1- dB= max I f(r) I . 
2Jr O l~l=r 

CneJlyeT n11 OTCIOJla, '-ITO f(z) = a kz \ k E N? 

8.21. JJ:oKa3aTb, '-ITO ecn11 cpyHKUHR f(z) = L:~=0 a11 z" orpatt11Lietta 

np11 lzl < 1, TO L:~=ol aJ CXOJll1TC5!. 

8.22 . .D:oKa3aTb, qTo ecJIH ,11,mr cpyHKQHH f(z) = L~=0 a,,z'', lzl < 1, 

p51Jl L:~=ol a,,12 CXOJlI1TC51, TO cnpaBejlJII1BO paBeHCTBO 

i r2JTI , ~ , , 
2

.1Z"Jo f(r,rp)- f(p,rp) 1-drp=,f:ol a11l-(r"-p"t, r,p < 1. 

8.23. JJ:oKa3aTb, 4TO ecn11 cpyHKUI151 f(z) aHaJII1TH4Ha B Kpyre 

{ z: lzl < 1} ,f(O) = 0, TO pRJl L:~=J (z') CXOJlHTCR JlJIR lzl < 1 11 rrpen­

CTaBJIReT BHYTPH yKa3aHHoro Kpyra attan11T11qecKyIO cpyttKUHIO. 

8.24. IlyCTb cpyHKUI151 f(z) aHaJIHTH'-IHa B OKpeCTHOCTI1 TO'-IKH 
z = 0 I1 f(O) = 0. JJ:oKa3aTb, '-ITO eCJIH f(z) = z + f(z 2) ' TO 

f(z) = L:~=o z2
". 

8.25. IlycTb cpyHKUI1I1 f(z) I1 g(z) aHaJIHTH'-IHbl B OKpeCTHOCTH 

T04KH z = 0 H g(::) = f (z) . JJ:oKa3aTb, '-ITO eCJIH f(z) = L:~ oa ::"' 
1-az 11

= " 

g(z) = "'~ 0 b :::" , TO bo = ao, bJl+I =a bJI + aJl+I· L...,;,,= 11 

8.26. Hai1.T11 pa3JIO)!(ett11e B pRJl Tei1.nopa attan11T11qecK11x B OKpe­
CTHOCTH TOLIKH z = 0 cpyttKUHH, y.uosnernopRIOWHX ycnoBHHM: 

l)f(O) = l,f'(z) = f(z); 2)f(O) = 0, (1 + z2)f'(z) = l; 
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3) .f(O) = O,f'(O) = 1, (1 - z2
) f' '(z) - z.f'(z) = O; 

4) flO) = l ,f' (0) = O,f"(z) + z- 1 .f'(z) + f(z) = 0. 

I1ocne,n:Hee ypasHem1e Ha3hrnaeTC}l ypaBHeHueAt EecceJlfl. 

8.27 . .Il,oKa3aTh, '-ITO cpyttKu:i10HaJihttoe ypasttem1e f(z) = fl.2z) 
11MeeT B KJiacce aHaJil1TJ1lieCKl1X cpyHKUl1M B OKpeCTHOCTl1 z = 0 
TOJihKO peweHl1}!, }!BJI}llOll{11eC}l TO)K)leCTBeHHO IIOCTO}!HHhIMl1. 

8.28. IlycTh )J{op.n;attosa crrp}!MJI}leMa}l Kp11Ba}l y ecTh rpam1:ua 

o.n;ttoCB}l3HOH orpattw:1ettttoii 06nacT11 D 11 cpyHKUl1}! cp(t) Herrpephrn-

tta Hay . .Il,oKa3aTh, qTQ .UJI5I paseHcTBa f rp(t)dt = 0, z E i5, tteo6xo­
r t- Z 

,n:11Mo 11 .n:ocrnToqtto, qT06b1 p/' rp(t)dt = 0, n = 0, 1, 2, .... 

8.29. I1ycTh )J{op,n:attosa crrp5IMJrneMa5I Kp11Ba5I y ecTb rpaH11ua 

O.UHOCB5I3HOH orpatt11qeHHOH 06nacT11 D, ToqKa z = 0 rrp11Ha,n:Jie)Kl1T 

D 11 cpyttKUl15l cp(t) tterrpephrntta Ha y . .Il,oKa3aTh, qTQ .n:m paBeHcTBa 

<Ji rp(t) dt = 0, z E D, tteo6xo.n:11Mo 11 .n:ocrnTOqHo, qT06b1 
y t- z 

t/' rp(t)dt = 0, /1 = -1, -2, .... 

I1oKa3aTh, qTQ ycnos11e 0 E D HeJih35l 0T6poc11Th. 

8.30. IlycTh cpyHKUl15l f(z) aHaJil1TJ1qHa Ha KOMIIJieKCHOH IIJIOCKO­

CTl1 C 11 y.n:osnernop5IeT ttepasettcrny 

r.n:e C, a - KOHCTaHThI, He 3as11c5ImHe OT z . .Il,oKa3aTh, qTo f(z) -
MHOroqJieH CTerreHH 11 :::: [ a ] . 

8.31. .Il,oKa3aTb TeopeMy JIHyBHJIJI}J. 

8.32 . .Il,oKa3aTh, qTQ ecJIH cpyHKUH}J aHaJIHTHqHa B pacurnpeHHOH 

KOMIIJieKCHOH IIJIOCKOCTH c' TO Otta eCTb KOHCTaHTa. 

8.33 . .Il,oKa3aTb rrpHHUHII MaKCHMyMa MO.UYJI}l attaJIHTJ1qecKOH 

cpyHKUl111. 

8.34 . .Il,oKa3aTb TeopeMy: eCJIH aHaJIHTHqecKa5I cpyHKUH}J orn11qHa 

OT IIOCT05IHHOH B 06JiaCT11 D, TO sepXH5!5! rpaHb MO.UYJI}l cpyHKUl1H He 

MO)KeT .uocn1raThC5! HH B o;:i:Hoi1 ToqKe 06nacn1 D. 
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8.35 . .D:oKa3aTb TeopeMy: MO.UYJJb aHam1rnqecKOM cpyHKUMM B 06-

nacn1 D 11 HerrpepbIBHOM B D .uocT11raeT csoero Ha116onbrnero 3Ha­
qeHH5:! B rpaHHqHOM TOqKe '.HOM o6JJaCTH. 

8.36. IlycTb cpyHKUH5:! f(z) = I~=0 a,.z" aHam1rnqHa B Kpyre 

{ z : JzJ::; r} . .D:oKa3aTb, qTQ cpyHKUH5:! lf/(z) = L~=o a,,, z" ecTb cpyHK­
n. 

Ul15:!, aHaJJHTHqecKa5:! BO BceM: KOHeqHOM ITJIOCKOCTH c H 

I <k>( )j<M -k 1:112 k-012 If/ z _ r e , - , , , ... , 

r.ue M - KOHCTaHTa, He 3as11c5:111.i;a5:1 OT z. 
8.37 . .D:oKa3aTb, qTQ ecJJH aHaJJHTHqecKa5:! cpyHKUH5:!j(Z) B o6JJaCTH 

D orn11qHa OT KOHCTaHTbI 11f(z)=F0, z ED, TO inf J f (z) J He .uocT11-
:eo 

raeTC5:! BHYTPH o6nacTH D. 

8.38. IlycTb cpyHKUH5:! f(z) aHaJJHT11qHa B 06nacT11 D 11 rrycTb 

inf J f ( z) J = µ > 0 . .D:oKa3aTb, qTo HJJH lf{z)J > µ .UJI5:! Ka)f{.uoH: BHYT-
:eo 

pettHeH TOqKH o6naCTH D, HJlHj{Z) = µe ;a, a - ;::i:ei1:CTBHTeJlbHOe qHCJIO. 

8.39. IlycTb cpyHKU:H5:!j(z) aHaJJHTHqHa B o6nacTH DH HerrpepbIB­

Ha Ha D . .D:oKa3aTb, qTO ecn11 lf{z)J ecTb KOHCTaHTa Ha 8D, TO cpyHK­
U:115:! j(z) 11J111 eCTb KOHCTaHTa B o6naCTH D, HJlH OHa o6pamaeTC5:! B 
HYJib xorn 6b1 B O.UHOM ToqKe 06nacT11 D. 

8.40 . .D:oKa3aTb JieMMY 111Bapu:a. 

8.41. IlyCTb B Kpyre { z: JzJ < 1} cpyHKUH5:! j(z) aHaJJHTHqHa 11 
lf{z)J::; M, JzJ < 1. .D:oKa3aTb, qTo ecm1 Zi. z2, ... , z,, - HYJJH cpyHKU:HH 
j(z), JzjJ < l,j = 1, 2, ... , n, TO 

Jf(z)J:$M z-_:,. z-_:2 · ... · z-_:,. I· 
1 - z1 Z 1- Z2 Z 1- Z,, Z 

rrpHqeM paBeHCTBO MO)f{eT BbIIIOJ1H5:!TbC5:! JlH6o .UJI5:! BCeX ToqeK Kpyra 

{ z: JzJ < 1}' JlH6o HH .UJ15:! O.UHOH. 

8.42. IlycTb j(z) = z" +a, z"-' + ... +a,, . .D:oKa3aTb, qTo xorn 6b1 B 

O.UHOM TQqKe OKpy)f{HOCTH { z : Jzl = 1 } HMeeT MeCTO HepaBeHCTBO 
lf{z)J > 1 HJJH paBeHCTBO j(z) = z ". 

8.43. IlycTb P(z) - MHoroqneH CTerreHH n H Mr= maxi P(z) j. 
l:l=r 

.D:oKa3aTb, qTQ rrpH 0 < r, <r2 crrpaBe,UJJHBO HepaBeHCTBO 
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M -11 >M -11 

'ifj - ,1r2' 

T. e. M,. r" - HeBo3pacrnIOmaH ¢YHKUirn Ha (0, +oo). 

8.44. IIycn, P(z) - MHOroqJieH CTerrem1 n H ,[\JIH z E [- 1, 1] HMe­

eM jP(z)j :::; M. ~OKa3aTh, qrn ,[(JIH JII06oi1: TOqKH z tf. [- 1, l] crrpa­

Be,[(JIHBO HepaBeHCTBO 
jP(z)j:::; M (a+ b)", 

a H b - rronyocH 3JIJIHIICa c ¢oKycaMH B TOqKax 1, - 1, 3JIJIHIIC rrpo­
XO,[(HT qepe3 TQqKy z. 

8.45. ~OKa3aTh, qrn TOqKa Zo eCTh HYJih rropH,n:Ka m aHaJIHT11qe­
cKoi1 ¢YHKUHH f(z) rnr,n:a H TOJihKO rnr,n:a, KOr,[\a B HeKOTOpoH: OKpe­
CTHOCTH TOqKH Zo cVYHKUirn f(z) = (z - Zo) Ill cp(z), cp(z) - aHaJIHTHqe­
CKaH ¢YHKUHH B OKpeCTHOCTH TQqKH Zo, <p(Zo) :f. 0. 

8.46. IIycTh rnqKa Zo ecTh HYJih rropH,n:Ka n ):(JIH ¢YHKUHH f(z) H 
HYJih rropH,L:\Ka m .L\JIH ¢YHKUHH g(z). qeM HBJIHeTcH TOqKa Zo .r:\JIH cne­
.r:\YIOIUHX cVYHKUHH: 

1) j(z) g(z); 2) fi.z) :t: g(z); 3) fi.z) I g(z)? 

8.47. Hai1TH rropH.r:\OK HYJIH z = 0 ,n:JIH ¢YHKUHi1: 

l)zsinz; 2)z2(e:'-l); 3) esin:_erg:; 4) 6sinz3-z3(6-z6). 

8.48. Orrpe,L:\eJIHTh rropH,n:oK Bcex eyneH: MH cne,n:yIOIUHX ¢YHKUtti1: 

l)sinz; 2)cosz; 3)shz; 4)chz; S)e'-I; 6)sinz-2; 

7) (1- ctg z) I z; 8) (z 2 + 9) I z 4
; 9) sin (z- 1

); !O) cos (z - 1
); 

11) sin(~J; 12) sin(-
1

-_1 J. 
sm z cosz 

8.49. ~OKa3aTb TeopeMy e,n:rrncTBeHHOCTH. 

8.50. CymecrnyeT JIH ¢YHKUHH, aHaJIHTHqecKaH B oKpecTHOCTH 
0 -1 TOqKH Z = H IIpHHHMaIOIUaH B TOqKaX Zn= 11 CJie,L:\yIOIUHe 3Haqe-

HHH: 

1) 0, 1, 0, 1, 0, 1, ... ; 

3) 1/2, 1/2, 1/4, 1/4, 1/6, 1/6, ... ; 

S)j(n - 1
) = e-"; 

7)j(n- 1
) = j(-11- 1

) = 11-
2

; 

2) 0, 1/2, 0, 114, 0, 1/6, ... ; 

4) 112, 2/3, 3/4, 415, ... ; 

6)j(_11- 1
) = (2n + 1)- 1

; 

8)j(11- 1
) = f(- 11 -

1
) = 11 3? 
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8.51. .IJ:oKa3aTb nepsy10 TeopeMy Bei1epwTpacca. 

8.52 . .IJ:oKa3aTb srnpy10 TeopeMy Bei1epwTpacca. 

8.53 . .IJ:oKa3aTb, qTo ecm-r pH,n: L~J f,, (z) I cxop:i1TCH paBHOMep­

HO sHyTp11 06JiacT11 D, r.ne cpyHKu1111 f,,(z) - aHan11mqecK11e B 06-

nacrn D, TO pH.n L~=II .t,;(z) I cxo.n11Tc.sr TaK)!(e pasttoMepHo BHYTPH 

o6Jiacn-r D. 

8.54. Ha 06JiacT11 cxo.n11MocT11 pH.nos 11ccJie,n:osaTb cyMMhI pH,n:os 
Ha aHaJII1Tl1qHoCTb: 

1) z(n- + z-)- · L= 1 1 I 

n=l ' 

8.55. IloKa3aTb, qrn cyMMa p.sr.na 

L~=I (nze- 110 -(n - l)ze-<11
-

1
>
0

) 

eCTb aHaJII1TJ1qecKaH cpyHKU11H Ha o6JiaCTl1 CXO.LJ:l1MOCTl1 pH,n:a, HO pH,n: 
Ha 3TOH o6JiaCTl1 CX0,[(11TCH HepaBHOMepHO. 

8.56. HccJienosaTb T3rn-cpyHKU11IO 8(z) = L~=-e-1"'' 0 Ha attan11-

T11qHoCTh. 

8.57. OnpeneJIHTh o6JiaCTb aHan11T11qHocT11 cyMMbJ pH.Ila 

"~ sin nz 
L..11=! 2" . 

8.58 . .IJ:oKa3aTb aHaJIJITl1qffOCTh CYMMbI pH.[(a s YKa3aHHbIX o6Jiacrnx: 

1) L~=1 1·c'(n+zt', z:;t:-1,-2, ... ; 

2) I~= 1 (-l)
11 (z-nr1 , z.cl, 2, ... ; 

3) L~=1 1C
11 (n+z)11 , lzl<l; 

5) L~ shn.:: zE C 
• 11=1 n! ' ' 

4) "~ sinnz 7 E C 
~11=1 I '" ' 11. 

7) L~=' e110
', n/4 < arg z < 3n I 4, -3nl4< arg z <- n I 4. 

8.59 . .IJ:oKa3aTb, qTo eCJil1 ceMeHCTBO aHaJIHT11qeCKl1X cpyHKUHH 
{f,,(z)} orpaHHqeHo BHYTPH o6Jiacrn D, TO ceMettcrno {f,,'(z) }TaK)!(e 
orpaHHqeHo BHYTPH D. 



CTEOEHHbfE P51L(bl. P 51)..(bl 113 AHAJll1Tl14ECKl1X <DYHKU11H 111 

8.60 . .[(oKa3aTh, lffO eCJU! ceMei1crno aHan11rnqeCKl1X cpyHKUHH 

orpaH11qeHo BHYTPH D, TO OHO paBHOCTerreHHO HerrpephIBHO Ha mo-
6oM KOMrraKTe H3 D. 

8.61. IIycTh {f,,(z)} - rrorne.uosaTeJihHOCTh aHa1111rnqecK11x B 06-
11acrn D cpyHKUHi1, 06pa1y10m11x orpaH11qeHHOe BHYTPH D ceMei1CT­
so . .[(oKa3aTh, qTo ec1111 noc11e.uosaTeJihHOCTh {f,,(z)} cxo.u11TcH Ha 
ITJIOTHOM B D MHO)Kecrne, TO oHa cxo.u11TcH paBHOMeptto BHYTPH D. 

8.62 . .[(OKa3aTh, qTo 113 nocJie)lOBaTeJihHOCTH aHaJIHTHqecKHX B 

0611acrn D cpyHKUHH {f,,(z)}, 06pa1yIOUJ.JiIX orpaH11qeHHoe BHYTPH D 
COICHCTBO, MO)KHO BhI6paTh no.unocJie)lOBaTeJihHOCTh {fk,.}' paBHO-

MepHO cxo.uHUJ.YIOCH BHYTPM D. 

8.63 . .[(oKa3aTh TeopeMy B11Tan11. 

8.64. IIycTh q11c11osoH: pH.ll I~J a
11

I cxo.u11TcH 11 cpyHKIJJrn .f(z) 

atta1111T11qtta B 0611acT11 D . .[(oKa3aTh, qTo 6ecKoHeqHoe npomse.ue­

H11e TI~=' (1 + a11 f (z)) ecTh atta1111T11qecKaH cpyttKUHH B 0611acT11 D. 

8.65 . .D:oKa3aTb, '-ITO raMMa-cpyHKUHH 
11+l 

TI
~ Tl (:-l)ln-

r(z) = e II 

11=1.: + n-1 
HBJIHeTCH aHaJIHTHqecKOH cpyHKUHeH BO BCeH KOMnJieKCHOH OJIOCKO­
CTH, KpOMe ToqeK z = 0, - 1, - 2, .... 

8.66. IIycTh {f,,(z)} - rrocne.uoBaTeJihHOCTh aHaJIITT~ecKHX B o6Jiac­

TJil D ¢YHKUHH 11 fn i- -1, z ED . .[(oKa3aTh, qrn ec1111 PH.ll I~J f,,(z)i 

cxo.u11TCH paBHOMepHo B D, TO 6ecKotteqHoe npoH3Be.uetttte 

TI~=' (1 + f,, (z)) - atta1111rnqecKaH cpyttKUHH B 0611acrn D. 

8.67 . .[(oKa3aTh, qrn rne.uyIOm11e 6ecKoHeqtthie rrpomse.ueHHH rrpe.u­
CTaBJIHIOT co6oi1 attaJIHmqecKHe ¢YHKU1111 B YKa3aHHhIX o6Jiacrnx: 

1) TI~= 1 (l+z"),izl<l; 

2) TI~=' o + ~)e-''", I z I< 00
, u'= -11; 

n 

n~ z I I 7[ 3) 
11

=
1
cos-, z < 00,z:;t:n(2k+l)-

2
,kEZ; 

11 

4) TI~=I (1 + (-1)" ..::.), I.: I< oo,.: :;C (-1)"+1 n; 
11 
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5) TI~ sin(z)/ 11 I I oo k k Z· 
, -I , Z < , Z ~ Jr, E , 
I - z I 11 

6) n~=l ch (r'' z), I z I< 00 , z ~ 2" (2k + l)Jri, k E Z; 

7) n~=lcos(r" z), I z I< 00 ,z ~ 2"-1(2k + l)7r,kE Z; 

8) TI~= 1 0 + r" z"), I z I< 2. 

8.68. ITycTh cpyHKUH}l f(z) attaJIHTHqHa B Kpyre { z: lzl < 1}, 
lfi:z)I < 1, lzl < 1, f(O) i- 0. ITocJie,uoBaTeJihHOCTh {a 11 } - noc11e,uoBa­
TeJihHOCTh HyJieM: cpyHKUHH j(z), np11qeM lad ::S la2I ::S ... ::S la11I ::S .... 

.D:oKa3aTb, qTQ p}l,U L:~=l (1- I all I) CXO,UHTC}l. 

8.69 . .D:oKa3aTh meopeMy EnRUlKe: ,UJI}l Toro, qT06bI noCJie,uoBa­
TeJibHOCTh {a II} ToqeK Kpyra { z: lzl < 1 } lad ::s la2I ::s ... , 6hrna MHO­
)f(eCTBOM Jie)f(all.(HX B Kpyre { lzl < 1} HyJieH aHaJIHTHqecKOH H orpa­
HJ-fqeHHOH B Kpyre { z: lzl < I} cpyHKU:IUf j(z), np.11qeM j(z) He ecTb 
TO)f(,UeCTBeHHbIH HYJib, Heo6xo,u11Mo .11 .uocTaTOY:HO, Y:T06hI cxomrncsi: 

PJ1.D: L~=I (1-I a,,j). 
8.70 . .lJ:OKa3aTb meopeMy eOUHCmBellltoCmu: nyCTb cpyHKU:HH j(z) 

aHaJIHTHqHa B Kpyre { z: lzl < I} .11 orpatt.11qetta. ECJ1.11j(z) o6pamaeT-

csi: B HYJih B TOqKax ai, a2, ... , ja11 j ::S lan+d, n E N, np.11qeM psi:.u 

L:~=l (1- I a,, I) paCXO,UHTCH, TO j(z) = 0. 

8.71. IlycTh cpyttKU:Hsi:j(z) attaJIHTHY:Ha B 0611acT.11 Re z > 0 .11 or­

patt.11Y:etta . .D:oKa3aTh, qTo ecmrj(n) = 0, n EN, TOj(z) = 0. 

8.72 . .D:oKa3aTb, qTO cpyHKUH}l j(z) = L:~=Oa,,z" Ha rpaHHUe Kpyra 

CXO.D:I1MOCTH CTeneHHOro pR.ua HMeeT no KpaM:tteH: Mepe O.UHY oco-
6yIO ToqKy (pa.u11yc cxo,uHMOCTH cTenettttoro psi:.ua 0 < R < oo ). 

8.73. IlycTh psi:.u j(z) = L~=0 a,,z" HMeeT pa,uHyc cxo,u.11MocT.11 R, 

0 < R < oo. Pa3JIO)!(HM cpyttKUmoflz) no CTeneHRM (z - re ia), 0 <r < oo): 

f (z) = L~=0 b11 (z - re;a)" . 

.D:oKa3aTb, '!TO ecm1 lim c.:jTbJr1 = R - r, TO TOY:Ka z =Re ia 6y-
l/~OO 

.ueT oco6oii .UJIR cPYHKUHH j(z). EcJIH )Ke Jim ( efTb,l r 1 > R - r, TO 
11--:,00 

TOqKa z = Re ia - npas11JihHasr. 



CTEITEHHhIE PJI,Abl. PJI,Ahl Jil3 AHAJil1Tl1lJECKI1X <PYHKUI1H 113 

8.74 . .[(oKa3aT& meopeMy IlpuHcxeuMa: ec;rn pa,D,11yc cxo,D,11MOCT11 

p5I,D,a f(z) = I~=o a,, z" paseH 1 11 a" ~ 0, n E N, TO ToqKa z = 1 HBJIH­

eTCH oco6oii: TQqKOH )J,JI5I cPYHKU1111./lZ). 

8.75 . .1J:oKa3aT&, qrn cpyHKU115I j(z), npe.ucrnsrreHHaH pH.UOM 

1 + I~=I (z 2
" I n2

), aHamuwqHa B Kpyre lzl <1 11 HenpepbrnHa nptt 

lzl::;l, HO mo6a5I TOqKa OKPY)KHOCTM lzl = 1 5IBJI5IeTC5I )J,JI5I Hee oco6oi1. 

8.76. IlyCTb b - KOMnJieKCHOe qwcrro, lbl < 1, M nyCTb c - HaTy­

pa.rrbHOe qwcrro, c ~ 2 . .[(oKa3aTb, qTO p5I,D, L~=ob" zc" MMeeT pa,D,11yc 

cxo,D,11MOCTM R = 1 tt qrn ,D,JIH cj:>yHKUttttf(z) = L~=0 b" zc'' Ka)l(,UaH rnq­

Ka oKpy)KHOCTM { z : lzl = 1 } 5IB.IDieTC5I oco6oii:. 

8.77 . .[(oKa3aTb, qrn ecrr11 cj:>yHKUM5I./lz) = L~=0 a,,z" aHa.rrwmqHa 

2(u-Rea) 
B Kpyre { z : lzl < R} M Re fiz) S u, TO I a,, Is 

0 
° , n;::: 1. 

R 
8.78. IlycT& cPYHKU115I fiz) aHa.rrttTttqHa B Kpyre lzl S Ro 11 n(r) -

qwcrro Hyrreii: fiz) B Kpyre JzJ < r <Ro, fiO) = 1. IloKman, qrn rnr.ua 

n(r) S In M(er), er< Ro, M (r) =max J f (z) 1-
l=l=r 

8.79. IlycTb cj:>yHKUM5I fiz) aHa.rrwrnqHa B Kpyre JzJ < R tt B :noM 
Kpyre Re fiz) :::; A (R); noKmaTb, qrn TOr,D,a 

2r 
M (r) s (A(R)- Ref (0))--+ If (0) J, 0 < r < R. 

R-r 
8.80. ITycTh cj:>yHKUtt5If(z) aHa.rrttT11qHa B Kpyre lzl S R,fiO) = 1 tt 

j(z) -::f. 0 nptt z E {izl < R}; noKa3an, qrn B 3TOM crryqae 

-2r 
In I f(z) l;:::--InM(r), I z Is r< R. 

R-r 
8.81. IlycTb {f,,(z)} - nocne.uosaTeJibHOCTb cj:>yHKU11H, aHarr11T11qe­

CKMX B 3aMKHYTOM Kpyre lzJ :::; R < oo. Ilycn TaK)Ke 3Ta nocrre,D,OBa­
TeJibHOCTb CXO)J,MTC5I B npOCTpaHCTBe ~(R), T. e. 

'If E > 0 3N(E) 'l!n;::: N(E), 'lipE N: 

fi:
1
) !,,+,, (z) - !,, (z) J

2 
ds < E . 

.[(oKa3aTb, tJTO rnr.ua rrocne.uosaTenhHOCTh {f,,(z)} cxo.uuTC5I pasHo­
MepHo BHYTPl1 Kpyra Jzl < R. 
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P51,ll; JIOPAHA. 

H30.JIHPOBAHHhIE OCOEbIE TOqKH 
AHAJIHTHqECKHX <I>YHKIJ;HH 

P5In Bttna L~=- a,, ( z - z,, )" , rne {a,, C- - rrocnenoBaTeJlbHOCTh 

KOMITJleKCHbIX q11ce11, Ha3bJBaeTC5I p.ROOA1 JlopaHa c ueHTpOM B 

ToqKe z 0. IIo orrpene11ett1110 p5In Jlopatta cxon11Tc.H, ecnw cxon.HTC.H 

onHospeMeHHO p.Hnh1 L~=0 a,,(z-z,,)" w :L~:_a,Jz-z,,)". TaK11M 

o6pa30M, o6naCTblO CXO)ll1MOCTH p5!,na Jlopatta 5lBJ15leTC5l KOJlb­

uo { z: r < iz - z ol < R}, me 

r= lim ~,R=(lim~r1 , 
11 -4+00 11->+oo 

rrptt ycnostttt r < R. PRp; Jlopatta cxo;:i:11TCR a6coJIIOTHO B KOJibUe 

{ z E C: r < lz - z ol < R}, 11 paBHOMeptto - Ha 111060M KOMrraKTe, 

rrp11ttan11e:>KameM 3TOMY KOJlhUy. Ero cyMMa npe;:i:craBJJ5!eT co6oif 

attamuuqeCKyIO B naHHOM KOJlbUe <PYHKUHIO f(z) = L~=- a,, ( z - z,, )" , 
np11 3TOM 

_ 1 ,,r, f (z)c/z _ 0 + + . 
a,,--

2 
·tii---l-P( )"+1,ll- ,_l,_2, ... , 1<p<R. 

lrl • -o - Z - Z
0 

P.Hn :L~:_a,,(z- z,,)" Ha3b!BaeTC5I 21za6HOU l/acmbJO p.H,na Jlopa­

Ha, a p.Hn L~=o a,, ( z - ::,, )" - npaeilJlbHOLt l/acmbJO p5!na Jlopatta. 

Ka:>Kna.H attam1rnqecKa5! B KOJlbUe { z: r < iz - z al < R} cj:iyttKUl15! 

f(z) rrpencrnBJ15leTC5l B 3TOM KOJlbUe CXO.UlIWHMCll p5!)l0M Jlopatta 

f(z) = L~=-a,,(z - z,,)", rrp11qeM e,nHHCTBeHHbIM o6pa30M. P5!n Jlo­

paHa MO:>KHO rroqJJeHHO n11<P<PepeHu11poBaTh, rrpH 3TOM 

f <k> (z) = L~=-n (n-1) ... (12-k+l) a,, (z-z0)"-k, kEN, 

rrocnentt11i1 p.Hn cxon11TC}l paBHOMeptto Ha mo6oM KOMnaKTe, np11-

ttan11e)l<arueM KOJJLuy { z: 0 < lz - z ol < R}. 
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ITycTb cpyttKurrn f(z) aHaJI11rn 1rna B oKpecrnocrn TO'lKl1 z 0, 3a 11c­
KJHO'leH11eM, 6bITb MO)!(eT, caMOH 3TOH TO'lKl1. Tor.ua B HeKOTOpOM 
KOJlbue { z: 0 < lz - z al < R} cpyHKUHIO fl.z) MO)!(HO pa3JlO)!(HTb B p51.U 

JiopaHaf(z) = L~=~a,Jz- z11 )
11

• 

EcJm K03cpcp11u11eHTbI a11 = 0 np11 n = -1, -2, ... , TO TO'lKY z 0 Ha-
3bIBaIOT ycmpaHu.Mou oco6ou nio'tKou. Ecn11 cymecrnyeT rnKoe k, 
'lTOa_H~:O,a11=0np11n=-(k+ 1), ... ,-(k+l) ... ,TOTO'lKYZo 
Ha3bIBaIOT noJZ10co.M nop51.UKa k. Ecn11 TO'!Ka z 0 He 51BJrneTC51 HH ycT­

paHHMOH oco6oi1 TO'lKOH, HH nOJJIOCOM, TO TaKYIO TO'lKY Ha3bIBaIOT 
cyuwcmeeHHO oco6oii . .[{nH onpe.ueneH115I xapaKTepa oco6oif TO'lKH 
z 0 = oo .UJ151 cpyHKu1111 fl.z) Heo6xo.u11Mo onpe.ueJJ11Tb xapaKTep oco6oi1 

TO'lKH z = 0 .umr cpyHKu1111 g(z) = f( 1 I z). 

TeopeMa Coxo~Koro-BeuepuITpacca. KaKoso 6b1 HH 6bmo 
KOMnJJeKcttoe 'lHCno A (BKJlIO'la51 A = oo), cyruecrnyeT rnKa51 rrocne­
.uosaTenbHOCTb TO'leK { z 11 }, cxo.u51rua51c51 K cymecrneHHO oco6oif 

TO'!Ke Zo cpyHKUHttfl.z), 'ITO limf(z/I) =A. 
fl~OO 

TeopeMa IluKapa (60J11>rnaS1). B CKOJlb yrn.utto MaJIOtt oKpecT­
HOCTH cyruecrneHHO oco6oi1 TO'lKH cpyHKUH51 fl.z) rrpttHHMaeT (H 
rrpttTOM 6ecKOHe'lHOe 'lHCJlO pa3) JlI06oe KOHe'lHOe 3Ha'leH11e, 3a HC­
KJlIO'leHHeM, 6bITb MO)!(eT, O.D,HOfO. 

<l>yHKUI151, aHaJIHTl1'leCKa51 BO BCeH KOHe'lHOH nJJOCKOCTH, Ha3bI­
saeTC51 t{el/OU rjJyHKLfUeLI. 

<l>yHKUH51 Ha3bIBaeTC51 Jllepo.MoprjJHOU, ecntt B KOHe'lHOH ITJlOCKO­
CTH y Hee HeT .n.pyrttx oco6bIX TO'leK, KpOMe ITOJ1IOCOB. 

9.1. ITycTb cpyHKuttHfl.z) aHaJJHTH'lHa B KOJibue {z: 0 < lz - al< r} . 
.[{oKa3aTb, 'ITO TO'!Ka a 51BJl51eTC51 ycTpaHHMOH oco6oi1 TO'lKOH cpyHK­
UHH f(z) Tor.ua H TOJlbKO Tor.a.a, KOf.D,a cyruecrnyeT KOHe'lHbIH 

limf(z). 
::. -w 

9.2. ITycTb cpyHKUtt51flz) aHaJlHTH'lHa B KOJibUe { z: 0 < lz - al < r} . 
.[{oKa3aTb, 'ITO TO'!Ka a 51BJl51eTC51 ycTpaHHMOH oco6oi1 TO'lKOH cpyHK­
U1111 f(z) TOr)la 11 TOJlbKO TOr)la, Kor,na cpyHKUl151 fl.z) orpaHH'leHa B 
HeKOTOpOH OKpeCTHOCTl1 TO'lKl1 a . 
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9.3. IlyCTb cpyHKUI15Ij(Z) aHa.JII1TI1qHa B KOJibUe {z: 0 < lz -al< r). 
)loKa3aTb, 'ITO TOqKa a 5IBJrneTC5I fIOJIIOCOM <PYHKUI111 f(z) TOr,na 11 

TOJibKO TOr,na, Kor.ua lim = oo. 
::. -ta 

9.4. IlyCTb <PYHKUI15Ij(Z) aHaJII1T11qHa B KOJihUe { z: 0 < lz - al < r}. 
)J,oKa3aTh, 'ITO ecJI11 cymecrnyeT KOHeqHhIH lim(z-a)k f(z) ;t:O, TO 

: -4a 

TO'IKa a 5IBJI5IeTC5I ,[(JI5I <PYHKUI111f(z) fIOJIIOCOM rrop5I,UKa k. 

9.5. )J,oKa3aTb, qTQ TO'IKa Zo 5IBmieTC5I fIOJIIOCOM IIOp5I,nKa k <PYHK­

rp(z) 
um1/(z), ecm1 f (z) = k B HeKOTopoif OKpecTHOCTH '.3TOH Toq-

(z - z0 ) 

KI1, r.ue <PYHKUH5I cp(z) aHaJIHTl11IHa B 3TOH OKpeCTHOCTI1 H cp(zo) * 0. 

9.6. IIycTb c}lyttKUH5Ij(z) aHaJIHTH'IHa B KOJibUe {z: 0 < lz - al< r}. 
)J,oKa3aTh, 'ITO ecJIH TO'IKa a ecTb HYJih rrop5I.UKa k .umr cpyttKUHHj(z), 

TO TO'IKa a 5IBJI5IeTC5I rroJIIOCOM rrop5I,nKa k .UJI5I cpyHKUHH 1 I f(z). Ec­

JIH TOqKa a 5IBJI5IeTC5I IIOJIIOCOM nop5I,UKa k .UJI5I cpyHKUHH fiz), TO OHa 

5IBJI5IeTC5I HyJieM nop5I,nKa k .UJI5I <PYHKUHH 1 I f(z). 

9. 7. IIycTh 4>YHKUH5I flz) aHaJIHTwrna B KOJihue { z: 0 < jz - al < r}. 
)J,oKa3aTh, 'ITO ecJIH He cymecrnyeT limf (z), HH KOHe'Itt.b1if, HH 6ec-

:-4a 

KOHe'IHbIH, TO TO'IKa a 5IBJI5IeTC5I cymecrneHHO oco6oif" ,UJI5Ij(Z). 

9.8. )J,oKa3aTb TeopeMy CoxouKoro-Beifepnnpacca .UJI5I QeJioif 

<PYHKI.(HH, HCIIOJib3Y5I TeopeMy JlHyBHJIJI5I. 

9.9. )J,oKa3aTh Ma!ly10 meopeAty IluKapa: ueJia5I cpym<umr fiz), oT­

JIH'IHa5I OT IIOCT05IHHOH, rrpHHHMaeT JII06oe KOHe'IHOe KOMfIJieKCHOe 

3Ha'IeHHe, 3a HCKJIJ0qem1eM, 6hITb MO)!(eT, 0,L(HOfO. 

9.10. )loKa3aTb, 'ITO MepoMop<Ptta5I <PYHKI.(H5I fiz), OTJIH'IHa5I OT 

fIOCT05IHHOH, rrpHHHMaeT JII06oe KOMilJieKCHOe 3Ha'IeHHe, 3a HCKJIIO­

qeHHeM, 6hITh MO:lKeT, .usyx 3Ha'Iem1H:. 

9.11. )J,OKa3aTh, 'ITO JII06a5I ueJia5I cpyHKUH5I, He rrpHHHMaIOIUa5I 

3Ha'-!eHH5I H3 rrpasoH: IlOJIYfIJIOCKOCTH, fIOCT05IHHa. 

9.12. )J,oKa3aTh reopeMy CoxouKoro-BeH:epUITpacca. 

9.13. )J,oKa3aTh reopeMy CoxouKoro-BeH:epUirpacca .UJI5I ToqeK 

HaKOfIJieHH5I IlOJIIOCOB. 

9.14. )J,oKa3aTb 6oJibUIYIO TeopeMy IlHKapa. 
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9.15. ,UoKa3an., '!TO ecm1 TO'!Ka a - cymecrneHHO oco6a51 TO'!Ka 

)l,J151 cpyHKUHH f(z), TO OHa 5!BJI5leTC51 JIH6o cymecrneHHO oco6oii, JIH-

60 HeH30JIHpoBaHHOH oco6eHHOCTbIO .ll,JI51 cpyHKUHH 1 I j(z). 

9.16. HaiiTH MHO)Kecrna Z TO'!eK, B KOTOpbrx CXOMTC.51 pMbI Jlopatta: 

1) "\'~ 2-111 I II. 

~n=-.o Z ' 
2) "" ~ zll . 

L.,,,=-311 + l' 3) "\' ~ 2-112 
( + 1) 11

• 
~11=-00 z ' 

10) "\'~ all • 
~11=0 11+l' z 

11) L~ 1 411 +(-lyi+I 
n=O 2 211 5" 

12) I~ II L~ -11 L~ 1 cz+ c c=c= · 11=0 11 11=1 llZ ' II -11 k=O k !( k)!' .n+ . 

13) "~ ( 1)11 :;r211-1 1 . 14) _1_ + "~ (z + 1)11 • 
L..i11=1 - (2n -1) ! z211-J , z + 1 L.11=1 311 , 

15
) "\'~ n(z -1)" "\'~ (-1)" 1 

L.11=0 211 + L.11=0 4" (z -1)" 

9.17. BhrnCHHTh, )l,orrycKaIOT JIM cJie.ll,y10m11e cpyttKUHH pa3JTO)Ke-

HHe B p51.ll, Jlopatta B OKpeCTHOCTH 3a)l,aHHOH TO'!KH: 

1) j(z) =cos (1 I z), z = O; 2) j(z) =cos (1 I z), z = oo; 

3)j(z) =sec (1I(z-1)), z = 1; 4)j(z) = ctg z, z =oo; 

5)j(z) =th (1 I z), z = O; 6)j(z) = z2 I (sin (1 I z)), z = O; 

7)j(z) = 1 I (sin z- 5), z = oo. 

9.18. ,UoKa3aTb, 'ITO eCJTH cpyHKUH51 f(z) attaJTHTH'!Ha B KOJibUe 

{ z: r < lz - z01 < R}, TO .ll,JI.51 K03cpqmutteHTOB a11 B pa3JIO)KeHHH ee B 

p51.ll, JJopatta crrpaBe.ll,JIHBbI HepaBettcrna Korrrn: 

I I< M -II -O + 1+2 a,, - P p ' n - ' - ' - ' ... ' 

r<p<R,MP= max IJ(z)I. 
1:-:ol=p 

9.19. Dyen, p.51.ll, JJopaHa tteKOTOpoif cPYHKUHH cxo.ll,HTC.51 B 3aMK­

HYTOM KOJTbUe { z: r s lz - zol s R}. ,UoKa3aTb, 'ITO )l,J151 ero K03cpcpH­

UHeHTOB crrpaBe)l,JIHBbl HepaBeHCTBa 
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la11I :'::'. M(r-" + R-"), n = 0, ±1, ±2, ... , 

M - KOHCTaHTa, He 3aBl1C5lll.la5l OT n. 

9.20. DpeJJ.CTaBl1Th p5IJJ. Jlopatta B cpopMe p5I.na cDyphe. 

9.21. DoKa3aTb, qTo <PYHKUl15l ec(:-1! :)n pa3JiaraeTC5l B p5IJJ. Jlopa­

Ha B o6JiaCTl1 { z: 0 < lzl <oo}' rrp11 3TOM 

ec(:-I/ :)/2 = '\'~ a z"' a = -1- r2,,. cos(nrn - csin rn)drn. 
~11= --00 II '1 27Z"JQ 'f" 'f' 'f" 

cDyHKUl15l e"<:-it:l'
2 Ha3bIBaeTC5I 11pou3eooRu1eu .nmr <PYHKU11H Eecce­

JI5l a"(c). DoKa3aTb, qTo K03<P<P11u11eHThI a 11(c) y.nosJiernopmoT 
ypasttemno Eeccemr: 

c 21;(c) +cl~ (c) + (c2-A2 )1;. (c) = 0 

rrp11 ueJioM 11tt.neKce A.= n. l1HTerpan -
1
- r1,,. cos(nrp- c sin rp) drp Ha-

2;r Jo 

3bJBaeTC5l wane2pallo.M Eecce;lfl. 

9.22. DycTb p5I.LlbI Jlopatta L~=-a,, (z - z,.)" 11 L~=-b,, (z - z,, )" 
CXOJJ.5ITC5l B KOJihUe { z: r < lz - Zol < R} K cyMMaM j{z) 11 g(z) COOT­

BeTCTBeHHO. .ll,oKa3aTb, qrn p5IJJ. Jlopatta L~=-c,, (z - z,, )" , rJJ.e 

c,, = L~=-aA,-k, cxo.n11Tc5l B TOM )l(e KOJibUe K <PYHKUI-ni:f(z)-g(z). 

9.23. Pa3JIO)l(l1Th B p5IJJ. Jlopatta rro cTeneH5IM z cJieJJ.yIOIUHe 
cpyHKUHH H yKa3aTb o6JiaCTb CXOJJ.HMOCTH p5I.na JlopaHa: 

l)(z-a)-1
; 2)(z-a)-2

; 

3)(z2 -a2
)-

1
; 4)(z-a) 2 (z-b)-2,a-:f.b. 

9.24. cDyHKUHIO fiz) = ( 1 - z) -I (2 + z) -I pa3JIO)l(HTb B p5IJJ. Jlopatta 
B o6Jiacrnx: 

l){lzl<l}; 2){l<lzl<2}; 3) {lzl > 2}. 

9.25. Pa3JIO)l(HTb no CTerremrM (z - a) B yKa3aHHOM KOJibUe D CJie-
JJ.YIOll.lHe cpyHKUHH: 

l)fiz) = z-'(z- 3)-2
, a= 1, D = {z: 1 < lz- II< 2}; 

2)fiz) = z-2(z2 -9)- 1
, a= 1, D = {z: 1 < lz- ll < 2}; 

3) fiz) = z -2(z + i), a = i, - i E D; 

4)fiz) = z\z + 1)-1(z-2)-1
, a=- 1, D = {z: 0 < Jz + lJ < 3}; 
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S)fiz) = (z 2 -1)- 1(z2 + 4)-1
, a= 0, D = {z: !zl > 2}; 

6) fiz) = z 3 e 11 
z, a= 0, D = { z: Jz! > 0}; 

7)fiz) = z 2 sin (n (z + 1) I z), a= 0, D = {z: lz! > 0}; 

8) fiz) = z 3 cos (1 I (z - 2)), a= 2, D = { z: 0 < Jz - 21}; 

9)fiz) = z-1(1- z)-1ez, a= 0, D = {z: 0 < Jzl < l }; 

lO)fi.z) = z- 1(1 + z)- 1 e(:-ir', a= 1, D = {z: 1<Jz-11<2}. 

9.26. Pa:rnmKHTb B p5I.U JiopaHa s OKpecTHocm z = oo cJie.n:y10nme 
¢YHKUHH: 

1) cos ((z + 1) I z); 2) z 2 sin (l I z); 3) l I (z 2 + l); 

4) z 6 I ((z 2 + l)(z 2 - 4)); 5) e:+:-'. 

9.27. HattTH oco6bre TOqK11 .n:mr ¢YHKUHH, BbUICHHTb 11x xapaK­
Tep, HCCJie.UOBaTb rrose.ueHHe ¢YHKUHH Ha 6ecKOHeqHOCTH: 

l)(z-z 3)-1; 2)(l+z 4
)-

1
; 3)(l+z 2

)-
1
; 

8) (sin z - sin a) - 1, a f. O; 9) e(ig:l-' . 

9.28. IIycTb ¢YHKUI15.!f(z) = .L~=Oa,,z" HMeeT Ha OKpy:arnocm Kpy­

ra CXO.UHMOCTH { z: izl < R} TOJibKO O.UHY oco6y10 TQqKy Zo - IIOJIIOC 

rrepsoro rrop5I.D:Ka . .IJ:oKa3aTb, 'ITO Tor.ua Iim(a,, I a,,+1) = z0 11, rne.uo-
11~00 

saTeJibHO, Jim I a,, I a,,+1 I= R . .IJ:oKa3aTb, 'ITO yTsep)f(.n:eH11e ocTaeTC5l 
11---:,00 

sepHbIM, eCJIH TO'IKa Zo - IIOJIIOC IIOp5.!.D:Ka k. 

9.29 . .IJ:oKa3aTb, 'ITO ecmr Ha 0Kpy)f(HOCTl1 Kpyra CXO.UHMOCTH p5I­

.ua .L~=Oc,, z" = fiz) HMeeTC5l xorn 6br 0.UHH IIOJlIOC ¢YHKUHH fiz), TO 

p5.!.U pacxo.u11Tc5l so scex TO'IKax 3Toi1 OKPY)f(HOCTH. 

9.30. IIycTb ¢YHKUirnf(z) aHaJI11mqHa B o6nacm D = { z: lzl > R}, 
3a HCKJIIOqemreM, 6bITb MO)f(eT, 6ecKoHe'IHO y.uaneHHOH TOqK11. IIp11 

KaKHX ycJIOBI15.!X ¢YHKUH5.! F(z) = r f ci;)c1i; 6y.ueT aHaJJHTH'leCKOH 
-0 

¢yHKUttei1: B o6nacrn {R < lzl < oo}? IIycTb TO'IKa z0 11 nyTh HHTer­
pnposaHHSI JJe)KaT B 06nacn1 D; •no MO)l{HO CK333Th o noBe;::i:eHHH 
F(z) B 6ecK0He11Ho y.uaJieHHOH TO'IKe, 11cxo.u5.1 113 noBe.ueHH5.! ¢YHK­
u1111f(z) B 3TOH TO'IKe zo? 
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9.31. HaH"rn: 0611111H BHJl cpyHKUHH, HMeIOIUeH B pac11rnpeHHOH 

ITJIOCKOCTH TOJibKO CJieJlylOIUHe oco6eHHOCTH: 

1) O)lHH rrpOCTOH ITOJI!Oc; 2) OJlHH ITOJIIOC rrop5!)lKa k; 
3) ITOJIIOC rrop5!)lKa n B TOqKe z = 0 H ITOJIIOC rrop5!)lKa m Ha 6ec-

KOHeqHOCTH; 4) n IlOJI!OCOB rrepBOro I10p5!;::i:Ka. 

9.32. KaKyIO oco6eHHOCTh HMeeT B ToqKe Zo cpyHKUH5! F(z) = 

f[cp(z)], ecJIH cpyttKU:H5! cp(z), He paBHa5! TO)K,D;ecrneHHO HYJIIO, B 3TOH 

TQqKe amUIHTHqHa, a TOqKa so= cp(zo) 5!BJI5!eTC5! ,D;JI5! cpyHKU:HHfis): 

1) ycrpaHHMOH oco6oH TOqKoH; 

2) IlOJIIOCOM rrop5!;::i:Ka k; 
3) cymecrneHHO oco6oH" rnqKoH. 

9.33. ITycTb cpyHKUH5! fiz) B HeKOTOpoH: o6JiaCTH He HMeeT JlPY­

rHX oco6eHHOCTeH, KpOMe ITOJI!OCOB. ,Zl;OKa3aTb, qTQ cpyHKUH5! cp(z) = 

J'(z) HMeeT rrpOCTbie ITOJI!OCbI BO Bcex rromocax cpyHKU:HHfiz) H 
f(z)-A 

BO Bcex ToqKax, B KOTOpbIX fiz) = A, H He HMeeT LlPYTHX oco6eHHO­

CTeM B 3TOM o6JiaCTH. 

9.34. ITycTh cpyHKU:H5! fiz) HMeeT B pacnrnpeHHOM KOMITJieKCHOM 

o6JiaCTH oco6bie TOqKH, 5!BJI5!IOIUHeC5! TOJibKO IIOJIIOCaMH. ,[(oKa3aTb, 

qTo fiz) - paUHOHaJibHa5! cpyHKUH5!. 

9.35. ,Zl;oKa3aTb, qTo mo6a5! MepoMopcpHa5! cpyHKUHH 5!BJI5!eTC5! qa­

CTHhIM OT )leJieHH5! Lt:Byx ueJibIX cpyHKUHM. 

9.36. ,Zl;oKa3aTb, qTQ eCJIH Ka)K)la5! QJYHKUH5!.fk(z) HMeeT B TQqKe a 

ITOJIIOC rrop5!)lKa k, TO cpyHKUH5Ifiz) =-f1(z) + ... + j,,(z) HMeeT B Toq­

Ke a ITOJIIOC rrop5!JlKa n, 1 < k < n . . 

9.37. ITycTb rnqKa a eCTh H30JIHpOBaHHa5! oco6a5! ToqKa cpyHKUHH 

fiz) H B HeKOTOpOH OKpeCTHOCTH 3TOH TOqKH BbII10JIH5!eTC5! HepaBeH­

CTBO lf(z)I < M lz - al-m, rne M, m - rroJIO)KHTeJihHbie KOHCTaHThI. 

,Zl;oKa3aTh, qTo ToqKa a He MO)KeT 6hITh cyw:ecrneHHO oco6oH: JlJI5! 

QJYHKUHHflz). 

9.38. ,Zl;oKa3aTb, lJ:TO ecJIH TOlJ:Ka a 5!BJI5!eTC5! IIOJIIOCOM )lJI5! cpyHK­

UHHfiz), TO )lJI5! cpyHKUHH eflz) OHa 5!BJI5!eTC5! cymecrneHHO oco6oii. 

9.39. ITycTb TOqKa a 5!BJI5!eTC5! cymecrneHHO oco6oH: JlJI5! cpyHK­

u1111 fiz) H rrycTb MP= max Jf(z)J. ,Zl;oKa3aTb, qTo limpkMP =00 

1:-aj=p p->0 

JlJI5! JII06oro k > 0. 
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9.40. CTycTh ToqKa a ecTb 1130JJ11poBaHHaH oco6aH ToqKa .UJJH 

cpyttKUl111 f(z). JJ:oKa3aTb, qTo ecm1 Re f(z) > 0 B HeKornpoi1 oKpecT­

HOCTH ToqK11 a, TO OHa .HBIDieTcH ycTPaH11Moi1 oco6oi1 rnqKoi1. 

9.41. CTycTb {f,,(z)} - rrocne.uoBaTeJibHOCTb aHan11T11qecK11x B 

KOJibUe { z: 0 < lz - al < R} rPYHKUHH, paBHOMepHO CXOJJ:HJ.Ul1XC5l Ha 

K3)!(JJ:0M KOMII3KTe, rrpHH3,UJie)!(all{eM 3TOMY KOJibUy. JJ:oK333Tb, qTO 

eCJIH TOqKa a HBJJHeTCH .UJIH K3)!(JJ:OH cpyHKUHH f,,(z) IIOJJIOCOM rropH.U­

Ka m, TO mm rrpe.uenbHOH rPYHKUHH f(z) ToqKa a 5lBJ15leTCH JJ1160 no­

JJIOCOM rropH,UKa He BbIIlle m, JJ1160 ycTpaHHMOH oco6oi1 ToqKoH. 

9.42. CTycTb <J:>yHKUHH j(z) attaJJ11rnqtta B ToqKe a (a -::/- oo), a .UJIH 

<J:>YHKUHH g(z) 3Ta TOqKa HBJ1HeTC5l cyIUeCTBeHHO oco6oi1. JJ:oKa33Tb, 

qTo .UJJH cpyHKUHH F(z) = g(z)' + f(z)·g(z) rnqKa a TaK)!(e HBJJ.HeTCH 

cyIUecrneHHO oco6oH:. BepHo JJH 3TO yrnep)!(JJ:eH11e, ecn11 a - 6ecKo­

HeqHo y.uaneHHaH TOqKa? 

9.43. CTycTb <J:>yHKUHH a 1(z), a 2(z), .. ., a 11(z) aHan11T11qHbI B TOqKe 

a HJIH MMeIOT B Hett IIOJIIOC, a .UJI5l cpyHKUHM f(z) TOqKa a HBIDieTCH 

cyJ.UeCTBeHHO oco6oi1:. .[{OKa33Tb, qTo JJ:JJH cPYHKUMH 

F(z) = f<"l (z) +a, (z)l"-'l (z) + ... + a,,_J'(z) + a
11 
(z) 

TOqKa a T3K)!(e HBJJHeTCH cymecTBeHHO oco6oii. 

9.44. CTycTb 

F(z) = f<"l(z) + a,(z)f<"-'l(z) + ... + a
11
_J(z) +a

11
(z), 

r.ue <J:>yHKUMM j(z) M a;(z), i = 1, .. ., n, orrpe.ueJJeHbI B 3a.z:i:aqe 

9.43. BepHo n11 yTsep)!(JJ:eH11e, qTo ToqKa a ecTb cyIUecrneHHO 

oco6a.H TOqKa, ecnM a-::/- oo? 

9.45. CTycTb cpyHKUHH a;(z), i = 1, .. ., n, aHan11T11qHhI B TOqKe 

a -::/- oo, 11 3Ta TQqKa .UJJH <J:>yHKUHH j(z) HBJ1HeTC5l cymecrneHHO oco-

6oi1. Ey.ueT n11 rnqKa a cymecrneHHO oco6oii .UJJH <J:>yHKUHH F(z) 3a­

.ua q11 9 .44? 



I'llaea 10 
QEJihIE <l>YHKQHH II P11,Il;hl ,IJ;HPHXJIE 

<PyttKU115I f(z), attaJil1Tl1qecKa5I Ha Bceil: KOHeqHOH flJIOCKOCTH, Ha-

3bIBaeTC51 L/eJ1ou. UeJia5I cPYHKU115I f(z) MO:>KeT JI1160 He ttMeTh HH o.u­

Horo HYJI51, m160 HMCTh HX KOHC'IHOe 'IHCJIO, JI1160 o6Jia,UaTb cqeT­

HhIM MHO:>KecrnoM ttyJieif. B rrepsoM CJiyqae otta npe.ucraBJI5leTC51 B 

BH,Ue 

f(z) = e g(z>, 

BO BTOpOM CJiyqae - B BH.Ue 

f (z) = (z- z,)k'· ... · (z- z,Y"· eg<:J, 

t1ynttf(z), ki, kz,. .. , k,, - KpaTHOCTH 3THX ttyneif. 

Crrpase.un11sa meope,11a Beuepiumpacca: KaKosa 61>1 HH 61>rna cxo­

.U5IIUaHc51 K 6eCKOHeqHOCTl1 flOCJIC.[{OBaTeJibHOCTh ttey61>rna10u111x no 

MO.UYJIIO KOMflJICKCHhIX q11ceJI, Bcerna cyruecTByeT ueJiaSI cPYHKUHH 

f(z), HYJIH KOTOpOH COBrrana10T c qJieHaMH 3TOH flOCJIC.[{OBaTeJibHO­

CTH. 

IIycTh uenasi: cPYHKI.(115! f(z) ttMeeT 6ecKOHeqttoe MHO:>Kecrno tty­

nei1 z 1, z2, .. ., z,,, .. ., z,, I- 0 (Ka:>KllhIH HYJih B1>m11c1>rnaeTcsi: CTOJihKO 

pa3, KaKosa ero KpaTHOCTh), lz,,J ::::; lz11+d, n E N. IIycTh z = 0 5IBJI5leT­

csi: A.-Kparn1>1M ttyJieM cPYHKUHH, rrp11qeM ecn11f(O) I- 0, TO A.= 0. 

11MeeT MCCTO meope-Ha a pa3:70J/CeHUU LfeJ/oit ¢YHKL{UU 6 6ecKO­

He1moe npoweeoemte. JI106a51 uena51 cPYHKUH51f(z) c HYJI5IMH zi, z2, 

... , z,, , ... , MO:>KeT 61>1Tb rrpencrasnetta B s11.ue 

rne g(z) - HCKOTOpa5I ueJia51 cPYHKUI151. 

IIoJIO)KHM M,. =max If(::,) J. fosop51T, qrn ueJia51 cPYHKUH51f(z) 
J:J=r 



L(EJJblE <DYHKUl111 11 P 51)],bl JJ,11Pl1XJIE 123 

11MeeT Ko1-1el/1-1bzu nopROOK, ec1rn cywecrnyeT TaKOe µ > 0, YTO mm 

scex r 2: r0, r0 - cjmKc11posaHHoe q11c110, cnpase.u1111so HepaseHCTBO 

HrDKmui: rpaHh p MHO)!{ecrna q11ce11 µ, y.uoB11ernop,1110w:11x 3TOMY 

HepaseHcrny, Ha3hIBaeTc,11 nopRoKo,11 ue110H: cpyHKU1111 f(z). Ec1111 
.uaHHOe HepaseHcrno He y.uos11ernop,11eTc,11 HH np11 KaKOM µ, TO roso­

, p,11T, qTQ cpyHKUrrn:f(z) HMeeT 6ecKOHe'-ll-lblU nopROOK (p =co). Ilop,11-
.UOK p MO)!{HO BhIYl1CJil1Th no cjJopMyJie 

-
1
.-lnlnM 

p= lffi r 
r-Hoo ln r 

IlycTh cjJyHKUH,11 f(z) 11MeeT nop,11.uoK p, 0 < p <co . f osop,11T, YTO 
ue11a,11 cjJyHKu11,11 f(z) 11MeeT KOHel/Hbzu mun np11 nop,11.uKe p, ec1111 cy­
w:ecrnyeT TaKoe a > 0 , YTO 

H11)!{HIDI rpaHh a MHO)!{ecrna q11ce11 a Ha3hrnaeTc,11 munoM ¢y1-1K­
i1uu f(z). Ec1111 .uaHHOe HepaseHcrno He Bhm011H,11eTc,11 Hl1 np11 KaKoM 
KOHeqHOM a, TO rosop,11T, YTO cjJyHKUH,l!j(Z) HMeeT 6eCKOHel/HblU mun 
(a = co) np11 nop,11.uKe p. 

U:e11a,11 cjJyHKu11,11 f(z) nop,11.uKa p, 0 < p <co, 11MeeT no onpe.ue11e­
HHIO Ml1Hl1MaJihHhlH, HOpMaJihHhIH, MaKCl1MaJihHhlH THIT, eCJIH (J = 0, 
0 < (J < co, (J = co COOTBeTCTBeHHO. Ec1111 0 < p < co, TO THn (J MO)!{HO 
BhIYl1CJil1Th no cjJopMyJie 

-
1
.-lnM, 

<:J= 1m--. 
r->oo rp 

IlyCTh Zi, Z2, ... ' Z11 ,. . . - noc11e.uosaTeJihHOCTh KOMITJieKCHhIX 

YHCeJI, Z1 t- 0, lz11ltco. HH)!{H,11,11 rpaHh 1" MHO)!{eCTBa ITOJIO)!{HTeJihHhIX 
YHCeJI a, y.uos11eTBOp,1!IOW:HX HepaseHCTBY 

L
oo l 

--<oo 
n=l 1- la ' 

~,, 

Ha3hrnaeTC,1! 110Ka3a111e.11eJ11 cxoou.Mocmu 11ocJ1eooeameJ1bHOc111u { z,,}. 
Ec1111 He cymecTsyeT KOHeYHOro a, np11 KOTOpOM BhlTIOJIH,l!eTC,11 He­
paseHCTBO, TO no11araIOT T = co. 
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TeopeMa. IlycTh f(z) - ueJia5! cpyHKUH5! KOHe'rnoro nop5!.lJ.Ka p, 11 

{ z11 } - rrocJie.UoBaTeJihHOCTh ee HyJieH:, z1 -:f 0, lz11lioo; Tor.ua noKa3a­

TeJih T rroCJie.UOBaTeJibHOCTl1 { Z11} MeHbUie 11Jil1 paBeH p. 
IloJio:amM no orrpe)leJieH11IO 

£(.!:..._, k) = (1-.!:.__)exp[!_ + ±(3-)
2 

+ ... + ±(!_)k ]· z11 -:t 0, k EN. 
z11 z,, z11 z11 z,, 

PaccMorp11M ueJiyIO cpyHKU11IO f(z) rrop5!.UKa p < oo c HYJI5!MH zi, z2, 

. . . (z1 -:f 0), lz,, lioo. IlycTh k - Ha11MeHburee ueJioe q11cJio, y.uoBJie­

TBOp51:IOIUee yCJioB11IO 

L~ 1 
--<oo 

11=! 1 lk+l . z,, 

¢yHKU115! F(z) = n:=
1
£(.!:__,k) Ha3hIBaeTC5l KGHOHU'ieCKUM 

zll 
npou3eeoe11ue.111 )J.JI5! ueJioH: cpyHKu1111J(z). 

TeopeMa. IlycTh ueJia5l cpyHKUIDIJ(z) 11MeeT rrop5!.lJ.OK p < oo, 11 zi, 

z2, ... , z11 - ee HYJil1 (z 1 -:f 0), lz11 ljoo, T - rroKa3aTerrh CXO.lll1MOCTH 

nocJie)J.OBaTerrhHOCTH { z11 } . Tor)la KaHoHwrecKoe npomBe)leH11e F(z) 
ecTb ueJia5! cpyHKUH5! nop5!.UKa T, np11qeM, ecrr11 

L~ 1 
--<oo 

"=11 I' ' z" 

TO F(z) - ueJia5! cpyHKU115! nop5!)J.Ka T KOHeqHoro THna. 

TeopeMa I>ope.1rn. IlycTh f(z) - ueJia5! cpyHKU115! KOHeqHoro no­

p5!.lJ.Ka p, { Z11} - ITOCJie)J.OBaTeJihHOCTh ee HyJieH: c IlOKa3aTeJieM cxo­

)J.11MOCTl1 T, z1 -:f 0, lz11 ljoo, k- HaHMeHhuree ueJioe 4HCJIO, Y.llOBJierno-

"~ 1 p5!IOIUee ycJioB1110 L..,
11
=

1
-

1 

lk+i < oo. Tor)la cnpaBe)J.J111Bo pa3JIO)!(eH11e 
z,, 

f(z) = z i. eli <:> n~=IE( _:: ,k), 
-,, 

r)le /z(z) - MHoroqJieH cTeneH11 /z, np11 :noM p = max (h, 1). 
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ITo oITpe.nenemno u:ena51 cpyHKU:115! f(z) ITp11tta.nJie)K11T KJiaccy 

cpyHKU11H [p, 00 ), ecJrn OHa 11MeeT ITOp5I,UOK MeHbllJe p, 11Jil1 ITOPMOK 

p 11 KOHe'!HhIH Tim, f(z) E [p, oo). 

I(eJia5! cpyHKUirnf(z) Ha3bIBaeTC5! t/eJlOU ¢Y1-lK!JUeii 3KCnOl-te1-llJUaJlb­
H020 muna, eCJil1 ee IT0p5!,UOK p < 1 11Jil1 p = 1, M TWIT() - KOHe'!HhIH, 

f(z) E [1, oo). 

I1pe.n:crnBl1M ueny10 cpyHKUl1IO f(z) p5I.UOM 

fir ) 'I\'~ ak k 
\Z = L,k=O k!z . 

<I>yHKUM5I y(t) = I~-o ~~ 1 Ha3hIBaeTC5l ¢Y1-lK!JUeii, acco4uupoea1-l­
- t 

1-1oii no EopeJllo c f(z). 

ITycTh G - orpaHw'feHHoe BhmyKJioe 3aMKHyTOe MHO)Kecrno Ha 

ITJIOCKOCTl1. ITo oITpe.n:eneHMIO onop1-1oii ¢Y1-lK!JUeii MHOJ/Cecmea G 
Ha3bIBaeTC5! cpyHKU:115I 

K(rp) =max Re(ze-;q.o), 0::; rp::; 2:rr. 

ITycTh f(z) - u:enM <PYHKU1151 11 y(t) - cpyttKU115!, accou:11wpoBaHHa5! ITO 

EopeJIIO c f(z). BhmyKJia5! o6onol!Ka MHO)Kecrna oco6eHHOCTei1: cpyttKU1111 
y(t) Ha3b1BaeTC5l conpm1ceHHOU oua2pa.MMOU ¢Y1-lKl/UUj(Z). CoITp5I)KeHHM 
.n:11arpaMMa - 3TO Ha11MeHbII1ee 3aMKH)"fOe BhIIIYKJIOe MHO)KeCTBO, co­
.n:ep)Kaiu:ee Bee oco6eHHocrn cpyttKU1111 y(t). ITo orrpe.n:eneH11IO cpyttKU1151 

h( )
=-!· Inl(f(re;q.o))I O< <

2 (/) Jill , -{/}- 1l, 
r-+oo r 

Ha3hrnaeTC5l UflOUKampucoii pocma ¢y1-1K4uuf(z). 

TeopeMa Ilonua. ITycTh f(z) - u:ena5l cpyHKU:115I 3KCITOHeHU:11aJihHO­

ro Tmrn c 11H.U11KaTpttcoi1: poem h( cp ), D - ee coITp5!)KeHHa5! .n:11a­

rpaMMa, K(cp) - oIToptta5l cpyHKU:115I MHO)Kecrna D . Tor.n:a 
h(cp) = K( - cp). ITycTh F(z) - u:ena5! cpyHKU115!. PH.n: B11,n:a 

~ t:/ F(O) "k 0 z·(z-1)· ... ·(z-k+l), 
L.,= k! 

r.n:e /).k F(O) = F(k)-c;F(k-l)+Cf F(k-2)+ ... +(-!l F(O), H331IBa-

eTC5! u1-11nepnoJ1Rt/UOHHbl.kl pROOM Hbl011W1-la. 
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TeopeMa. I1ycn F(z) - uenaH cPYHKU115! 3KCrIOHeHu11aJJhHoro m­

na, D - ee conp.5n1<eHHaH .z:umrpaMMa, G - o6nacTb Ha KOMnneKCHOH 

nnocKocm { z E C: le z - l I < 1}. EcnH DC G, TO cpyHKU115! F(z) pa3-

naraeTC5! B HHTepnon51u110HHhIH p.51.[( HhIOTOHa 

= 6.k F(O) 
F(z) = Lk=o k ! z · (z -1) · ... · (z -k + 1). 

P.51.U B11.ua L~= 1 a11
e -;. ,, 0 

, r.n:e {a,,} - noCJ1e.n:oBaTeJihHOCTh KOM­

nneKCHhIX q11ce11, a noKa3aTeJIH /..,, > 0 H l'A11lico, Ha3brnaeTC5! pRdoAL 
}JupuxJJe. 

P51L( .IJ:11p11x11e HJil1 BCIO.UY CXO.UHTC.51, 111111 BCIO.UY paCXOL(HTC.51, 11JIH 

cyrueCTByeT TaKOe 411CJIO c, qTo p5IL( .IJ:11p11xne CXO.U11TC5! B no11yn11oc­

KOCTl1 Re z > c 11 pacxo.u11TC5! B no11yn11oc1<ocT11 Re z < c. I1011y­

n11oc1<ocTb Re z > c Ha3brnaeTC.lI 1w!lyn!locKocmb10 cxodu.1110cmu, 
npRMa.51 Re z = c - npRMoit cxodu.Mocmu, BeJil14HHa c - a6ci1uccoil 
CXOdU.il!OCl11U p.51.ua .IJ:11p11x11e. Ec1111 p51,U CXO.U11TC5! BCIO.Uy, TO nonara-

IOT c = - 00, a eCJlH p.51.U BCIO.UY paCXO.UHTC.51, TO nonaraIOT c = +oo. 

ITonynnocKocn Re z > a Ha3bIBaeTC5! 110JJy11JJocKocmb10 a6coJ110m­
Hott cxodw1wcmu pH.n:a .IJ:11p11xne, ec;m p5IJ( .IJ:11p11xne cxo.n:HTC.51 a6co­

JIIOTHO B nonynJIOCKOCTH Re z > a 11 He cxo.n:11TC5! a6conIOTHO B 

nonynnocKOCTH Re z <a. I1p5!Ma.5! Re z = a Ha3brnaeTC.lI npR,\lott 
a6COJll0111HOll CXOdl/JllOCnlU, BeJ1114HHa a - a6ci1uccoi/ a6COJllO/J1HOll 
cxoouMocmu. EcJI11 p.51.U Bc10.n:y cxo.n:11Tc5! a6coJIIOTHO, TO noJiaraFOT 

a = -oo, eCJIH pH.U H11r.ue He CXO.U11TC5! a6coJIIOTHO, TO noJiaraI-OT 

a= +oo. 

Hm1<H5l5! rpaHh T MHO)Kecrna TaK11x 411cen a, qTo B nonym10c1<ocT11 

Re z > a p.51.U cxo.u11TCH paBHOMepHo, Ha3hrnaeTC5! a6ci1uccoil paeHo­
AtepHotl cxodiwocmu pH.ua .IJ:11p11xne. CnpaBe.n:n11Bo cooTHOIDCH11e 

C :'.ST :'.Sa. 

10.1. .[(oKa3an, qTo .UJI.51 Toro, 4T06bI ueJiaH cpyHKUH.51 6b!Jrn 

MHOroqJieHOM, Heo6XO.U11MO 11 .UOCTaT04HO, 4T06hr Haq11Ha5! c He­

KOTOporo r 2: ro BbinOJIH5!JIOCb HepaBeHCTBO 

M,<Ar", M,=maxjf(.:)j, 
/:/=r 

r.ue A 11 q - IlOJ10)!(11TeJibHbie KOHCTaHTbl, He 3aBHC5!IU11e OT r. 
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10.2. JJ:oKa3aTI,, YTO rrop.SI.!lOK p MO)!{HO BbIYHCJlHTb rro cpopMyJJe 

-
1
.-lnlnM. 

p= lffi I 

x->= In r 

10.3. OrrpenemITh rrop.SI.!lOK ueJJbIX cpyHKUHH: 
1) j(z) - MHOfOYJJeH; 2) j(z) = sin z; 3) j(z) = cos z; 
4).f(z) = e'; S)f(z) =ch z; 6).f(z) =sh z; 

7)j(z) = eP(z) ), P(z) = a0z" + a1z"-' + ... +a", ao -:;r:. O; 

8) f(z) = e sin'; 9) fiz) = e cos'; 10) fiz) = e: sin z; 

ll)f(z) = e: cos z; 12)f(z) = e·-. 

10.4. OrrpenemITb nm ueJJbIX cpyHKUHH, paccMoTpeHHhIX B rrpe­
.!lhI.!lymeH: 3anaYe. 

10.5. )J:oKa3aTh, YTO o6o6m.eHHa.SI rrmepreoMerp11qecKa.SI ¢YHKUH.S! 

pF" ( a 1, a1 ,. . ., a,,, /31, /31 ,. . ., /3l/, z) = 
= "'= (a1 )11 ·····(a,, )11 . z

11 

L..11=0 (/3,) (/J ) '' 
1 "· ••• • q ,, n. 

rne (a)11 =a (a+ 1) -. . .- (a+ n), (a)0 = 1, napaMeTphI a1, a2,. .. a", p" 
~2 ,. . ., ~q - rrpoH3BOJlhHhre KOMrrJJeKCHbre YHCJJa, ~j -:;r:. O,j = 1, 2,. . ., q, 

.SIBJJ.SieTC.SI ueJJoH cpyHKu11ei1, ecJJ11 q ~ p. Hai1T11 ee nop.SI.!lOK. 

10.6. JJ:oKa3aTb, YTO cpyHKUH.S! 

F(z) = L~= 1 q"
1 

e;"', k > 1, I q I< 1, 

.S!BJl.S!eTC.SI ueJJOH, HaHTH ee rrop.SI.!lOK. 

10.7. ITycTb a> 0. )J:oKa3aTb, •no cpyHKUH.SI 
-

F(-) - "'= -~­
'- - L.. 11=0 f(l +an) 

ecTb ueJJa.SI cpyHKUH.SI rrop.SinKa l/a. 

10.8. JJ:oKa3aTh, YTO THO CT ueJJOH cpyHKUHH nop.SI.!lKa p MO)!{HO 
BbIYHCJlHTb no cpopMyJJe 

-lnM 
cr=lim--,.. 

r-+oo rP 

10.9. ITycTh P(z) - MHOfOYJJeH. )J:oKa3aTb: 

1) ecJJH j(z) - ueJJa.SI cpyHKUH.SI rrop.SinKa p, 0 ~ p ~ oo, TO 

f(z)·P(z) HMeeT nop.SI.!lOK p; 
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2) ecm1 f(z) - uenaR cpyHKUH5I rrop5I.UKa p, 0 < p < oo, nma CT, 

0 ~CT~ oo, TO cpyHKUH5I f(z)-P(z) HMeeT THIT CT rrpw rrop5I,UKe p. 

10.10 . .UoKa3aTb, qTo ecm1 cpyHKUiur.f(z) = L~=0 a11 z
11 

- u;eJia5I, TO 

rrop5I.UOK p no.ucqwTnmaeTc5I no cpopMyJie 
-
1
.- nlnn 

p= im---
,,_.= I ln I a

11 
II 

10.10.1. .UoK333Tb, qTO cpyHKUHRj(z) = 1 I l(z), r.ue f(z) - raMMa­
QJYHKUH5I 3.Hnepa, eCTb uena5I cpyHKUH5I. I10K333Tb, qTO nop5I.UOK 
p = 1, a THn CT= 00. 

10.11 . .UoKa3aTh, qTO ecJIH cpyHKUH5I .f(z) = L~=0 a11 z
11 

- uenaR 

cpyHKUH5I nop5I,UKa p, 0 < p < 00, TO ee THn CT onpe.ueJI5IeTC5I no cpop­

MyJie 

10.12 . .UoKa3aTb, qTo cne.uymruwe <PYHKUHH ueni,ie, HaHTH nopR-
,n:oK H THn cpyHKUHH: 

1) L~ _(A_z_)"_ A 0 0 , > ,a> ; 
n=O rcan + 1) 

2) :L:~=,(~J; ( J
11/a 

3) L~=' l~in z", a> O; 

( 
1 J11

/a 
5) L==2 -- z11 ,a>O; 

11 nlnn 
II 

6) I::, ~t+a , a > O; 
11 

7) "= ch.[,;, z" . 
L,,11=0 ' n. 

10.13 . .UoK333Tb, qTQ eCJIH cpyHKUH5I f(z) - ueJia5I, TO nop5I.UOK H 
THn cpyHKUHH/(z) paBeH nop.51.UKY 11 mny ee npOH3BO.[(HOH. 

10.14. IIycTb / 1(z) - uena.51 cpyHKUH5I nopR.UKa p, /2(z) - ueJia5I 
cpyHKU115I rrop5I,n:Ka MeHbllie p . .UoKa33Tb, qTQ cpyHKUHH /1(z)f2(z)· H 
j,(z) + fi(z) HMeIOT nop5I.UOK p. 

10.15. IIycTh cpyHKUHH/1(z) w/2(z) - ueni,1e cpyHKUHH o.ri:Horo no­
pR.ri:Ka H THnOB CT1 H CT2 COOTBeTCTBeHHO. IIycTb CT1 < CJ2. 1ho MO)KHO 
CK333Tb 0 rrop5I.UKe H mne cpyHKUHH /1(z)f2(z)· H /1(Z) + /2(z)? 

' 
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10.16. TiycTh cpyHKQ1111 f 1(z) 11 fi(z) - ueJihre cpyHKu1111 O.llHOro 

rrop5I.llKa 11 0.llHOro T11rra. "llTO MO)!(HO CKa3aTh 0 rrop5I.llKe 11 Tl1rre 

cpyHKu11H:j,(z)f2(z)· 11 f1(z) + f2(z)? 

0 "' "= I Ip ,, 1 .17. KaKOB rrop5I.llOK 't'YHKU1111 F(z) = ~n=O a,, z , ecJI11 rro-

P5I.llOK cpyttKIJJm f(z) = L~=0 a,,z" ecTb p? 

10.18. IlycTh f(z) - u:eJia5I cpyHKU:115I KOHeqHOro rrop5I.llKa p 11 11Me­

er 6eCKOHeqHO MHOfO HyJieH Zi. Z2, ... , z,,, ... (z, t 0), lz11 lioo. ,aoKa-

3aTb, qTo ITOKa3aTeJib r ITOCJie,[(OBaTeJibHOCTl1 { z,,} MeHbUie 11Jil1 paBeH p. 

10.19. TiycTh f(z) - u:eJia5I cpyttKU:11H rropH.n:Ka p, 0 < p < oo, KO­

HeqHoro Tl1rra <J, 11 y Hee 11MeeTC5I 6eCKOHeqHo MHOro HyJieH { z,,}' 

z, :f 0, lz,, lioo. ,aoKa3aTh, qTo 

-.- n 
bm-- ~ a-ep. ,,_,=I zlllp 

10.20. IloKa3aTb, qTo KaHoH11qecKoe rrpo113se,[(ett11e 

F(z) = Il~=i £(3-,k) 
z,, 

Y.llOBJieTBopHeT ycJIOBl15IM: 

1) 5IBJI5IeTC5I u:eJIOH cpyttKU:11ei1:; 

2) MMeeT rrop5I.llOK p = r; 

L
= 1 

3) eCJIM 1--< oo, TO nm KOHeqeH. 
11= I 7 Ir 

~II 

10.21. Pa3JJO)!(l1Th B 6ecKoHeqttoe rrpo113senemie cJie.ay10urne 

cpyHKU11M: 

1) sin z; 2) cos z; 3) sh z; 4) ch z; 5) e 0 z - ebz; 6) ch z - cos z. 

10.22. Hai1:T11 HYJIM cpyttKU:M11 e"- -1 11 rroKa3aTb, qro 0H11 He 

11MeIOT KOHeqHoro ITOKa3aTeJIH CXO.lll1MOCTl1. 

10.23. IloKa3aTb, qrn cpyttKU115I EecceJI5I 

= (- l)" z211+1· 
J (7)=" v>-1 

,. ~ ~ 11=0 2211 +'· n !r(v + n + 1)' ' 

5IBJI5IeTC5I ueJIOH, HaHTl1 rrop5I.llOK 11 Tl1IT cpyHKUM11. ,aoKa3aTh, qTo 

J,.(z) 11MeeT 6ecKotteqtto Mttoro ttyJieii, 11 see ee ttymr - sew,ecT­

BeHHbie qHcna. 
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10.24. )J;oKa3aTb, qTQ cpyHKUH5! F ( z) = rr:=I (1 + z I e") - ueJia5!, a 

ee rrop5!.L\OK p = 0. 

10.25. )J;oKa3aTb, qTQ cpyHKU115! F (z) = rr:=I (1+zI11(5) - uena5!, 

ee rrop5!.L\OK p = 1 I a, cr > 1. 

10.26. IlyCTb ueJia5! cpyHKUH5! f(z) HMeeT rrop5!.L\OK p, 0 < p < 00. 

)J;oKa3aT1, qTo ecn11 p He u:enoe, TO rrocneL(oBaTeJI1HocT1 A-ToqeK 

11MeeT rroKa3aTeJib CXOL\HMOCTH LA = p rrp11 mo6oM A. Ern11 p - ue­
noe, TO LA = p L(JI5! Bcex A, 3a HCKJIIOqeHHeM, 6bITb MO:>R:eT, OL\HOfO 
3HaqeHH5! A. 

10.27. HailTH HCKJIIOqHTeJI1Hoe 3HaqeHHe L(Jl5! cpyHKU:HH 

f(z) =sin z ·e ~
1 

(cM. rrpe.L\bIL\YlilYIO 3a.L(aqy). 

10.28. )J;oKa3aTb cJJe.L\yIOlllYIO meopeMy eouHcmeemwcmu OJ/R 14e­
J1bZX rPYHKlfUU. IlyCTb ueJJa5! cpyHKUH5! f(z) HMeeT rrop5!.L\OK He 
6oJJbllle p. EcJJH cpyHKUH5! f(z) o6palllaeTC5! B HYJJb Ha rrorneL(OBa­
TeJJ1HocT11 { Z11} c IlOKa3aTeJleM CXOL(HMOCTH L > p, TO f(z) = 0. 

10.29. IIycTb ueJJa5! <PYHKUH5! f(z) HMeeT rrop5!.L\OK He Bbillle p, 
HJIH rrpH I10p5!L(Ke p THIT He Bblllle CT. )J;oKa3aTb, 'ITO eCJlH cpyHKUH5! 
f(z) o6palllaeTC5! B HYJJb Ha rrocJJeL10BaTeJI1HocTH { z"}, 11 rrpH 3TOM 

- n 
Jim--> crep, 
"-+""'I z,, Ip 

TO f(z) =: 0. 

10.30. IlycTb 0 < lzil ~ lz2I ~ ... ~ lz"I < 

H rryCTb ueJJbie P11 TaKOBbl, 'ITO I::=! (;, r· < 00 

0 < r < oo, lz 11 1 = r11 • )J;oKa3aTb, 'ITO rrpoH3BeL(eHHe 

rr:=IE(: ,p" -1)= rr:=l(1-~)x 
..... ,, "vii 

lim I z11 I = +00 
, 

11-700 

rrpH mo6oM r, 

xexp(~+~(-;-)
2 

+ ... +~(-;-)p,, -Il 
zll "11 P" .... II 

5!BJl5leTC5! ueJJOH cpyHKUHeti, KOTOpa5! HMeeT HYJJH TOJlbKO B TO'IKaX 
{ Z11}. 
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10.31. .[(oKa3aTb TeopeMy o pa3JIO)Kemrn: ueJIOH cpyttKU1111 s 6ec­

KOHe'IHOe npoH3senemte. 

10.32 . .[(oKa3aTb TeopeMy Eopem1 o pa3JIO)Kett1111 ueJioi1: cpyttKUHH 
s 6ecKoHe'IHoe npo113senem1e. 

"'\'~ z" 
10.33 . .[(oKa3aTb, 'ITO cpyHKU11.5I L..11=0 s , a > 0, np11HaL{Jie-

(n +a) n! 

)KHT KJiaccy [ 1, 00]' T. e. ueJia.5! cPYHKUl1.5I 3KCilOHeHUHaJibHOro rnna, s 
- mo6oe semecrneHHoe 'IHCJIO. 

10.34. IIycTb cPYHKUHR g(t) E C[a, b ] . .[(oKa3aTb, 'ITO cpyHKUHR 

f(z) = f be; : , g(t)dt npHHaL{Jie)lnfT KJiaccy [1, oo). 
(/ 

10.35 . .[(oKa3aTb, 'ITO cpyHKUl1.5I f(z) 113 npenh1nymei1: 3ana•m npH 
z--+ oo no semecrneHHOH oc11 crpeMHTCH K ttymo. BhrnecT11 0Tc10na, 
'ITO cpyHKU11H /(z) 11MeeT 6eCKOHe'IHO MHOro HyJieH. 

10.36. IlycTb cpyHKUHH f(z) E [p, oo), cp(z) E [p, oo), Z1, Z2, ... -

HYJIH f(z) KparnocTH mi. m2, .... <l>yHKUHH cp(z) HMeeT Te )Ke HYJIH 
(MoryT 6bITb H L{pyr11e), KpaTHOCTeH He MeHbllle m1, 1112, ••.. .[(oKa-

3aTb, 'ITO cpyHKUHH F(z) = cp(z) I f(z) E [p, oo). 

10.37 . .[(oKa3aTb, 'ITO ecJIH f(z) = A / 1(z) + B f 2(z), TO cpyHKUHH, 
accouHHposattttaR no EopeJIIO c f(z), y(t) = A y1(t) + B y2(t), rne 
y1(t), Y2(t) - cpyHKUHH, accou1111posaHH01e no EopeJIIO c cpyttKUHHMH 
f1(z),J2(z). 

10.38. HaH.rn y(t) LlJIH cJieny10m11x cpyttKu11i1:: 

1) Ae "'; 2) sin z; 3) cos z; 4) sh z; 5) ch z. 

10.39. HaH:rn y(t) L{JIH KBa3HnOJIHHOMa 

P( ) 
"'\'k ,, __ 

Z = L..;=J A;e ·- , A;=;t: 0, 

r.ue d;, i = 1, 2, ... , k , - seplIIHHhI BhmyKJioro MHoroyroJibHHKa D . 

10.40. HaH:rn onopHoie cpyHKU1111 .UJIH Kpyra { z: lzl < cr} 11 L{JIH OT­
pe3Ka [- cri, cri], cr > 0. 

10.41. .[(oKa3aTh, 'ITO ecJIH K(cp) - onoptta.5! cpyHKUHH MHO)Kecrna 
- -

G, ro onoptta5.I cjJyHKUH5.I GE ecTb K(cp) + £ , me GE - £-pacw11-

pett11e G. 
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10.42. Jl,oKa3aTh, qTO onopHa5I cpyHKUH5I K( <p) - HenpephrnHa5I 

cpyHKUH5I . 

10.43. Jl,oKa3aTb, qTQ eCJIH onopHbie cpyHKUHH BhinYKJihIX MHO­

)KCCTB paBHhl, TO H caMH MHO)KCCTBa paBHhl. 

10.44. HaM:rn conp5I)KCHHhie ..QHarpaMMhI ..QJI5I cne.uy10rmrx cpyHK­

UHH: 

1) Ae 0 ' ; 

6) ch z; 

2) sin z; 3) cos z; 4) cos z · cos (iz) ; 5) sh z; 

7) j(z) - KBa3HnOJIHHOM. 

10.45. Jl,OKa3aTh, qTO ecmrf(z) - uena5I cpyHKUH5I 3KCnOHCHUHaJib­

HOro THna, y(t) - cpyttKUIDI, aCCOUHHpOBaHHa5I no EopeJIIO cj(z), TO 

f(z) = - 1
-. ~ y(t) e:.1 dt , 

2m c 

r.ue c - )KOp,LlaHOB cnp5IMJI5IeMbIH 3aMKHYThIH KOHTyp, OXBaTbIBaIO­

IUHH conp5I)KCHHYIO ..QHarpaMMY D cpyHKUHH j(z). 

10.46. IlycTh j(z) - cpyHKU:HH 3KcnoHeHUHaJihHOro THna, D - co­

np5I)KCHHa5I ..QHarpaMMa, H K( cp) - ee onopIW5I cpyHKUH5I. Jl,oKa3aTh 
ou:ettKy: .L\JI5I n106oro e > 0 cnpaBe.z:i;JIHBO ttepaseHCTBO 

If (re;rp) I< A(E)e[K(-rp)+EJr. 

10.47. IlycTh y(t) - cpyHKU:HH, accouHHposaHHaH rro Eopemo c 

cpyHKUHCH j(z) 3KCIIOHCHUllaJihHOro Tttna. Jl,OKa3aTb, qTQ B nony-

nJIOCKOCTll Re (te;qi0
) > h( (/Jo), r.ue h( <p) - ttH.L\HKaTpttca poem j(z), 

y(t) eCTh aHaJIHTYJqecKa5I cpyHKU:H5I H crrpase.z:i;JIHBO npe.ucmsJieHtte 

y(t) = J f(z)e-:'dz, 

ttHTerpan 6epeTC5I no nyqy arg z = <p0. 

10.48. Jl,oKa3aTh meope.111y llo!lua: nycTh cpyHKUH5I f(z) - uenaH, 

3KcnoHeHuHaJihHOro Tttna c ttH.UHKaTpttcoM: poem h(<p), D - conp5I­

)KCHHa5I .nttarpaMMa, K( cp) - onoptta5I cpyHKUH5I MHO)Kecrna D ; TOr..Qa 

h(cp) = K(- cp). 

10.49. Jl,oKa3aTh CBOHCTBa HH.UttKaTpHChI poem h(cp): 

1) HerrpepbIBHOCTh; 

2) maxh(q;i) =CJ (CJ= Jim~); 
k -+ O<I 

3) h(cp)?. - cr. 
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10.50 . .D:oKa3aTb, qrn .rum cpyHKUHH f(z) = sin z crrpaBe.UJIHBhI co-
OTHorneHmr: 

1) h(cp) =!sin cpl; 

2) !sin zl < e h(<p) r; 

3) !sin zl > A(E) e h(<p),. BHe OKpeCTHOCTeH 

lz - knl < E, k = 0, ±1, ±2, .... 

10.51. HattTH HH.UHKaTJ)HCbI pocn CJie.uyl{)m,Hx cpyHKUHH: 

1) e z; 2) sin z; 3) cos z; 4) sh z; 5) ch z; 6) e:" ; 7) e z + z 2. 

10.52. IIycTb ueJia5! cpyHKUHR f(z) HMeeT HH.UHKaTJ)Hcy pocTa 
h(cp). Orrpe.ueJIHTh HH.UHKaTpHcy pocTa cpyHKUHH F(z) = P(z) + f(z), 
r.ue P(z) - MHoroqJieH. 

10.53. HaiiTH HH.UHKaTpHcy pocTa h( cp) ,UJI5! KBa3HIIOJIHHOMa. 

10.54 . .D:oKa3aTb, qrn 6ecKoHeqHoe rrpomBe.ueHHe 

h(z)= n- (1-~J O<A. ioo lim~=cr<oo •=' l ..1z , , , ,__,_ -1, 

1) eCTb cPYHKUH.sJ: 3KCIIOHeHUHaJibHOro THrra; 

2) HH.LU1KaTpHca pocra: h(cp) = 1w !sin cpl, 0 ~ cp ~ 2n. 

10.55. IIycTb fl.z) - ueJia.sr cpyHKUH.sr 3KcrroHeHUHaJihHOro THrra 11 
y(t) - cpyHKUH5!, accouHHpoBaHHa5! rro Eopemo c fl.z) . .D:oKa3aTb, qTo 
.u11.sr cpyHKUHH f 111

l(z) accouHHpoBaHHa5! c He!{) rro EopeJII{) cpyHKUH5! 
HMeeT BH.U 

t111y(t)-t111-1f (O)-tm-2 j'(O)- ... - fc111-1J (0). 

10.56. IIycTb D- corrp5!:>KeHHa5! .u11arpaMMa cpyHKUHH f(z) . .D:oKa-

3aTb, qTQ HH,lJHKaTpHCbI pOCTa cpyHKUHH f(z) H ee rrpOH3BO.lIHOH J'(z) 
COBIIa,Ual{)T, eCJIH HaqaJio KOOp.UHHaT eCTb TOqKa HJIH BHyTpeHH5!.sJ: 

- -
.UJI5! D, 111111 BHernH5i5J: .LIJI5! D, HJIH rpaHHqHa5! .um D, He 5!BJI5J:l{)m,a5!C5! 

BHYTpeHHeif ToqKoif orpe3Ka, BXO.lJ5!Ill,ero B cocTaB rpaHHUhI D . 

10.57. IIoKa3aTb, qTQ ycJIOBHe Ha corrp5!:>KeHHYI{) .UHarpaMMY D B 
rrpe.uhr.uym,eii 3a.uaqe 5!BJI5!eTc5! cymecrneHHbIM. 

10.58. IIycTb F(z) - ue11a51 cpyHKUH5J: 3KcrroHeHUHaJibHoro THrra, 

D- ee corrp5!)KeHtta.sr .uttarpaMMa . .D:oKa3aTb, qro ec1111 D c G, 06-
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naCTh G = { z: le z - l I < 1}' TO cpyHKUIHI F(z) p3311araeTC5! B HHTep­
IlOJUIU110HHhltt pR;:i: HhIOTOHa 

_ t:! F(O) 
F(z)=,L, .0 k! z(z-1) ... (z-k+I). 

10.59. ,UoKa3aTh erue ontty meopeMy IloJZua: nycTh uenaR cpyttK­
umr F(z) ecTh cpyttKUlrn 3KcnoHettu11anhHoro THna, 11 conpmKettttaR 

;:i:11arpaMMa D c G (G = { z: le z - l I < 1} ). Ecn11 F(k) - uenh1e q11cna, 

k = 0, 1, 2, .. ., rn F(z) - MHoroqnett. 

10.60. PaccMoTp11M cpyHKUHIO f(z) = e z 
1
"
2

• He npoT11Bopeq11T n11 
3TOT np11Mep TeopeMe IIon11a, TaK KaKflk) = 2 k? 

10.61. IIoKa3aTh, qrn ecn11 pR;:i: ,U11p11xne L~=I a,,e-"":, 0 < A.,,i oo, 

CXO.IJ:l1TCR B TOqKe Zo, TO: 
1) pRJl cxon11TCR B nonynnocKOCTH Re z >Re z0; 

2) B Ka-/K}lOM ceKTOpe larg(z-zo)l~8<n:/2 CXO}ll1TCR paBHOMepHO. 

10.62. ,UoKa3aTh, qTo ecn11 pR.ll ,U11p11xne cxo;:i:11TC5I a6conIOTHO B 
TO'iKC z = zo, TO OH CXO.lll1TC5I a6coJIIOTHO 11 paBHOMeptto B no11y­

IlJ10CKOCTl1 Re z :'.".: Re z0• 

10.63 . .IJ:oKa3aTh e,n11HCTBeHHOCTh pa3JIO)J(eH115I B pH.LI .IJ:11p11xne, a 

11MeHtto: ecn11f(z) = L~=1 a,,e..1,,~ 11 flz) = L~=1 b11 e-..1"~, TO a,,= b,,, 

n = 1, 2, .... 

10.64. IIp11secrn np11Mep p5Ina ,U11p11xne, KOTOphIH: 

1) CXO,Lll1TCR Ha scei1 IlJ10CKOCT11; 

2) BCIO.IJ:Y pacXO,L111TC5I; 

3) nnR Hero cymecrnyeT KOHeqttaR a6cu11cca cxon11MocT11. 

10.65. IIp11secrn np11Mep pR,Lla .IJ:11p11xne, KOTOphri1: 

1) CXO}ll1TC5I a6COJ1IOTHO Ha BCeH IlJ10CKOCTl1; 

2) a6conIOTHO pacxo;:i:11TCR BCIO.lly; 

3) }lJ15I Hero cymecrnyeT KOHeqttaR a6cmi:cca a6conIOTHOi1 cxo­
Jll1MOCT11. 

10.66. Hai1T11 MHO)J(ecrno ToqeK cxo.u11MOCT11 cne.uyJQm11x pR.uos: 

(-1) 11
11.: 

1) ""'~ e-"-e"-J;;:. 2) ""'~ _e -· 3) ""'~ e- 11'(e 11':+e- 11
':). 

~11=0 ' ~11=1 2 ' ~11=0 ' 
II 
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7) '"" 00 ei":. 
L..tu;;;:l 2 ' 

11 

10.67. HaihH o6nacTH cxo,n:HMOCTH cne.uy10uu1x pMOB: 

1) L~=Jn2 +n3)(e": +e-i":); 2) '"" 00 (e;,,': -e-;"'=)· 
L..11=1 ' 

3) '""00 T"(ei11: +e-i"=)· 
~11=! , 

10.68. IloKa3aTb, qTo .umr a6CUHCC npOCTOM, a6coJIIOTHOM H paB­

HOMepHOM CXO,UHMOCTH (c, a H T COOTBeTCTBeHHO, CM. crp. 126) 

cnpaBe,nJIHBbI HepaBeHcrna c :=:; -r :=:; a. 

10.69. IloKa3aTb, qrn ecntt limn/ A.
11
= h, TO a - c :=:; h (a H c - CM. 

ll-'tOO 

10.68). 
10.70. 11puBeCTH npHMep p.sr.n;a, )l;JISJ KOTOporo a - c = h (a H c -

CM. 10.68). 

10.71. ,UoKa3aTb, qTQ eCJJH h = 0, TO a6cu:Hcca CXO,UHMOCTH c MO­
)KeT 6hITb Bb1q11cnetta no cpopMyne 

c = lim ln I a
11 
I I A,,. 

u-too 

10.72. Hai1TH a6cuttcch1 cxo,n11Mocrn, a6conIOTHOH 11 paBHOMep­
Hoi1 CXO,UHMOCTH p5I,Ua ,U11p11x11e: 

1) '""00 _1 e-:11. 2) '"" 00 _1 e-:11. 
L...11=1 1!2 ' L...11=1;;;, ' 

4) '""00 e_") e-11':. 5) '"" oo (-1)" e-:1n11. 6) '"" 00 (-1)" e-:ln11. 
L..u=l ' .L...11=1 ' L..u:;:;:I ' 

Tl 

7) '"" 00 
_!_e-:ln11. 8) '"" 00 (-1)" e:-lnln11. 9) '"" 00 e-"' e-11':. 

L..u=I 1 ' L..u=l ' .L...11=1 
I! Tl 

10.73. ,UoKa3aTb attanor ttepaBettcrna Koum .UJJ5I K03cpcp11utteHTOB 

CTeneHHoro p5I,na. IlycTb fi.z) = L~=I a
11
e-;." =, 0 < A. joo, a6cuttcca a6-

conIOTHOH CXO.UHMOCTH a < +oo. ,UoKa3aTb, 'ITO 

la 11 l~M(x)e''-•',x>a,112'.l,M(x)= sup IJ(x+iy)I. 
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10.74. l1ycTh fiz) = L~=I a
11
e-"": , 0 <A. joo, a6cm1cca a6co1nornoH: 

CXO,IU1MOCTJ1 a < + oo . .IJ:oKa3aTb, qTo 

all = lim_!_ r f (z)e"":dy, n = 1, 2, ... , z = z + iy , x >a, 
T ---tQO T to 

r.ue t0 - HeKoTopoe cp11Kc11poBaHHoe Bell:lecrneHHoe q11cJJo. 

10.75 . .1J:oKa3aTb aHMOr TeopeMbI JlMyBHJJJJJI: ecJJ11 p5I.U .lJ:wpmUie 

"'""' ~ a e--<,,: cxo rr11TC5I BO BceH: nJJOCKOCTH 11 L...iu=l 11 µ.. 

fl ) L
~ -,l -z = a e .. -
11 = 1 II 

y.UOBJJernop5IeT ycJJOBHIO sup I f(x+ iy) I< Ae" 1
-'

1
, A , a - nOJJO)KM-

TeJlbHbie KOHCTaHTbl, Tofiz) = "'""' . < a e - .< ,, " ' 
L...J A,,-U fl 

10.76. ITycTb A. 11, n = 1, 2, -·· · - KOMnJJeKCHbie qwcna • .IJ:oKa3aTb, 

qTo MHO:>KeCTBO TO'IeK a6co;uoTHOH cxo.nttMOCTH pH.ua 

"'""'~ a e"": BbinYKJIO . 
.L..Ju : J II 

10.77. l1ycTb M - MHO:>Kecrno ToqeK a6coJJIOTHOM cxo,uHMOCTH 

pH.ua L~= I a
11
e - .<,,: 11 D - OTKpbITa5I o6JJacTh, cocT05lllla5l H3 BHYTpeH-

tt11x T01leK MHO)KeCTBa M . .IJ:oKa3aTb, qTo p5I.U L~=I a
11
/· .. : BHYTPl1 D 

cxo.u11TC5! paBHOMeptto 11 cyMMa p5!.Ua B 06nacT11 D - aHMHTwqecKa5! 

ci>YHKIIH5!. 

10.78. l1ycTb l"-11lioo H Jim Inn/ I A.
11
I=H< 00 • .1J:oKa3aTb, 'ITO ecmr 

11 -+ oo 

p5!.U L~= I a
11
e;.,,: cxo.u11TC5! B 06nacT11 D, To: 

1) B T01!Ke Zo E D 11 y.uaJJeHHOM OT av Ha paCCT05IHI1e 60JlbIIIe 

H, p5!.U cxo.u11TC5! a6coJJIOTHO; 

2) eCJ111 p5!.U CXO.UI1TC5! BO BCeH CTJJOCKOCTM, TO OH CXO.U11TC5! 11 

np11TOM a6COJJIOTHO; 

3) eCJJl1 H = 0, TO OTKpbITa5! o6JJaCTb CXO,U11MOCTJ1 p5!,Ua COBrra­

.uaeT c OTKpbITOH o6nacTbfO a6coJJfOTHOH cxo.u11MOCT11. B 3TOM CJJy­

qae OTKpb1Ta5! o6JJaCTb CXO,UHMOCTl1 - BbinYKJia5!. 



UEJTbfE i:DYHKUYIYI YI P5l)J,bl )J,YIPYIXJIE 137 

10.79. Tip1rnecrn rrpHMep p5!.D.a L~= 1 a,, e;.,,: , 0 < l"-d :S l"-2! :S ... , 
-Inn 

iiml A. I= oo, Jim-= H < oo , 0611acTb CXO.D.HMOCTH KOToporo 
11-+oo II 1!-4'0<> I A.,,1 

a) He 5IBmieTC5I IIJIOCKOCTbIO; 6) He .5!BJI.5!eTC.5! IIOJIYIIJIOCKOCTbIO. 

10.80. Orrpe.uenHTh 0611acTb cxo.D.HMOCTH p.51.D.a 

'"' ~ /',,: A sin(aA.)sin(iaA) 
L..n=I h'(A.,, ), h( ) = ,f , a> 0, 

n - HYJIH h(A.), I A."j <I A11+d , n EN. 

10.81. I1oKa3aTh, qTo .D.JI.51 p.51.LJ.OB I~=i a,,/'": c KOMIIJieKCHhIMH 

rrOKa3aTeJI.5!MH A." 

TeopeMa e.D.HHCTBeHHOCTH He HMeeT Mecrn. PaccMoTpeTb rrpHMep H3 
npe.D.bI.D.ym:eH: 3a.uaq11_ 

10.82. IIycThj(z) aHaJIHTHqHa B 3aMKHYTOM Kpyre jzj :SR H HMeeT 

(no MeHbrueH: Mepe) n Hynett: a i, a 2, . .. , a 11 B OTKpbITOM Kpyre jzj < R. 
L(oKa3aTb, qTo ecmrflO) =f. 0, TO cnpaBe.umrno HepaBeHcrno 

R" M(R) 
----:-:=;--, M(R)=maxlf(z)I. 
la1·a2 · • • • ·aJ f(O) l:l=R 

10.83. L(mr 3a.D.3HHOro p: 0 :S p :S +oo ITOCTpOHTb uenyJO cpyHK­

UHJO rrop.51.D.Ka p. 

10.84. L(JI.51 3a.D.aHHbIX p (0 :S p :S +oo) H 0 (0 :S 0 :S +oo) IIOCTpO­

HTb uenyJO cpyHKUHIO nop5!.LJ.K3 p M TMrra 0. 

10.85. L(oKa3aTh, qTo ecnw j(z) - uena.51 cpyHKUH.51 H Re flz) :S c, 

(c - KOHCTaHTa), TO flz) = const. 

10.86. TiycTb ueJia5I cpyHKUM.51 j(z) HMeeT nop.51.D.OK p (0 < p < CX) ), 

p - He uenoe. L(oKa3aTb, qrn .D.JI.51 mo6oro A E C rroCJie.D.oBaTeJih­

HOCTh A-ToqeK cpyHKUHHj(z) HMeeT IIOKa3aTeJib CXO.D.MMOCTM p. 

10.87. Tiycn.flz) - u,e11a51 cpyHKu,mr rrop5I.LJ.Ka p (0 < p < oo), p - He 

u,e11oe. L(oKa3aTb, qTo cpyHKUH.5!f(z) HMeeT 6ecKOHeqHo MHOro Hy11eH:. 



I'JW8ll 11 
AHAJIHTHqECKOE IlPO,I..l;QJI)KEHHE. 

MHOr03HA qHhIE <l>YHKQHH 

ITycn, cpyHKUHHj(z) orrpe)leJieHa Ha MHO:>Kecrne E c C, cpyHKUHH 

F(z) HBJIHeTCH O.llH03HaqHoi1 aHaJIHTHqecKOH cpyHKUHeH B o6JiaCTH 

D C C, E C D, II F(z) = j(z) )lJIH scex z E £. Tor)la cpyHKUHIO F(z) 

Ha3bIBaIOT QH(JJfU/11Ul/eGKUM npoOO!/JICeHue1H cpyHKUHH f(z) c MHO:>Ke­

CTBa E Ha o6JiaCTh D. B CHJIY TeopeMhr e)lHHCTBeHHOCTH, ecJIH MHO­

:>KeCTBO E HMeeT rrpe,lleJihHYIO ToqKy, Jie:>KaruyIO B D, TO aHaJIHTHqe­

CKoe rrpo)lOJI:>Kem1e F(z) cpyHKUHHj(z) H3 MHO)Kecrna EB o6JiaCTh D 
e)lHHCTBeHHO. 

<f>yHKUHHj(x) )leHCTBHTeJibHOro rrepeMeHHOro x Ha3bIBaeTC5I QHQ­

.11umu•1eCKOit Ha immepea,w (a, b) ,[(ettCTBHTeJihHOH npHMOH, eCJIII 

,llJI5I JII06oro Xo E (a, b) cpyHKUHIO j(x) B OKpeCTHOCTH TOqKH Xo MO:>K-

HO rrpe,llCTaBIITh B BH)le CTerreHHOro p5I)la 

'°'~ k f(kl(xo) 
j(z) = L.k=Oak(x-xo) , ak = k! . 

Ecm1 cyruecrnyeT cpyHKUHH F(z) KOMIIJieKcHoro rrepeMeHHoro z, 

KOTOpaH aHaJIHTHqHa B o6JiacTH D c C, o6JiaCTh D co)lep:>KHT HH­

TepBaJI (a, b) )leHCTBHTCJihHOH rrp5IMOM H Ha (a, b) cpyHKUH5I F(z) 
COBIIa)laeT c aHaJIHTHqecKOM cpyHKUHCH fix) )lCMCTBHTeJihHOro rrepe­

MCHHOro x, TO F(z) Ha3bIBaeTcH aHaJIHTHqecKHM rrpo)lon:>KeHHeM c 

)lCMCTBHTeJihHOM rrp5IMOH. 

ITycTh cpyHKUHH f 1(z) aHaJIHTHqHa B o6JiaCTH D1, D" - rnKaH 06-

JiaCTh, qTQ D1 n D2 f. 0; rnma JIII6o He cyruecrnyeT HHKaKOH cpyHK-

UIIII, aHaJIHTHqecKOM B D2, COBIIa)laIOwei1: c f1(Z) Ha D1 n D2, JIII6o 

cywecrnyer TOJibKO O)lHa TaKa5I cpyHKUII5I f2(z), II TOr)la f2(z) Ha3hI­

BaIOT Henocpeoc1116eHHb1.11aHa.wmu•JecKuM11pooo.1;;1cem1e.11 rjJyHKi1uu 
f1(z) H3 D1 B D 2. AHaJiorwrno, j 1(z) B 3TOM CJiyqae HBJIHeTCH Herro-
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cpe.ucrneHHhIM aHaJil1TI1'IeCKl1M npo.uon)!(eH11eM cpyHKU:1111f2(z) 113 D2 

B Di, 11 Ka)!(,Ua51 H3 3THX cPYHKU:HH tta3bIBaeTc51 3Jie.J\teHmo.M aHaJLumu­
<teCKoit rjJyHKi{UU 

ilycTh cpyHKUHH fi(z) H f2(z) aHaJIHTHY:Hbl COOTBeTCTBeHHO B 06-

nacrnx Di H Dz, H Di n D2 = D'i2 u D"i2· ,[(n51 Bcex TOY:eK z E Di2 

fi(z) = f2(z), a B o6nacrn D"i2 cpyttKUHHj,(z) 11f2(z) pa3JIHY:Hbl. Tor.ua 

B o6nacTH b = D, U D 2 \ 151~ onpe.uenetta attaJIHTHY:ecKa51 cpyttKUH51 
A 

F(z): 

A A 

3Ty cpyttKQHIO F(z), 3a.zi;attttyID Ha D, Mo:arno attaJIHTH'-leCKH npo-

.UOJIJKHTh Ha BCIO o6nacn D1 U D2 .UBYM51 crroco6aM11: 

F; (z) = { F(z), z E b, 
J;(z), ZED~, 

F,(z)={ Fcz),zED, 
- f 2 (z), ZED~. 

<PyttKUHH F1(z) 11 F2(z) tta3bIBaIOT ooH03HGl./HbIMU eeme51MU Mttoro-

3HaY:ttol1 (B .uaHHOM cnyy:ae .UBY3HaY:HOH) aHaJIHTHY:eCKOH cPYHKU11H 

F(z). 

qacrn 6brnaeT y.uo6tto paccMaTpHBaTh cpyttKUHIO F(z) KaK o.utto-

3HaY:HyIO. ,[(JI51 3TOfO H3MeH51IOT o6naCTh ee orrpe.ueneHH51, BB0.[(51 TaK 

tta3brnaeMyIO pzwaHoey noeep:rnocmb. A 11MeHHO, 6y.ueM CY:HTaTh, 

Y:TO s ttaweM np11Mepe o6nacTH D 1 11 D 2 cKneeHbI so Bcex TOY:Kax 

06nacT11 D' 12 H paccMaTp11saIOTC5I .usa 3K3eMrrJI51pa 06nacT11 D" 12: G1 
11 G2, KOTOpb1e tta3bIBaIOT .11uc11taJ\lu pu.MaHoeoil noeepxHocmu R: 

Ha 3TOH p11MaHosoi1 rrosepxHOCTl1 orrpe.ueneHa O.UH03HaY:Ha51 

aHaJil1T11Y:eCKa5I cPYHKU:1151 
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{

Fe-;,), 

F(z) = Ji(~), 

!2 (<.), 

-;.ED, 

ZE GI, 

ZE G2· 

PaccMoTpHM ocHOBHhie crroco6h1 rrocTpoemur aHaJJ11T11qecKoro 

rrpo.n:omKeH115!. 

AHAflllTllqECKOEilPOnOn)KEHllEBnonhQEil04Kll 
OliflACTEM 

ITycTh .n:aHa uerroqKa o6JJacTei1 D0, D 1 ... , D 11 , TaK11x, qTo see rre­

peceqeH115! Dj n Dj+I He rryCThI 11 5!BJI5!lOTC5! 0611acrnMH. ITycTb TaKlKe 

cjJyHKUl111 fo(z), j,(z), ... 'J,,(z) TaKOBbI, qTQ K3)!(.lJ:35! cjJyHKUl15! fj+1(z) 

5!BJI5!eTC5! Herrocpe.n:CTBeHHb!M aHaJil1niqecKl1M rrpO.UOJI)!(eH11eM 

cjJyHKuvrnfj(z) 113 0611acrn Dj B 0611aCTh Dj+t.) = 0, 1, ... n - 1. To­

r.n:a ecTeCTBeHHO Ha3BaTh cjJyHKUl1lO J,,(z) aHaJil1T11qeCKHM rrpo.n:on­

)KeHHeM cjJyHKu1111f0(z) B.UOJJh uerroqK11 o6nacTei1 D0, Di. ... , D,,. Ta­

Koe npo.n:OJJ)!(eH11e e.n:HHCTBeHHO. 

l1011yqeHHb!H Ha6op peryJrnpHb!X cjJyHKUHH fo(z), J,(z), .. . 'J,,(z) 

orrpe.n:e115!eT cjJyttKUH:IO F(z): 

F(z) = f/z), z E Dj,) = 0, 1, ... , n. 

<DyttKU115! F(z), Boofaue roBOp5!, MHOr03Haqtta5!, rnK KaK uenotIKa 

o6JJacTeH: MO)KeT nonytI11ThC5! rnKoH:, 'ITO 0611acT11 D0 11 D 11• 11MeIOT 

o6ruH:e TO'IKl1, a cjJyHKUl111 fo(z) H: J,,(z) B 3THX TOlJKaX z E Do n D,, 

rrp11H11MaIOT pa3Jil1lJHhie 3HaL£emrn. B 3TOM cnyqae MO)KHO paccMaT­

p11BaTb O.UH03HalJHYIO cjJyHKU11lO, orrpe.n:eneHHYIO y)Ke Ha p11M3HOBOH 

rrosepxHOCTl1. 

l1rnK, MHOf03HaL£Ha5! (soo6rue rosop5!) cjJyHKUH5! F(z) cocrnsnetta 

H:3 0.lJ:H03H3lJHh!X 3JleMeHTOB - pery115!pHblX cjJyHKU11ttfo(z),f,(z), ... ' 

J,,(z). 

llo11Hou aHa!lumu'-tecKOLI cjJyHKlfueu F(z) tta3hIBaIOT tta6op TaKHX 

3JieMeHTOB, rronyL£eHHbIX H:3 HCXO.UHOfO 3JieMeHTa fo(z) aHaJIHTHlJe­

CKH:M rrpO.UOJI)KeHH:eM B.UOJib BCeB03MO)!(HbIX uerrolJeK o6JJaCTeH, no 

KOTOphIM rrpO.UOJJ)!(eHl15! B03MO)!(Hbl. 3JJeMeHTbl, COCTaBJl5!IOLUl1e 

aHa1111THL£eCKy10 cpyttKUHIO F(z), rrp11H5!TO Ha3hIBaTh pezyRRpHbIMU 

6e/116f/..,\ll/ a Ha. 7Ul11l/'-leCKOLl cjJym.:l{l/U. 



AHAJ111TI14ECKOE DPO.D,0Jl)KEHl1E. MHOf03HA4HblE <DYHKI..1,1-111 141 

AHA~HTHqECKOEITPO~O~JKEHnEB~O~bKPHBOU 

3JleAteH.mOM e mol.fKe 6yneM Ha3hIBaTb cpyHKL(l1IO fi.z), peryrnrp­

HYIO B HeKOTOpOH OKpeCTHOCTl1 3TOH TOlfKl1. ,[(sa 3JieMeHTa 6yneM 

Ha3bIBaTh 3Keuea.rzeH.mHbLMU, ecJI11 OHH JanaHhI s O.llHOH 11 TOH )Ke 

TOlfKe 11 cosrranaIOT B HeKoTopoi1 OKpecTHOCTl1 3TOH TOlfKH. IIycTb 

Terrepb Ha KpHBOH y c HalfaJIOM B TOlfKe Zo H KOHL(OM B TOLJ:Ke Z1 3a-

.uaHa HerrpepbIBHa5r cpyHKl\1151 cp(z). IIycTb s Ka)K.uoi1 TOlfKe ~ E y 3a­

.uaH 3JieMeHT h,(z) , coBrra.ua10mttH: c cp(z) Ha .uyre y, co.uep)KameH: 

TOlfKY ~' Tor.ua 3JieMeHT f_ (z) Ha3bIBaIOT aHaJil1Tl1lfeCKl1M rrpO.UOJI-
-1 

)KeHHeM B.UOJih y 3JieMeHTa f_ (z). 
--0 

0TMeTl1M, lfTO ecmI z = z(t), 0 ~t ~ p, - rrapaMeTpH3al(H5l Kp11BOH 

y, TO cpyHKL(H5l cp(z(t)) - O.UH03HaLJ:Ha5l cpyHKL(H5l TOlfKH z(t) Kp11BOH y, 

HO cpyHKl(H5l cp(z) KaK cpyHKl(H5l TOlfKH z E c MO)KeT 6bITb He O.UH0-

3HalfHOH, eCJIH y HMeeT TOlfKH caMorrepecelfeHH5l. 51CHO TaK)Ke, lfTO 

eCJil1 3JieMeHT f_ (z) MO)KHO rrpO.U0JI)Kl1Th BL{OJih Kp11BOH y, TO ero 
-0 

MO)KHO rrpOL{OJI)KHTh KaK BL{OJih HeKOTOpoif uenOlfKH o6JiaCTeif, rro­

KpbIBaIOll{HX y, TaK 11 B.UOJib HeKOTOpoif KpHBOH y0 >, Jie)Kall{eH B 060-

en11HeHHH 3THX o6JiaCTei1 H HMeIOmeH: Te )Ke HalfaJIO 11 KOHeu;, lfTO H 

KpHBa5l y. 

IIycTb s TOlfKe z 0 3anaH 3JieMeHT fiz) . IIpo.aOJI)KHM ero attaJI11T11-

LJ:eCKH B,llOJib scex KpHBhIX c HalfaJIOM B TOlfKe Zo, ITO KOTOpbIM :no 

rrpo.uomKemie B03MO)KHO. IIonyYeHttoe MHO)Kecrno 3JieMeHTOB tta-

30BeM aHaJIHTHlfeCKOH cpyHKu;11eH:, nopO)KL{eHHOH 3JieMeHTOM fiz). 
CymecrnyeT TOJihKO o.utta aHaJIHTHlfeCKa5r cpyttK[(H5l, rropo)K,UeHHa5r 

.uaHHbIM 3JieMeHTOM. 3KBHBaJieHTHbie 3JieMeHThI rropO)KL{aIOT 0.llHY H 

TY )Ke aHaJIHTHLJ:ecKyIO cpyttKu1110. Mtto)Kecrno 3HaLJ:eH11i1, KOTopoe 

rrp11Hl1MaeT 3Ta aHaJIHTl1lfeCKa.sr cpyHKL(l1.sI B cp11Kc11posaHHOH TOlfKe, 

cosrra.aaeT c MHO)KeCTBOM Tex 3HalfeHl1H, KOTopoe np11Hl1MaIOT B 

3TOH TOLJ:Ke ee 3JieMeHTbl. 

Ba')frnoe 3HaLJ:eH11e s Teop1111 MHoro3HalfHhIX aHaJIHTHLJ:ecK11x 

cpyHKU11H 11MeeT CJie.llyIOma.sr TeopeMa, Ha3hrnaeMa.sr meopeAtoil o M0-

11.oopoMuu. IIycTh D - onHocs.sr3Ha.sr o6nacTh pacu111peHHOM KOM­

nJieKcHoif TIJIOCKOCTl1, 11 nycTb 3JieMeHT /(z), 3a.[{aHHb!H B TO'!Ke Zo, 
.uonycKaeT aHaJIHTHlfeCKOe rrpO.UOJI)KeH11e no BCeM KpHBbIM, BbIXO­

.ll.sII.Ul1M 113 TOlfKl1 z 0 11 Jie)Kam11M s 06JiacT11 D. Tor.aa aHaJI11T11qecKa5r 
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cpyHKUIU! F(z), noJiy'leHHaH a pe3yJihTaTe aHam1T11'!ecKoro npo.uoJI­

)!(eHID! 3JieMeHTaj(z) no sceM TaKHM Kpl1BhIM, peryJIHpHa a o6nacrn D. 

AHAJillTllqEcKOE IIPO,ll;OJIJKEHHE qEPE3 rPAHllll.Y 

ITycTh f 1 (z) l1 f 2(z) - attaJI11Tw1ecK11e ¢YHKUl1l1 B o6nacrnx D 1 l1 

D2, l1 nycTh o6Jiacrn D 1 l1 D2 l1MeIOT 06ru11i1 y'laCTOK rpaHl1UhI -

KYCO'lHO-fJia,UKYIO Kpl1BYIO f; nyCTh TaK)!(e f1(z) l1 fi(z) HenpepbIBHhI 

COOTBeTCTBeHHO B D, u r l1 D1 u r. Tor.ua cpyHKUl15! 

{
fi(z), zEDIUT', 

F(z) = 
f2(Z), ZE D2 ur, 

5!BJIHeTC5! aHaJI11T11qecKOH B o6JiaCTl1 D, u r u D1, l1 ee ecTeCTBeHHO 

Ha3BaTh attaJI11T11qecK11M npo.UOJI)!(ett11eM f 1 (z) 113 D 1 qepe3 rpaH11uy 

r (cooTBeTCTBeHHOf2(z) 113 D1 qepe3 rpaH11uy ['). 

AHAJillTllqECKOEIIPO,ll;OJIJKEHllE 
C IIOMOI.l(hlO CTEIIEHHhlX P.H,ll;OB 

CTerreHHOH pH.U 

fo(z) = L~=0 c,, (z - z0 )" 

c KOHeqHhIM pa.u11ycoM cxo,UHMOCTl1 R0 > 0 orrpe.ueJIHeT 3JieMeHT 

f 0(z) a ToqKe a. IIycTh TOqKa b E K = {z E C: jz - al< R0 }. Pa3JIO­

)!(l1M fo(z) no CTeneHHM z - b B OKpeCTHOCTl1 ToqKH b . .D:JIH 3TOro 

BOCCTOJih3yeMC5! paseHCTBOM 

(z - a)"= [(z -b) + (b- a)]"= L~=o C,~ (b-a)"-k (z -b)k. 

Tor.ua nonyq11M pH.U 

c pa.n:11ycoM cxo.u11MOCTl1 R1 l1 KpyroM CXO.UHMOCTH 

K 1 ={zE C:j z-bj<R,}. 

5ICHO, qTO p5!.U J,(z) 5!BJI5!eTC5! Henocpe,UCTBeHHhlM aHaJil1TH'le­

CKl1M npo.UOJI)!(eH11eM pH.uaf0(z) 113 Kpyra K 0 a Kpyr K 1• 

B3HB JJieMeHT f 1(z) a Kpyre K 1 3a l1CXO.UHhIH, MO)!(HO cTpOHTh ero 

Henocpe.ucTBeHttoe npo.UOJI)!(eH11e 11 T . .u. 

Mttoro3Ha'lttaH attaJI11T111-1ecKaH ¢YHKUl1R MO)!(eT 11MeTb oco6b1e 

TO'lKH, OTJIH'lHbie OT oco6bIX TO'leK 0,UH03HalJHOH attaJIHTH'leCKOH 

cpyHKUHH. To'lKa z 0 Ha3hIBaeTcH u3o.wpoeaHHOL'i mottKOLt eeme.'lemtfl 
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¢YHKU1111 F(z), ec1111 ¢YHKU115! F(z) aHa.rmrnqHa B rrpoKOJIOTOH oKpe­
CTHOCTH TOqK11 Zo 11 HeO,UH03HaqHa B 3TOH OKpeCTHOCTl1. 

11.1. CymecrnyeT 1111 aHaJI11T11qecKoe rrpo.nomKeH11e so BCIO KOM­
rrneKcHyIO IIJIOCKOCTh c11e.ny10w11x ¢YHKU11H: 

, e-x- x:t:O 
l)f(x)=ll;2)f(x)= '_' { 

_, 

0, x-0. 

11.2. I1oKa3aTh, 'ITO CTerreHHhie p5!.UhI 

211 +2 

1) "= 2" . 
L..11=0 z ' 2) "= z . 

L..11=0 (2'1 + 2) (211 + 1)' 

3) "= 11!. 
L..11=0 z ' 

He npo.nomKaeMhI 3a rrpe.neJihI Kpyra CXO,UMMOCTM. 

11.3. IJpo.nomKHTh aHaJIMTttqecKM B KOMIIJieKCHYIO IIJIOCKOCTh 
cPYHKUMH, 1a.rraHHhie Ha .rrettCTBHTeJihHOH OCH: 

1) sin x; 2) cos x; 3) tg x; 4) ctg x; 5) e ·\ 

6) sh x; 7) ch x; 8) th x; 9) arc tg x; 10) arc sin x. 

11.4 . .UoKa3aTh TO)l(,Uecrna BC: 

1) sin2 z + cos2 z = 1; 

2) sin (z1 ± z2) =sin z1 cos z2 ±sin z2 cos z1; 

3) cos (z1 ± z2) =cos z1 cos z2 ± sin z1 sin z2; 

4) e:,±:, = e:'e±:, . 

11.S . .UoKa1aTh pasettcrno 3H:11epa: 

e: = eRe: (cosimz + isin Im z) . 

11.6 . .UoKa3aTh paseHcrna: 

1 - ;- . 1 - ;-
1) cosz=-(e 1- +e-- ); 2) sm z =-(e1- -e- - ); 

2 2 
3) sin z =-ish(iz); 4) cos z =ch (iz) . 

11.7. BepHhI JIH HepaseHcrna BC: 

1) Jsin zJ:::::: l; 2) Jcos zJ:::::: 1: 3) Jch zJ 2: 2. 
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11.8. PeurnTh ypasHeHH5! ornoc11TeJibHO z E C (c E C): 

I)sinz=c; 2) cos z = c; 3) e' = c. 

11.9. IIycTh 3JieMeHT f 0(z) aHaJI11T11qecK11 rrpo.nomKeH B.[(OJih Kp11-

BOH y: z = z(t), 0 ~ t ~ I, 11 rrycTb j;(z) = I~=0 c11 (t)(z - z, )" - 3Jie­

MeHT B TOqKe z(t) E y. 

JJ:oKa3aTb, qTQ pa.n11yc CXO.[(I1MOCTH r(t) CTerreHHOro p5!,na j;(z) 
JIH6o TO)K,[(ecrneHHO paBeH oo, JI1160 5!BJI51eTC5! Herrpepb!BHOH <l>YHK-

u11ef:i OT t E [O, 1]. 

11.10. JJ:oKa3aTb, qTo aHaJI11T11qecKoe rrpo,nOJI)Kem1e B.[(OJih KpH­

BOH MO)KHO rroJiyq11Tb aHaJIHTHqecKHM rrpo,nOJI)KeHHeM B.[(OJib KO­

HeqHoH: uerroqK11 Kpyros. 

11.11. JJ:oKa3aTb, qTo eCJII1 3JieMeHT MO)KHO aHaJIHTHqeCKI1 rrpo­

.[(0JI)KI1Tb B.[(OJib HeKOTOpoH: KpHBOH, TO ero MO)KHO aHaJIHTHqecKH 

rrpo,nOJI)KHTb B.[(OJib mo6oH: .[(OCTaTOqHo 6JIH3KOH KpHBOH, !1MeIOilleH 

Te )Ke KOHUbl. IIpH 3TOM B KOHeqHQH TOqKe KpHBOH noJiyqaTC.H O):(H­

HaKOBbie 3JieMeHTbI. 

11.12. JJ:oKa3aTb, qrn cpyHKUHj{ 

fiz) = I~=t (-1)"-t (z-1)" 
11 

~rnmreTC}l aHaJI11T11qecK11M npo,nOJI)KeHHeM <PYHKUHH In x 113 HHTep­

saJia 0 < x < 2 B KPYT { z: lz - I I < I } . 

11.13. JJ:oKa3aTb, qrn .[(Jlj{ IlOCTpoeHHOH B 3a,naqe Il.I2 cpyHKUHH 

f ( z) B Kpyre { z: lz - I I < 1 } cnpase,nJI11Ba cpopMy JI a 

JCz)=rd~. 
~ 

r.ne HHTerpaJI 6epeTC5! rro mo6oH: Kptt:soH: y C { z: lz - I I < I}, 

coe.[(HH5!IOI..Ueif TO':!KH 1 11 z. 

11.14. ,UoKa3aTh, qrn 3JieMeHT f (z) B Kpyre { z: lz - 1 I < I}, no­

CTpoeHHhIH B 3a,naqax 11.12 11 11.13, MO)KHO aHaJIHTHqeCKH npo­

.[(OJI)KHTb s,nOJib mo6oH: Kp11soH:, npoxo.nmueH: qepe3 ToqKy z = 1 H He 

co.nep)KaweH: TO'lKY z = 0, - 3TO aHaJrnTH'lecKoe npo.nomKeH11e 3a,na-
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f: di; 6 ~ ~ 
eT HHTerpaJl 

1 
T, r.n:e HHTerpHpoBattHe Be.n:eTCH no mo OH KpHBOH, 

coe,n:Httmoruefi: rnqKH 1 H z H He npoxo,n:Hruefi: qepe3 ToqKH 0 H oo. 

floJlyqeHHYIO TaKHM o6pa30M cPYHKUHIO 6y.n:eM o603HaqaTb CJle­

.UYIOIUHM o6pa30M: 

Ln z =Ii=~~-
11.15. ,[(oKa3aTh, qrn cpyttKUHH Ln z B C\{O} - MHOro3ttaqttaH. 

11.16. IIocTpOHTh pHMaHoBy noBepxttoCTh ,UJIH cpyHKUHH Arg z. 

11.17. ,[(oKa3aTb, qTo Bee 3HaqeHHH ¢YHKUHH Ln z .n:moTCH cpop-

Mynofi:: Ln z = ln izl + i Arg z. 
11.18. IIocTpOY!Th pHMattoBy noBepxHOCTh cpyttKUHH Ln z H BhI­

.n:enHTh O,UH03HaqHbie BeTBH 3TOH cpyHKUHH. 

11.19 . .[(oKa3aTb, qrn crrpaBe.UJIHBhI cpopMyJinI: 

d 1 
1) -Lnz=-; 2) eLn: =z. 

dz z 
11.20 . .[(oKa3aTb, qTo TQqKH 0 H 00 HBJIHIOTCH M30JIHpOBaHHbIMH 

ToqKaMH BernneHHH cPYHKUHH Ln z. 

11.21. .[(oKa3aTb, qTo eCJIH CD1, CDz - mo6h1e H3 3HaqeHHH cpyHK­

UHH Ln z COOTBeTCTBeHHO B TOqKax Zr H Z2, TO HX cyMMa eCTb O,UHO 

H3 3HaqeHHtt cpyHKu;im Ln (z 1 • z2). 

11.22. IIycTh F(z) = z ln z, HCXO.UHhIH 3JieMeHT In z 3a,n:att B rnqKe 

z = 1, In 1 = 0. ,[(oKa3aTh, qTo ToqKH z = 0, z = oo HBJIHIOTCH H30JIH­

poBaHHhIMH ToqKaMH BeTBJlemrn cpyHKUHH F(z) 6ecKoHeqHoro rro­

pH.n:Ka. 

11.23. ,[(oKa3aTb, qTo cpyHKUH5I 

za = eaLnz 

eCTb aHaJIHTITTeCKOe npo,UOJI)KeHHe B c cpyttKUHHj{x) = Xa, x > 0, a E R. 

11.24 . .[(oKa3aTb, qTQ cpyHKUH5I za attaJIHTH'IHa B o6nacrn C\ { 0}. 

11.25 . .[(oKa3aTh, qrn 
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r.ue 3Ha'!emrn za B o6eHx qacrnx paseHCTBa O.UHH H Te :>Ke. 

11.26. ITycTh KpHsasr y coe,UHHsreT TO'IKH z0, z 1 H He rrpoxo.uHT 

qepe3 TO'IKH 0 H oo. ITycTh B TO'!Ke z0 3a,UaH 3JieMeHT f(z) cpyHKUHH 

Za, TaKOH, 'ITO j(zo) = Zo a . .ll:oKa3aTb, 'ITO aHaJIHTH'!eCKOe rrpO,UOJI:>Ke­

HHe 3TOfO 3JieMeHTa B.UOJib KpHBOH y B TO'!Ke z, HMeeT 3Ha'!eHHe 

z~= z~ exp ( aln I z/z0 I +i aL\Arg z), 

r.ue !J. 1 Arg z - np11pameHHe apryMeHTa B.UOJib KpHBOH y. 

11.27 . .D:oKa3aTb, 'ITO Ln z = In lzl + i IJ.1 arg z, r.ue y rrpoxo.u111 

qepe3 TO'IKH 1 HZ, 0 tty, 00 tty. 
11.28 . .ll:oKa3aTb, 'ITO BCe 3Ha'!eHHJI cpyHKU1111 Za npH ,UeHCTBl1-

TeJibHOM a B TO'!Ke z = re iq> .uaIOTCSI cpopMyJIOH 

za = raei(rp+2kff)a, k = 0,± 1,± 2, .... 

11.29. ITycTb B TO'!Ke z0 = r0 e;'Po 3a.uaHo 3Ha'!eH11e z~ = r0a eiafPo 

cpyHKUHH Za, 11 3Ha'!eHHe Z1 a - B TO'!Ke Zi, ITOJiy'IeHHOe B pe3yJibTaTe 

attaJIHT11qecKoro npo.uomKeHH}{ B.UOJlb Kp11soM: y, coe.u1-rnmomeM: Toq­

KH Zo 11 Zr . .D:oKa3aTb, 'ITO 

a -j la ia(QJo+i'>yArg~) z, - z, e . 

11.30. ITocTpOHTb pHMaHOBY ITOBepXHOCTb cpyHKUHH za. 

11.31. .D:oKa3aTb, 'ITO TO'IKl1 z = 0 11 z = 00 5IBJI5IIOTC5l JIOrap11cp­

MH'!eCKHMH TO'!KaMH BeTBJieHHSI cpyHKU1111 Za, eCJIH a tt Z. 

11.32 . .ll:oKa3aTb, 'ITO B ceKTOpe 0 < arg z < ~ ~ 2n cpyHKUH5I za 

pacrra.uaeTC5l Ha perynsrpHbie sern11: 

f
0
(z)=lzlaeiarg:, 0<argz<2n; 

f,(z)=e; 2
"ak f 0 (z), kEZ. 

11.33 . .D:oKa3aTb, 'ITO eCJIH a - 11ppau110HaJibHOe 'IHCJIO 11JIH 

Im a* 0, TO cpyHKU115I z a - 6eCKOHe'!H03Ha'!HaSI. 

11.34. ITycTb f(z) - 3JieMeHT cpyHKUHH z a B TO'!Ke Zo * 0, TaKOH, 

'ITO f(zo) = zoa . .D:oKa3aTb, 'ITO 

!( 7)= ""~ ck (z-zol 
~ Zo L..ik =O a k 

Zo 



AHAJ1!1Tl14ECKOE nPOL(0Jl)!{EH!1E. MH0f03HA4Hb!E ct>YHKUJ.111 147 

11.35. )loKa3aTb, 'ITO ecJIH w, H W2 - KaK11e-n1160 3Ha1IeHH5! 

cpyHKilHH z (/ COOTBeTCTBeHHO B TOlJKax z, H Z2, TO w, . W2 - O}lHO 113 

~ rh a 
3Ha4eHHH 't'YHKUHH z B TOlJKe z, . z2; KpOMe Toro, eCJIH Wo - HeKO-

TOpOe 3HalJeHHe cpyHKilHH Z a B TOlJKe Z1 · Z2, TO cymecTByIOT 3HalJe­

HH51: w, H W2 cpyHKL\HH z (/ COOTBeTCTBeHHO B TO'IKax Z1 H Z2, TaKHe, 

'ITO Wo = w, . W2. I1MeHHO TaK IlOHHMaeTC51: paseHCTBO (z, . Z2) (/ = 
z/' · z2°. 

11.36. )loKa3aTh, 'ITO cpyttKQHR z 1111
, n EN, B TO'IKe z = re;'l', r =/=- 0, 

HMeeT 3Ha11emrn 

.!.c +2kirJ 
( 7 1/u) = l/11 ,, rp 
~ k r e , k = 0, 1, ... , n -1, 

B 4aCTHOCTH, 

11.37. ):{oKa3aTb, 4TO TO'IKH z = 0 H z = 00 51:BJ151:IOTC51: TO'IKaMH 

sernneHHR cpyHKUHH z "", n 2: 2, n EN. 

11.38. YKa3aTh T04KH seTBJieHH51: H HX nop5!JlKH .UJIR KmK.uoi1 

H3 cpyHKQHH: 

2) [(z - l)(z + l)]w; 3) z "2 
sin z. 

11.39. IIocTpOHTh pHMaHosy nosepxHOCTh cpyHKilHH z lln, n :S 2, 

nEN. 

11.40. BhllJHCJIHTh i ;_ 

11.41. )loKa3aTh, 4TO Ji onpe.uenReT .use aHaJIHTH'leCKHe 

cpyHKUHH: F 1(z) = z H F2(z) = -z. 

11.42. ):{oKa3aTb, 4TO cpyttKUH51: cos Ji. 5!BJI51:eTC51: aHaJIHTHlJeCKOH, 

O.llH03Ha4HOH, uenoi1 cpyHKUHei1BC\{0}. 

11.43. ):{oKa3an., 4TO cpyHKUHR z-
1
'
2 

sin z
112 

5!BJIReTcR uenoi1 cpyHK­

u11ei1. 

1- d~ 
11.44. II yen. Arctg z = ---, , r.ue HHTerp11posaH11e se.ueTCR no 

~ 0 1 + ~-

JII060MY nyTH, He npOXO}l51:WeMy qepe3 TO'IKH ± i. ):{oKa3aTb, 4TO: 
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1 1 +i.:: 
1) Arcta z =-Ln--· 

0 2i 1-iz' 

2) TO'IKH z = ± i - JIOrapmpMH'IeCKHe TO'IKH BeTBJieHmr; 

3) tg (Arctg z) = z; 

d 1 
4) -(Arctgz)=--,. 

dz 1 + z-
11.45. ITycTh f 0(z) - rnKoi1 ::rneMeHT apKrnttrettca B TOLIKe z = 0, 

'ITO fo(O) = 0 . .IJ:oKa3aTb, 'ITO 

~ (- l)k Z2k+ I 

fo(z)=L ,=o 2k+l 'lzl<l. 

11.46. ilyCTb Arc sin z = r: ~' r.ue HHTerpuposaHHe se.ueT­
Jo 1 _ ~2 

C5! rro mo6oMy rryn1, He rrpoxonmn:eMy qepe3 TOLIKY ± 1 . .IJ:oKa3aTh, 

'ITO cpyttKUH5! Arc sin z attaJIHTHLIHa B C\ { ± 1 } . 

11.47. I1ycn, f 0(z) - 3JieMeHT cpyHKUHH Arc sin z, KOTOpbrH 3a;:raH 
rro cpopMyne 

f" ( ) • 1= d~ Jo z =arcsmz= ~· 
0 \jl- ~2 

z E D = { z E C\( - co, -1] [ 1, co)}, HHTerpan 6epeTc5! rro mo6oMy 

rryTH, Jie:>Karn:eMy B D, sernh KOpH5! Bhr6patta rnK, 'ITO 

.[(oKa3aTb, 'ITO: 

1) J; ( ) . L~ c2n)! 211+1 z = arcsm z = z 
o 11=0 (2n + 1)2211 (n !)2 

2) arcsin z = -i In (iz + '11- z 2 
). 

11.48. ilycTb D - rrnocKOCTh C c pa3pe30M no KpHsoi1, coe.uH­
Hmoruei1 TO'IKH 0 H co. 

1) .IJ:oKa3aTb, 'ITO B o6nacTH D cpyHKUH5! Ln z pacrra.uaeTC5! Ha 

6ecKoHeLIHOe LIHCJIO peryn5!pHbIX sernei1.fk(z), k E Z, 11/1(z) - h.(z) = 

2kni, z ED, mef1(z),h.(z) - mo6bre nse sernH. 
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2) L(oKa3aTb, lfTO cpyHKUH.s! z a pacrra.uaeTC.s! B D Ha peryn.sipHbie 
Bern11. Ecn11 a - .uettcrn11TeJihHoe 11ppau110HaJihHOe lfl1CJIO mrn 
Im a i= 0, TO peryn.sipHbIX Bernett ClfeTHOe lfl1CJIO. Ecn11 )Ke a = p I q, 

r.ue p 11 q - B3al1MHO rrpOCTbie ueJibie lfl1CJia 11 q 2: 1, TO B D HMeeTC.s! 

pOBHO q pa3JII1lfHbIX perymipHbIX Bernett Z a, 11 eCJI11 f1 (z),J2(z) - .D,Be 
pa3JII1lfHbie BeTB11 Z a, TO 

f 2(z)=e2k"i"fi(z), zeD,keZ\{O}. 

11.49. II yen, fl...z) - perymrpHa51 BeTBb cpyHKUHH Lo z B o6nacm 
D (cM. ll.48), rnKa.si, lfToj{l) = 0. 

1) Bbilfl1CJII1Tb fl...-2),f{.3),j{-4). 
2) Pa3JIO)!(HThf{_z) B p51.D: Tettnopa B OKpecrnocTH TOlfKH z = 3. 

11.50. ,UoKa3aTb, lfTO B o6nacm { z: 0 < lzl < co} HeJib3.si Bhr.D,eJIHTh 

pery;rnpHhie BeTBH cpyHKUHH Lo z, efi (n > 1) . 

11.51. IIycTh D" = C \ { z EC: z =re;", 0 ~ r < 00, 0 <a< 2n} ; TO­

r.ua cpyHKUH.si fz pacna.uaeTc.si Ha .D,Be peryn.sipHbre BeTBH. IIycTb 
j;,(z) - TaKa.si BeTBb, lfTO f,,(1) = 1. BhilfHCJIHTh j,,(i): 

1) n I 2 < a < 2n:; 2) 0 < a < n: I 2. 

11.52. IIycTb cpyHKUH51 j{z) peryn51pHa 11 OTJI11lfHa OT Hyn.si B o.n­
HOCB513HOtt o6nacTH D. L(oKa3aTh, lfTO cpyHKUH51 

F(z)=lnf(z),F(z0 )=% (ew·o =J(z0 )) 

pery;rnpHa B o6nacrn D. 

11.53. II yen, cpyHKUH.s! j{z) peryJI51pHa H OTJII1'IHa OT HYJI51 B o.n­
HOCB513HOH o6nacrn D . .IJ:oKa3aTb, lfTO cpyHKUH.si 

F(z) = .J f (z), F(z0 ) = Wa (w; = f (z0 )) 

peryn.sipHa B D. 

11.54 . .IJ:oKaJaTb, lfTO aHaJIHT11lfeCKa51 cpyHKUH.s! .J z2 -1 pacna.na­

eTc.si Ha .D,Be perymrpHbie BeTBH B o6nacrn C\ {(-co, -1] U [ 1, +co)}. 

7- 1 
11.55. ,UoKa3aTb, lfTO cpyHKUH.si Ln -~- pacrra.uaeTc.si B 06nacT11 

z+l 
C\{(-co, -1] U [l, +co)} Ha clfernoe lfl1CJIO peryn.sipHbIX Bernett. 3rn 

Bern11 MO)!{HO 3a.D,aTb cpopMyJiaM11: 
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(Ln .::-l) =ln z-l +2k7ri,ln(-1)=7ri,k=0,±l,±2,. ... 
z+l k z+l 

11.56. ,UoKa:Jan, qrn aHan11rnqeCKa5! cpyHKU115! .J z2 -1 pacrra.ua­

eTCH B 06nacT11 C\[ -1, l] Ha .use peryn5!pHbie sern11. 

11.57. ITycTh f(z) - OJlHa 113 perynHpHbIX sernei:i cpyHKu1111 

.J z2 -1 (CM. 11.56), TaKaH, qrn f (2) = J3. Bb1q11cn11n 3HaqeH11e 

3Toi1 cpyHKU1111 .UJI5! seruecrneHtthIX z E R. 
11.58. Pa3JIQ)f<I1Th B p5!,a Jlopatta cpyttKUHfO f(z) (cM. 11.57) B 

OKpeCTHOCTl1 TOqK11 Z = 00. 

1- z 
11.59. ,UoKa:JaTb, qTO aHan11T11qecKa5! cpyHKUH5! Ln -- pacrra-

1 + z 
.uaeTcH Ha cqeTHoe q11cno peryn5!pHbIX serneif fk(z), k E Z, B 06nacT11 

C\[ -1, 1]. 3T11 sern11 3a.ua10Tc5! cpopMynaM11: 

f, ( z) = lnl l- zl + iD.arg_ l- z + ilm z0+ 2k7ri, k= 0,±1,±2, ... , 
l+z ' l+z 

r.ue y - rrpOCTa5! 3aMKHyra5! Kp11Ba5! c HaqanoM B TOqKe z o, Jie)R'.aUJa5! 
B 06nacT11 C\[ -1, 1]. 

1-z 
11.60. ITycTb f(z) - pery1rnpHa5! sernh cpyttKU1111 Ln-- (cM. 

l+z 
11.59), TaKa5!, qTO f(O) = 0. Bb1q11cn11Tb 3HaqeH115! f(z) )lJIH .uei1:crn11-
TeJibHhIX 11 q11CTO MHl1MbIX 3Ha 'IeH11i1: z. 

11.61. Pa3JIO)R'.11Th B p5!.U JlopaHa B 0KpecrHocr11 roqK11 z = oo 
cpyHKU11IO j( Z) (CM. 11. 60) . 

11.62. ,UoKa3aTh, 'ITO aHan11r11qecKaH cpyHKU115! ~ z /(1- z) pacrra­

.uaercH B 0611acr11 C \ [0, 1] Ha rp11 peryn5!pHb1e sern11. 

11.63. ITycrb .uaH anre6patt'IecK11i1 rron11HOM 

~,(z) = a(z- z,)(z- z2 ) •.. (z- z,), a+= 0, 

z1, z2, ... , z11 - pa3JIH'IHhie ero KOpH11, 11 R >max I zk I· 

1) ,UOKa3aTb, 'ITO aHaJ111TJ1qeCKa5! cpyHKU115! ~~I (z) pacrra.uaeTC5! 

Ha II peryJIHpHbIX Bernett B KOJibUe { z: R < iz/ < 00}. 
2) ITycn D - BHeurnocTb 06oe.u11Hett115! orpe3KOB, coe.u11H5!f0-

UJHX cpHKC11pOBaHHYIO TOqKy Zo c TOqKaM11 Zi, Z2, ... , Zn. ,UoKa3aTb, 
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qTo aHaJI11rnqecKa5! cpyHKU115! ~ P,, (::) pacrra.naeTc5! B D Ha n pery­

JI5!pHhIX BerneH:. 

11.64. LJ:oKa3aTh, qrn ¢YHKUtt5! ~(z 2 
- l)(z2 

- 4) pacrra.naeTc5! B 

06JiacT11 C \ { [- 2, - l] U [1, 2]} Ha ,nBe peryJI5!pHhie BeTB11. 

11.65. ITycTb z 1, z2, ... , z,, - pa3Jil1qHhie TO'iKH 113 C, D - ITJIOC­

KOCTh c pa3pe3aMH B,LlOJih rrpOCThIX He nepeceKaIOll.{11XC5! Kp11Bh!X yj, 
coe.nttH5!IOW:l1X TOqK11 Z2j-J, Z2j . LJ:oKa3aTh, qTo aHaJI11T11qeCKa5! ¢YHK-

UH5! Jez - z, )(z - ::2 ) ••. (z - z2,,) pacrra.naeTc5! B D Ha ,nBe peryJI5!p­

Hh1e BeTBl1. 

11.66. LJ:oKa3aTh, qTo ¢YHKU115! f (z) = ~ z(z -1)3 
peryJI5!pHa B 

C\[O, 1]. BhJqHCJil1Thj(-l),f'(-1),f"(-l). 

11.67. LJ:oKa3aTh, qTo B 06JiaCT11 { z: l < lzl < 00 l HeJih35! BhI,LleJIHTh 

peryJI5!pHhie Bern11 cpyHKU11H Ln (z + ~ z 2-1). 

11.68. ,lJ.oKa3aTb, qTo TOqKH 0 11 00 5!BJI5!IOTC5! TOqKaMH BeTBJieHl15! 

nopR,nKa Tl aHaJIHTHqecKHX cpyHKU11i1:: 

1) ,,~ ; 2) efi. + e:; 
!.;./ z 

3) 
1 

· 4)efi.sinz. 
1+efi.' 

11.69. )J.oKa3aTb, qTQ TO'iKH 0 11 00 RBJI5!IOTCR JIOrap11cpM11qecKHMl1 

TOqKaMH BeTBJieHH5! aHaJIHTHqecKHX cl>YHKUHH: 

Ln 7 l 1 
1) z + Ln z; 2) --- ; 3) -; 4) ; 5) e:Ln z. 

z-1 Lnz Lnz+l 

11.70. ITycTh ¢YHKUHR j(z), He paBHaR TO)!(,necrneHHO HYJIIO, JIH-

60 peryJIRpHa B TO'iKe a 11j(a) = 0, JI1160 HMeeT nomoc B TOqKe a. 

)J.oKa3an,, qTo: 

1) TOqKa a 5!BJI5!eTCR JIOrapmpM11qecKOH TOqKQH BeTBJieHlrn 

clJyttKUHH Ln/(z); 

2) TOqKa a 5!BJI5!eTCR ToqKoH: BeTBJieHH5! rropR,nKa n cpyHKUHH 

~ f(z). 

11.71. ,lJ.oKa3aTb, 'iTO eCJIH cpym<UH51 /(z) attamITH'iHa BCIO.LlY B c 
11 /(z) f 0 .UJI5! JII06oro z E C, TO /(z) = e<p<z>, r.ne <p(z) aHaJIHTH'iHa 

BCIO.llY BC. 
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11.72. ITycTb TO'lKa z = Zo - TO'lKa BeTBJiemrn KOHe'lHOfO rrop51.U­

Ka .IJ.Jl51 cpyHKUHH f{z) 11 g(z). ,L{oKa'.3aTh, 'ITO .ll.Jl51 cpyHKU11H f ± g, f g 

TO'lKa z = Zo 5!BJrneTC5! 11Jll1 TO'lKOH BeTBJieHI151 KOHe'lHOfO rrop51.IJ.K3, 

HJil1 1130JI11p0B3HHOH oco6oi1: TO'lKOH O.UH03Ha'lHOro xapaKTepa. 

11.73. ,[{OKa3aTb, 'ITO p51.U .Z:::::
00 

I [ 
1 

I - -
1
-) B o6Jiacrnx 

"= 1- z"+ 1- z" 

{ z: lzl < 1 } 11 { z: lzl > 1} rrpe.ucrnsmreT co6oi1: .use aHaJil1TH'leCKHe 

cpyHKUHH, He 5!BJl5!JOIUHeC51 aHaJIHTH'leCKHM rrpo.uomKeHHeM .upyr 

.upyra. 

11.74. ,[loKa3aTh, 'ITO: 

1) Arc cos z = iLn (z + .J z2 -1); 

2) Arc sin z = -i Ln (iz + .J1- z2 ); 
1 1 +iz 

3) Arctgz=-Ln--. 
2i l-iz 

11.75. BhI.UeJIHTh O.UH03Ha'lHhie sern11 MHOf03Ha'lHhIX cpyHKUHH B 
yKa3aHHOH o6JiaCTH D: 

1) Ln(l - z
2
), D = {z: z f. 1, -1, oo }; 

2) ~l+z2 ,D= {z:zf.i,-i,oo }; 

3) Ln [ l - z: l · D = { z: z f. i, -i, 1, -1}. 
I+z 

11.76. ITycTb cpyHKU1151 f(z) aHaJI11TH'lHa B D, f(z) f. 0, z E D. 

Ey.ueT JIM s 3TOH o6Jiacrn D MHOf03Ha'lHa5! cpyHKU1151 .J f (z) 11MeTb 

O.UH03Ha'lHbie aHaJil1TH'leCKl1e BeTBH? 

11.77. ITycTb D - 0.1J.HOCB513Ha5! o6JiaCTh, He co.uep)!(arua51 TO'leK 

z = 0 11 z = oo, HO TO'lKa z = 1 ED. CKOJihKO pa3Jil1'lHhIX serneH:f{z) 

MO)!(HO BhI.UeJil1Tb .IJ.Jl51 MHOf03Ha'lHbIX cpyHKU11H: 

1) (z - 1) Ln z,j{l) = O; 2) z',j{l) = 1; 3) z',f'(l) = 1. 

11.78. ,[lorrycKaIOT Jll1 CJie.UyJOIU11e MHOf03H3'lHbJe cpyHKU1111 Bbl­

.ueJieH11e O.UH03Ha'lHhIX attaJIMT11'lec1<11x BeTBei1 B o6JiaCTM D: 

1) ~ ,D= {z: l </z/<oo}; 

2) 2Ln(z +1)-Ln (z-i), D = {z: 1 < /z/ < oo}; 
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3) ~' D= {z:Rez>O}; 

4) ~(z2-l)(z 2 -4), D={z:Rez>O,lz-31>5/2}. 

11.79. Pa3JIO)KHTb B p5I.U Teif11opa B oKpecTHOCTH TO'IKH z = 0 o6e 
BeTBH MHOro3Ha'IHOH cpyttKU:HH: 

1) J1- z2
; 

11.80. Pa3JIO)KHTb s p5I.U Teif11opa s oKpecTHOCTH TO'IKH z = 0 
cpyHKU:HH'. 

1) arctg z; 2) In(l + z). 

11.81. Pa3JIO)KHTb s p5I.U Jiopatta ITO cTeITeH5IM z cpyttKU:HIO: 

z+a 
f(z) =In--, In2a > 0. 

z-a 
11.82. Pa3JIO)KHTb see attaJIHTH'!eCKHe sernH yKa3attHOH cpyttK­

U:HH B p5I.U JiopaHa ITO CTeITeH5IM z: 

1) Ln (z-l)(z- 2), D={z: l<lzl<2}; 
(z+l)(z+2) 

(z + 1)
2 

2) Ln , , D={z:lzl>2}. 
z- +4 

11.83. ITycTb ./{z) - attaJIHTH'!ecKa5I seTBb cpyHKU:HH ~ z /(1- z) s 

C\[O, 1], TaKa5I, '!To./{1/2 + i) > 0. Pa3JIO)l(HTb./{z) B p5I.U Jiopatta ITO 
CTeITeH5IM z B o6JiaCTH { z: lzl > 1 } . 

11.84. HaifTH oco6bre TO'IKH scex attaJIHTH'!eCKHX sernew cpym<u:HH: 

l) Arcctg7rJZ. 2) JZ . 
JZ ' shJZ 

11.85. ,[(oITycKaIOT JIH YKa3aHHbie cpyttKU:HH pa3JIO)KeHHe s p5I.U 
JiopaHa B OKpeCTHOCTH TO'IKH z = a: 

1) In z, a= 0; 2) In (1/(z - 1)), a f:. oo, a= oo; 

3) In ((z - l)/(z + i)), a= oo; 4) z0 = ealnz; 

5) ~ z(z -1) 2
, a= oo; 6) .JI+J;,, a= 0; 

7) arcsin z, a = 0; 8) ,J7f /2-arcsin z, a= 1. 
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11.86. DycTb D - KOMnJieKcHa51 nJiocKOCTb c pa3pe30M no oTpe3-

KY [-1, l] . DoKa3aTb, qTo yKa3aHHbie cpyHKU1111 aHa1111rnqHbI B D, H 

onpeneJil1Tb xapaKTep H3011HpOBaHHOH ToqK11 BeTBJieHl151 z = oo: 

1) ~z(z"-1); 2) Ln(z+~~~-1); 3) Ln z+~. 
2z 

11.87. I1p11 KaK11x 3Ha'!eHl15!X z 3Ha'!eHH5! W(z) Ha scex ee 1111crnx 

p11M3HOBOH IlOBepXHOCTl1 H31l Z-IlJIOCKOCTblO omrnaKOBbI: 

1) W( z)=(z2-9).fz; 2) W(z)=sinz+(z2+4)Lnz; 

3) W(z)=sinz+(z2+4)2 Lnz. 

11.88. I1po1lOJI:>Kl1Tb aHan11rnqecK11 B C cpyHKU11IO sin (z) I z. 

11.89. I1po110JI:>Kl1Tb aHaJIHTI1'IeCKl1 cpyHKU11IO j{z) = 
C\{l }. 

2:.: 0.::. II 
7 B 

11=0 ...... 

-XI 

11.90. <DyHKU11IO F(x) = r x _e_dt, x > 0, np01l0Jl:>Kl1Tb aHaJIH­
Jo l +t 

TifiecK11 B C\( -oo, 0). 

11.91. CTycTb cpyHKU115! fit) HenpepbIBHa np11 t > 0 11 jf(t)I ~ 

~ c(l + tra, 0 ~ t <+co, a> 0 . .[(oKa3aTb, 'ITO HHTerpan rnna Kow11 

/(~)=fox ~~:( 
5!BJI5!eTc5! aHan11rnqecKoi1 cpyHKu11ei1 B C\[O, co). 

11.92. DoK33aTb, '-ITO raMMa-cpym<.u1110 3i1Jlepa f(~) =fa" t :-ie-1 dt 

rne Re z > 0 11 (-' = e<:-I> 
1111

, MO:>KHO aHaJI11T11'IeCKH npo11011:>KHTb B 

C\{O, -1, -2, ... } CJie1ly10rn11M o6pa3oM: 

f(~) =I:"° (-1)" + f "° ( -l e-I df. 
11=0 n!(~ + n) 1 

11.93 . .[(oKa3aTb, 'ITO cnpaBe1lJI11BbI cJie1ly10rn11e yrnep:>K1leHmr: 

1) r(z + 1) = z f(z); 2) f(z) f(l - z) = n I sin nz; 

,..,) f( ) I rh 4) f(-) - 1 J -~.c:-1 /C .J ~ - - ueJia51 '-!'YHKU1151; .-. - e; 2.,: _ 1 ·, e .,, c. c,,, 

5) f(~)- '=-1-.J C:e~d~. 
2m · 
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r.ne y - KOHTyp, 11306pa)!(eHHbIH Ha rrp11BelleHHOM HIDKe p11cyHKe. 

y 

11.94. IIpo.nomKHTb aHaJI11rnqecK11 B C\[-i, i] cpyHKUHIO 

1 r d~ 
F(z) = 27ri J1[1=2 ce +I)(~ - z)' I z I< 2. 

11.95. IIycTb cpyHKL~1151 flz) peryJI5lpHa B rroJiyKOJibUe {z: p < 
izl < R, Im z > 0}, HerrpepbrnHa B ero 3aMbIKam-rn: 11 Im flz) = 0 llJI5l 

neikrn11TeJibHbIX z, -R < z <-p, w Refi.z) = 0 .llilll lleikrn11TeJibHbTX z, 

p < z < R . .LJ:oKa3aTb, qTo flz) MO)KeT 6hITb aHaJIHTwqecKH npOllOJI)Ke­

Ha B KOJibUO {z: p < izl < R}. 

11.96. IIycTb cpyHKUIDI./(z) peryJI5lpHa B ITOJIYK01ThUe {z: p < izl < R, 
Im z > 0}, HenpepbIBHa B ero 3aMhIKaH1111 11 rrp11H11MaeT .nei1crn11-

TeJibHbie 3HaqeH115l Ha MHTepBMax (-R, -p) 11 (p, R) .nei1crn11TeJibHOH 

OCH . .D:oKa3aTb, 'ITO cpyHKU115l flz) MO)KeT 6hITb aHaJil1Tl1'!eCKl1 rrpo­

llOJDKeHa Ha BCe KOJibUO { z: p < lzl < R}. 

11.97. HattTH 06JiacT11, Ha KOTOpbre oTo6pa)KaIOTC5l c noMOLUbIO 

cpyHKU1111 0) = e ' : 
1) np5lMOyrOJibHl1K 0 < x <a, 0 < y < b; 
2) rronyrroJioca 0 < x <a, y > O; 
3) rronoca 0 < x <a. 

11.98. HattTl1 o6JiaCTl1, Ha KOTOpbre OT06pa)KaIOTC5l c ITOMOLUbIO 

cpyHKU1111 0) = COS z: 

1) rroJioca - n I 2 < x <TC I 2; 2) rroJioca 0 < x < 2 n. 

11.99. Hawrn o6JiaCTb, Ha KOTopy10 c ITOMOLUbIO cpyHKU1111 Ci) = tg z 

oTo6pa)KaeTc5I nonoca 0 < x < n/2. 
11.100. IIocTpottTb p11MaH0By rroBepxHOCTb, Ha KOTOpyro cpyHK-

_, 
U115I ro = e: oTo6pa)KaeT z-rrJIOCKOCTb C. 
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11.101. ,[(oKa3aTb, '-!TO ecm1 a - ;::i:ei1crn11TeJibHOe 11ppau110HaJib­

HOe '-IHCJIO, TO p5!LI: 

'\'"' 1 
L--11 =1 2,, (z _ e2.:11ai) 

npe;::i:crnsnReT co6oi1: B o6nacrnx lzl > 1 11 lzl < 1 attan11T11'fecK11e 
cpyHKu1111, ;::i:m1 Ka)K;::i:oH: 113 KOTOphIX oKpy)KHOCTb { z: lzl = 1 } 5!Bn5!eT­
C5! ecTecrneHHOH rpaH11uei1. Ecn11 )Ke a - ;::i:eikTBinenhHoe 11ppau110-
ttaJihHOe q11cno, TO yKa3aHHbIH pR;::i: npe;::i:crnsnReT co6oi1 pau11ottanb­
tty10 cpyHKU11IO. 

11.102. ,[(oKa3aTb, 'fTO p5!.U 

'\'"° _l_ I 
0 n:=e:"", 

11=In:+n' 

cxo.n11TC5! np11 Re z > 1 11 ero cyMMa - attan11T11'-lecKa5! cpyHKUH5! c 
ecTecrneHHoi1 rpaH11uei1 Re z = 1. 

11.103. D:oKa3aTb, '-!TO cPYHKUl15! 

aHaJIHTH'-IHa np11 Re z > 0 11 HMeeT np5!MYIO Re z = 0 csoei1 ecTecT­
seHHOtt rpaHHUett. 

11.104. ,[(oKa33Tb, '-!TO cpyHKUHIO 

r.ne a,,= (-1)"+1
, \k-i = 2k, \k= 2k +e-2k, k =1, 2, ... ,MO)KHO aHa­

n11T11'-!ecK11 npo;::i:oJJ)KHTh B nonynnoCKOCTh Re z > -1. 

11.105. ,UoKa3aTb, '-!TO cpyHKU11IO 

f(-;,) =fa"'- e<1 e' sine'dt, 

onpe;::i:eneHHYIO B nonynnocKocT11 Re z > 0, MO)KHO aHan11T11'-!eCKH 
npo;::i:on)Kl1Tb s nonynnocKOCTb Re z > -1. 

11.106. B KaKHX o6nacrnx C cnpase;::i:nHBbI cpopMyJJI>I: 

1) f "" t : -i costdt = f(-;,)cos 7IZ; 2) f "° t: - i sintdt = f(z)sin 71 z. 
Jo 2 Jo 2 
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BhlqEThl. BhlqHCJIEHHE HHTErPAJIOB 

C IIOMOIIJ;hlO BhlqETOB 

Bw1emoJ11 o;::i:tto3tta'IHOH attamrT11'IeCKOH cpyttKU:I111 f(z) B 11301111-

poBaHHOH oco6oi1: TO'IKe Zo (B TOM q11cne I1 Zo = oo) Ha3bIBaeTC51 3Ha­

qeHHe HHTerpa.rra 

r;::i:e HHTerp11poBaH11e Be;::i:eTC51 rro 3aMKHYTOMY Kycoqtto-rna;::i:KoMy 

KOHTYPY )l{op;::i:atta, co;::i:ep)KameMy BHYTPH ce65l TO'IKY z0 11 He co­

;::i:ep)KameMy ;::i:pyrnx oco6b1x TO'IeK cpyttKllJHf f(z). Ilp11 :noM HH­

Terp11:poBaHHe Be,n:eTC51 B IIOJIO)l(lfTeJibHOM HarrpaBJieHHH OTHO­

CHTeJibHO o6rracTH, co;::i:ep)l(ameH: ToqKy z 0. 3HaqeHHe 3Toro 

HHTerparra B CHJIY TeopeMbI Konm He 3aBHClfT OT KOHTypa HH­

TerpHpOBaHH51, o6rra;::i:aIOll!ero YKa3aHHhIMH CBOHCTBaMH. ITo-

3TOMY rrpH BbJqlfcJieHHH BhilfeTa B TOqKe Zo f. 00 MO)l(HO cqH­

TaTh, qrn y - oKpy)l(HOCTh { z: Is - z 01 = 8} ;::i:ocrnrnlfHo Marroro 

pa;::i:11:yca, a B rnqKe zo = oo - oKpy)l(HOCTh { s: Isl = R} ;::i:ocrn­

ToqHo 6orrhllloro pa;::i:11:yca. 

3Haqemre BbIIIJeyKa3aHHoro 1rnTerpana B cnyqae z0 =/. oo pastto 

K03cpcp11u:11ettTy cc1np11 (z - z0) -
1
, as cnyqae z0 = oo pastto - a_i, r;::i:e 

a -I - K03cpqmu:HeHT rrp11 z -I B nopaHOBCKOM pa3JJO)KeHI111 cpyHKU:I111 

f(z) B OKpeCTHOCTM TOqKH Zo. 

Ecntt TOqKa z0 # oo ecTb rromoc rropH;::i:Ka cpyHKUimj(z), TO 

1 l'"-1 
res= !i~~[(z - z0 )"1 f(z)]. 
:=:o (111 -1) ! ---o dz 

Ecmi q)yHKUI151 fiz) amlJIHTH'IHa B orpaH11qeHHOH 06nacT11 D 
(6b!Tb MO)KeT, 11 MHOrOCB513HOM), KpOMe KOHetrnoro 'IMCJia TO'IeK 

Z1 , z2, .. .,z,, E D , 11 ttenpepbrntta B D, TO 
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r.ue CJD ecTb 3aMKHYTbIH Kycoqtto-nrn,UKHH KOHTYP )Kop.uatta B cny-
1.fae, Kor.ua o6nacn D 5!BIDieTC5! O.UHOCB5!3HOH, 11 06ne,U11Hett11e KO­
HelfHOro lfHCJia TaKHX KOHTypoB, Kor.ua o6nacTb D 5!BJI5!eTC5! MHOro­
CB5!3HOH. 

Ec1111 cPYHKUH5! j{z) attanHTHlfHa sc10.uy Ha C, KpoMe KOHelfttoro 
q11c11a TOlfeK z0 = oo, z1, .•• , z,,, TO crrpase.u1111sa cpopMyna 

'""'" LA=o res f (z) = 0. 
:=:~ 

ITp11 BbilfHC11ett1111 tteco6crneHHbIX HHTerpanos cpyHKUHH .ueii:cT­
BHTeJibHoro rrepeMettttoro cymecrneHHYIO ponb 11rpaer 

JleMMa JKop.11:aua. 

1. ITycTb cpyHKUH5!j{z) 5!BJrneTC5! tterrpepbIBHOH B o6nacTH 

D = { z: !zl 2: Ro, Im z 2: a} ( { z: !zl 2: Ro, Im z ::=:; a}) 

11.f{z) - 0 rrp11 z - oo, z ED. Ecn11 m > 0 (m < 0), TO 

J~J,. e;
111

: f(z)dz = 0, 

r.ue y R - .uyra oKp)0KHOCTl1 { z: lzl = R}, Jie)!<alllM B 3TOtt :>Ke 0611acT11 D. 

2) ITycTb cpyttKU115!j{Z) 5!BJ15!eTC5! HerrpepbIBHOH B 06nacT11 

D = { z: !zl 2: Ro, Re z 2: a} ( { z: !zl 2: Ro, Re z ::=:; a}) 

11.f{z) - 0 rrp11 z - oo. Ec1111 t > 0 (t < 0), TO 

J~~lr. e-': f(z)dz=O, 

r.ue YR - .uyra OKp)0KHOCTH {z: !zl = R}, ne:>Kama5l B 3TOH :>Ke o6nacm D. 

Crrpase.u1111s npw-1i1un ap2y,11enma aHaJIHT11qecKoi1 cpyttKUHH: ec­

JIH cpyHKUH5! j{z) attan11rnqHa B 3aMbIKaHHH D O.UHOCB5!3Hoi1 orpa­

H111:1ettttoii: 06nacT11 D (T. e. j{z) aHaJJHTHlfHa B o6nacTH G H D C G) 

sc10.uy, KpoMe KOHelfHOro lfHCJia rro1110cos ~k E D, k = 1, 2, ... , 11, 11 

HMeeT KOHelfHOe lfHCJIO Hyneii: Olk ED, rrp11qeMj{z) :/= 0 BCIO.UY Ha CJD, 

TO rrp11pamett11e apryMeHTa cpyHKUHHj{z) B,UOJ1b KOHTypa 1 =CJD rrpH 

O.UHOKpaTHOM o6xo.ue 0611aCTl1 B I10J10)!{11TeJibHOM HarrpaBJieHHH 

paBHO 2TI(N - P), r.ue N - rronttoe lf11c110 Hyneii: (c yLieTOM Kparno­

CT11), a p - I10J1HOe 411CJ10 ITOJIIOCOB ( c ylfeTOM KpaTHOCTH) cPYHKUHH 

j{z) B o6nacTH D, T. e. Var[argf(::)Jj:e = 211(N - P). 
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ITp11 JTOM )lOKa3brnaeTC5I, qTo 

1 1 f 1
(z) 

-Var[ar0 f(z)JI =-j--dz. 
27r o :Ey 27ri y f (z) 

1IHTerpa.rr B ITOCJie)lHeM paBeHCTBe paBeH cyMMe BbJqeTOB cpyHK­

u1111 J' (z) I j(z) B o6nacrn D. 

B11qeT cpyHKUHH f 1 (z) I f(z) Ha31rnaeTc5I JI02apucjJ;iiui1ecKuM 6bl ­

LtemoA1 cpyHKUHH f(z), ITOCKOJibKY 

J'(z) =!!__(Lnf(z)). 
f(z) dz 

Herrocpe.ucrneHHhIM cne.ucrnHeM rrpHHUHrra apryMeHra 5IBm1eTC5I 

TeopeMa Pyrne. EcnH cpyHKUHH j(z) H cp(z) aHa.JIHTHqHbI B 3aMbI­

KaHHH D orpaHHqeHHOH OLJ:HOCB5I3HOH o6JiaCTH D I1 Ha rpaHHUe av 
BCIO.llY HMeeT MeCTO HepaBeHCTBO 

If (z) il:EDD > i 'P(Z) il:EiJD' 
TO BHYTPH o6nacTH D cpyHKUHH f, f + cp, f - cp 11MeIOT O)lHHaKoBoe 
qHCJIO HyneH: (c yqeTOM KpaTHOCTH). 

TeopeMa rypsuua. ITycTb 3a)laHa ITOCJieL(OBaTeJibHOCTb cpyHK­
UHH {f,,(z)}, orpaHHqeHHhIX B 06nacT11 D. ITycTh 3Ta rrocne)loBa­
TeJihHOCTb paBHOMepHO CXO)lITTC5I BttyrpH o6JiaCTH K cpyttKUHHj(z) ;j:. 0, 

z E D. Tor)la )lJI5I mo6oro KOHTypa r c D, Dr c D I1 He rrpOX0.[(5I­

ruero qepe3 ttyn11 j(z), cyruecrnyeT q11cno 110 = n0(f), TaKOe, qTo .[(JI5I 

mo6oro 11 ~ n0(f) q11cno ttyneH: Nr,, = Nf B o6nacTH Dr. 

12.1. Pa3JIO)!(eHHe B p5I.n; JiopaHa cpyHKUHH j(z) B OKpeCTHOCTH 
TOqKJ1 Zo = 00 HMeeT BH.[( 

f(z)=c0 +c1z- 1 +c2 z-" + .... 

HaifTH res/(z) B ToqKe z0 = oo. 

12.2. ,lJ,oKa3aTb, qrn eCJIH Zo # 00 - rrpocrnH: ITOJIIOC cpyHKUHH 

cp(z)/\j/(Z), T. e. cp(z0) i- 0, \j/(z0) = 0 11 \j/1(z0) i- 0, TO 

res cp(z)/9(z) = cp(-;,0 )!cp1(z0 ). 
:::=:-o 
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12.3. IIycn, cpyHKUHH <p(z) 11 \j/(Z) amUIHTHqHbI B TOl!Ke Zo * 00 ' 

rrpttl!eM <p(zo) * 0, a \j/(Z) HMeeT B TOl!Ke Zo HYJib BTOporo rrop5l,I(Ka. 

H 
~ 'fJ(Z) 

attTH res-- B TOqKe Zo. 
'lj; (z) 

12.4. HaH:rn res (<p(z) f(z)) B TOqKe z0, ecn11 cpyttKUH5l <p(z) aHaJitt­

THl!Ha B TOl!Ke Zo, a cpyHKU115lf(z) HMeeT B 3TOH TOl!Ke IIOJIIOC rrop5l,U­
Ka k 11 nrnBHyio qacTb nopattoBcKoro pa:mo)l(eHI15l cne.uy10Il(ero B11.ua: 

~+ + a_k 
•• • k 

z-z0 (z-z0 ) 

12.5. JJ:oKa3aTb, l!TO eCJIH cpyHKUI15l f(z) aHaJIHTHl!Ha B TOl!Ke 
z = oo, TO crrpaBe,UJII1BbI cpopMyJibI: 

1) res f (z) = lim z (f (oo)- f (z)); 
:=oo :--+oo 

2) resf(z)=-g'(O), r.ueg(z)=fil/z). 
:=oo 

12.6. HaH:rn res f' (z) I f(z)) B TOl!Ke z0 -::/=- oo, ecntt: 

1) z0 - HYJih rrop51,UKa n aHaJIHT11qecKoH: cpyttKI.J;IiMfiz); 

2) Zo- IIOJIIOC IIOp5l,UKap cpyHKUHHf(z). 

12.7. IIycn, cpyHKUH5l <p(z) aHan11rnqHa B TOl!Ke z0 -::/=- oo. HaH:rn 

res ( '{J(z) · f '(z) If (z)) B TOl!Ke zo, ecn11: 

1) z0 - HYJib rrop5l,UKa n aHaJIHTHl!eCKOH cpyHKu1111f(z); 

2) z0 - nomoc rrop51.UKa p cpyHKu1111f(z). 

12.8. Hawrn res f(<p(z))) B TOqKe z0 -::/=- oo, ecn11 cpyttKUH5l <p(z) aHa­

JIHTHl!Ha B TOl!Ke Zo 11 <p'(zo) * 0, a cpyHKUI15Ifiw) HMeeT B TOl!Ke Wo = 
<p(z0) non10c rrepBoro rrop51.UKa c Bbil!eTOM, paBHbIM R. 

12.9. HaHTH Bbil!eTbI OTHOCHTeJibHO BCex l130JII1pOBaHHbIX oco-
6b1x TOl!eK cne.uy10umx cpyttKu11i1.: 

7 
1) ~ ; 

(z-l)(z-2) 
2) ~ ,m=2,3, ... ; 3) _ 

7
, 

(z-z,)'" (z-z]) z) - z 
]11 

4) z , n EN; 5) (e:-1)- 1
- z-'; 6) e1-:; 

(1 + z)" 

8) -.-
1
-; 9) 

1 
10) z" sin.!..,n EN; 

sm z cos z -3 z 

7) _1 __ ; 
1-e-

11) 1 
sin (1/ z) 

I 

r 
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12) sin z sin (1/ z); 13) cos z . 
(z2+l)2' 

14) sm z . 
(z2+l)2, 

15) 
1 

sin(z/(z+l)) 
16) e":; 18) tg z; 

19) tg z 11 E N · 
" ' ' z 

20) 
z2+4z-l 

cos . 
z+3 

12.10. HattTH BbrqeTbI B yKa3aHHhIX rnqKax O.D:H03ttaqttbIX BerneH: 

CJie.D:yIOIUHX MHOf03HaqHbIX cpyttKU:HH: 

Fz z(l z 
1) -, z=l; 2) ~· z=l; 3) r;;--• z=l; 

1-z 1-'lfz 2+'1!5-z 

4) z+ 3 
,z=O; 5)Lnz- 1,z=oo; 

41T"i - ln (1 + z) z + 1 

z-a 
6) Ln--, z=oo; 

z-b 

8) 11 z - a O z Ln -- z = z = ex>" 
z-b' ' ' 

3/2 2 3 

10) 
\J z - z 

,z=oo. 
z+3 

7) ~(z-a)(z-b),z=oo; 

_ z-a 
9) e-Ln-- z = oo· 

b ' ' z-

12.11. BorqHCJIHTb HHTerpamr no 3aMKHYTOMY KOHTYPY y, cqHTaH 

ttanpaBJiettHe o6xona no110JKHTeJibHbIM: 

j dz 
1) -

4
-,y:{z:lz-ll=l}; 

-, z +l 

,r dz , , 
2) j_-

4
--,y:{z:x--xy+ y +x+ y=O}; 

-, z +l 

,r z3dz 
3) j_ 4 ,y:{z:izl=l}; 

-, 2z + 1 

,r dz 
4):r_ 5 ,y:{z:izl=2}; 

, (z - 3)(z -1) 

,r dz 
5) j_ 2 ~ 2 ,y:{z: lzl=4}; 

, (z -1) (z-3) 

6) .f,sin~dz,y:{z:lzl=r}; 
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j . zdz 
7) sm-,y:{z: lzl=3}; 

I Z + 1 

A: zdz I I 8) J----" - ' y: { z: z = 4}; 
, e- -1 

,r: zdz 
9) f- . , y: { z: I z I= s}; 

-, sm z · (1- cos z) 

A: e"(:-IJ dz 
10) f. ,y:{z: lzl=3}; 

·, z-2 

11) A:c2z-l)cos_£_dz,y:{z: lzl=3}. 
f -, z-I 

12.12 . .D:oKa3aTb, qrn ecm1 cpyHKUIUI R(cos <p, sin <p) .lIBJUieTC.lI pa­
u110Ha.rrbHoi1: OTHOCHTeJibHO CBOHX apryMeHTOB cos <p, sin <p, TO 

fo1

" R(cos cp,sin <p)d<p = 27r I:;=, ~~~R(z), 
-- - 1.. 

me z,, z2, .. ., z,, - oco6bre TOqK11 cPYHKUHH R(z), Jie)Kaume s Kpyre 

{ z E : izl < 1 }, a cPYHKUH.lI R( z) 11MeeT BH.IJ:: 

R(z) = z- 'R(_!_cz + 11 z),2.(z -1/ z)) 
2 2i 

11 .lIBJI.lleTC.lI paUHOHaJibHOH OTHOCHTeJibHO z. 

12.13. Bbrq11cJI11Tb HHTerpaJibr: 

1
1;; d<p 

1) , a> 1; 
0 a +cos<p 1

2;; d<p 
2) 0 , a> b > 0; 

0 (a +bcos<p)-

l " d<p 
3) 0 ; 

0 l+sin-<p 

r1" dcp 
4) Jr ? , a ,,c ± 1; 

o l+a--2acos<p 

5) Joh ecosqi cos(n<p - sin<p )d<p, n E Z; 

6 r" COS1<pd<p 0 1· 7) f" cos22<pd<p I I 1· 
) Jc . " ' <a< ' Jr "' a < ' 0 1- asm· <p 0 1-2acos<p +a· 

8) fo" 11 
cos"<p cosb<p d<p,b >a> -1; 

[ , , ]" " cos· - cos·a ;,, 
9) f _ . <p . e <1> d<p, 0 < a < 7r I 2, /1 E N; 

- .. S!Il <p - S!Il a 
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J" sinncp d<p 
10) . ? , I a I< 1, n EN; 

-rr 1- 2asmcp +a-

11) {1" sinn~cos k.x dx, k, n EN; 
Jo smx 
r2;r qsinxsinkx 

12) Jr 0 dx, I q I< 1, k EN; 
0 1- 2q cosx + q-

13) 12
" (l-q2)cosk.x 

2 
dx, lql<l, kEN; 

o l - 2q COSX + q 

14) 12" (1- qcosx)cos~ dx, I q I< 1, k EN; 
0 1- 2q cosx + q-

15) fo2
" ln(l - 2q cos x + q2

) cos k.x dx, I q I< 1, k EN. 

12.14. Bb1qttcJIHB lim £ zdz_i= , r.ue Y11 - np.HMoyroJibHhIH KOH-
11-00 111 Q-e 

Typ, coe).l,HH.HIOl.l.(1111 TOY.Kl1 (-11, 0), (11, 0), (11, 11), (-n, 11), IlOKa3aTb, 

qTO 

. lln(l +a), 0<a<1, {" xsmx dx 7r 
Jr------,=- l+a 

0 l-2acosx +a- a In-a-, a> 1. 

12.15. I1ycTb cpyttKu:irn.f(z) ttenpepbIBHa np11 Im z :'.": 0, aHaJIMTHY.­

Ha npH Im z > 0 BCIO).l.y, KpoMe KOHeqttoro qttcna H30JIHpOBJHHbIX 

oco6hIX TOY.eK z 1, z2, ... , z11 H z.f(z)-+O np11 z-+oo, Im z :'.": 0. ,IJ;oKaJaTh, 

qTO 

v.p.j_: J(x)dx= 27riL~=I ~~~f(z). 
---i 

12.16. BhIY.HCJIHTh HHTerpaJibI: 

J"" xdx l "' dx l ""' dx 1) ? 0 ; 2) -
4
-; 3) 

0 
, 11 EN; 

- ru cx-+4x+13)- 0 x +l 0 (x-+1)" 

l "" x
2
dx J"" dx 4) 0 0 , a > O; 5) , , , , , a, b > 0; 

o (x-+a)- -"' (x-+a-)(x-+b-) 

l "" dx J"'"' x" dx 6) --, 11 2: 2, 11 E N; 7) , , n 2: 2, n E N; 
0 x" + 1 ° x-" + 1 
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l "" dx J~ x
4
dx 8) , , n EN; 9) 

2 4
, a, b > O; 

0 (x-+ l)" 0 (bx +a) 

J"' dx 
10) . 2 , a, b > 0, n E N; 

-cv (bx +a)" 

""' x
111

dx 
11) f --, n > m + 1, n, 111 E N ; 

Jo x"+ 1 

12.17. TlycTh cpyttKu,mrflz) ttenpephrntta npH Im z ~ 0, aH<UIHTHq­

Ha npH Im z > 0 BCIO)ly, KpOMe KOHeqttoro qHCJia H30JIHpOBaHHhIX 
oco6hIX roqeK z,, z2, ... , z11 , Hf(z) -t 0 npH z-too, Im z ~ 0 . .IJ:oKa3aTh, 

qro npH a> 0 

v.p.J_: eiaxf (x)dx = 27riL~=t ~~~[eia: f (z)]. 
- -~1.. 

YKa3a11ue. HcnoJih30BaTh neMMY )l(op)laHa. 

12.18. Bh1qHcnHTh HHTerpanb1: 

l) J"° ~cosxdx ; 
- ro X- - 2x + 10 

f "" cosxdx 
3) J 

1 
, , , , a 7: O; 

0 (x-+ a-)-

S) r "" sin
3
x dx. 

Jo x3 ' 

7) f "'° sinaxdx . i=I 2. 
Jo x(x2 +b2)', , , 

le"° cosxdx 
9) , , , , , a, b > O; 

o (x- + a-)(x- + b-) 

J: ::o l-cosax 
10) , dx,a>O; 

0 x-

x smx 
( 

. )4 
11) fa -x- dx; 

2) f "" xsin xdx; 
Jo x4+1 

6) rx < -I . sin x dx; 
Jo x- + 1 x 

8) f "" cos ax - cos bx dx· 
Jo x2 ' 

. 4 

12) f "- Sln,X dx; 
Jo x-

14) f "" sin
4
ax - sin

4 
bx dx. 

Jo x 
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12.19. Bh1q11CJI11Tb 11HTerpanb1: 

1+;'"" e': 
1) l - ,-dz, t > O; 

I-ho z- + 1 

"+;"' ze': 
2) J . - ,-dz, a>O, O<t<l; 

<1-I"" z- + 1 

3) Ji" ,e': , dz , t > O; 4) Ji+"' zcos zt dz, t > O; 
-iv (z-- lt i-ov (z + 1)2 

5) -
1
-. J "-ri"' a: dz , 0 < a < 1, a > O; a > 1, a > O; 

21fl a-rx. Z 

J
"+i-v dz 

7) . _ . , 0 < a < 1, 0 < a < 1; 
"-

1
"" a - sm 7rZ 

1 J"+ix, t : 
8) - --+ldz, a>O, t>O, nEN; 

27ri a-ix z" 

1 J a+ix e:' 
9) - --+ldz, a>O, t>O, nEN. 

27ri a-ix z" 

12.20 . .D:oKa3aTh, qrn npH n =0, 1, 2, ... 

12.21. .D:oKa3aTh, 'ITO 

r""' log
2 
xdx = 7r

3 

Jo 1+ x2 8 · 

loa 2 z 
Y1wJam1e. I1HTerp11poBaTb cpyHKUl1I-O ~ BJJ.OJih nonyKpyrno-

1 +z-
ro KOHTypa. 

12.22. TiycTb cpyHKUH51 f(z) aHaJIHTHqHa npH Im z > 0 BCI-OJJ.y, 

KpOMe KOHeqHoro q11cna 1130JI11pOBaHHbIX oco6bIX TOtJeK ai. a2, ... , 

a,, 11 attaJI11T11qtta Ha )J.eikTBHTeJibHOM np51MOH, KpoMe npoCTb!X no­

mocoB b 1, b2, ... , b111 11f(z)-O np11 z -oo , Im z ~ 0 . 

.D:oKa3aTh, qTo npH a > 0 
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J"- J ( ia<d 2 · {"\"" ia-J( )) l "\""' ( iarj( ))} v.p. _"- x)e · x= m Dk=i;:,~(e - z +2L-k=i;:,~ e · z , 

r.ne HHTerparr nOHHMaeTCSI B CMbJCJle rnaBHOro 3Halfemrn OTHOCl1-

TeJlbHO TOlfeK bk 11 00. 

12.23. BhPrncJIMTh 11HTerparrh1 B CMhICJie rnaBHoro 3Ha'leH11S1: 
iar-. 

1) J"" ~dx; 2) J"' ,xcosx dx; 
_,,, x -0v x- - Sx + 6 

J" dx 
3) , 1 , a> 0, ~ E R; 

-"' (X- + a-)(x - ~) 

4) f °'° ~,~EC; 
- oo x-~ 

S) Joo cos ax dx ; 
- oo x3+ 1 

JN dx 
6) , ~, z EC, z ~ ~; 

- N (x - ~)(x - z) 

J
"' eixdx 

7) , Im~ > 0, Im z > 0, z z C 
-"' (x - ~)(x - z) 

l ,,+;"' ch z - ch~ 
8) . dz, - oo < O' < oo, ~ E C; 

(7- l x:J z-~ 

Ja+i"" [shz-sh~l
2 

9) . dz, -oo<O"<oo,~EC; 
u - 1= z-~ 

lu+i::v[chz-ch~l
2 

10) . dz, -oo<O"<oo,eEC; 
"-'""' z-~ 

1 iax 

J"" -e 
11) _"" x 2 dx, a E R ; 

12) Ja+i:x-[t~-t~l
3

c/z, -oo<O"<oo,O<t<l,eEC; 
a-1 ::0 z-t;, 

12.24. ITycTh cpyHKu,11S1 fi.z) aHaJI11T11YHa Ha scei1 KOMnneKCHOH 

nnocKocn1. )loKa3aTh cnpase.nn11socTh cne.ny10m11x cpopMyn: 

( z-bJ J" 1) ;:~ f (z)Ln z _a = 
11 

f (-::)dz, 

r.ne a 11 b - np0113BOJibHhie KOMnJieKCHbie 'lMCJia; 
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[ (
- -b )

2 l Jb b - x 2) ;:~ f(z) ;_a =2 "f(x)ln x-a dx, 

r.n,e a 11 b - np0113BOJibHbJe KOM!lJieKCHbie lJl1CJia 11 a < b; 

3) res[f(z)(z-b)c]=sinc7fj"J(x)(b-x)c dx, 
:="- ::: - a 11 a x - a 

r.ue - 1 < c < 1, a 11 b -.uei1crn11TeJibHbTe LJ.HCJia 11 a < b. 

12.25. Bb1L111cn11Tb 11HTerpanb1 OT MHOro3HalJHbIX cPYHKU11i1 (.umr 

scex O,UH03HalJHbIX BeTBei1): 

3) rR cos zc~z ; 
fi:+1l="2 In z + m 

S) rR dz ; 
Ti:i=1 .,/4z. 2 + 4z + 3 

7) § ~(z - a)(z -b)dz; 
l:l=2(ial+/b/J 

l) rR dz . 
fi:- 11=112 In( z - 2) + i11' 

4) fi:1=2 arc;gz dz; 

6) rR J z - l dz· 
fi:l=2 z + 1 ' 

8) § dz ; 
!:l=2<lal+l"I> ~(z - a)(z - b) 

12.26. TiycTb cPYHKl.(1151 f(z) aHaJil1THlJHa Ha scei1 KOM!lJieKCHOH 

llJIOCKOCTH c c pa3pC30M no llOJIO)KHTeJibHOH LJ.aCTH nei1CTBl1TeJibHOH 

np.RMOH, KpOMe KOHeLJ.HOro LJ.HCJia l130JIHpOB3HHbJX oco6b!X TOL!eK Cli, 

a1, ... , a" tf_ RT 11 HenpepbrnHa Ha scei1 KOMnJieKcHoii nnocKOCTH, 

KpOMe TOlJKl1 = 0. TiycTb, KpOMe Toro, 

lf{z)I '.SC o lzl-s llJI.R mo6oro 8 > 0 np11 z--+ 0, 

lf{z)J:::; C' Ii JzJ- 1
+

0 
.UJI.R mo6oro 8 > 0 11p11 z--+ oo. 

)J,OK333Tb, lJTO 

i;;o 

fo" x 0
-

1f(x)dx = -Ti-.e--~~=I -~s [z" - 1/(z)], 
sm Cl7f .. -ok 

ecJI11 0 <a <1 11 x u-I > 0 11p11 x > 0. 
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12.27. Bhrq11cn11Th 11HTerpaJihr: 
a-I 

l
oo X 

1) --dx, O <a <1, >. > O; 
o x+>. 

a-l 
r°" x 2) Jr dx, 0 <a< ll; 
0 (x + l)(x + 2) ... (x + ll) 

l '"" xPdx "" xP 
3) --, ' -1 < p < l; 4) r , , dx, -1<p<3; 

0 1 + x- J 0 (1 + x- t 
f " xPdx 

5) Jr 2 • IPl<l, J>-1<11; 
0 x + 2cos>. +1 

6) ( "' cos(ln x) dx. 
Jo l+x2 , 

"' x 111 dx 
8) f --, n,mEN,n>m+l. 

Jo l+x" 

12.28. 1) .IJ:oK<l3aTh, 'ITO f(a)f(l - a)= n I sin an, 0 <a< 1, r):(e 
l(a) - raMMa-cpyHKIUHI 3ifoepa. 

2) .IJ:oK<l3aTb cpopMyny 113 n. 1) c IlOMOWhIO 11HTerpaJia I13 
3a):(a9M 12.16 (n. 11) 11 np116Jm:>Kemrn: n106oro ):(eikrn11TeJihHOro 

q11cna a E (0, 1) .n:po6hJO mI.n:a (m + 1) In, r.n:e m, 1l EN. 

12.29. Bhr911cn11Th 11HTerpaJihr: 

1) fo'"" xp-i cosaxdx, a> 0, 0 < p < l; 

2) fo"" xp-i sin ax dx, a> 0, J p J < 1; 

3) fo'"" cos(xP)dx, p>l; 4) fo"" sin(xP)dx, p>l; 

5) fo'"" e-'cos :.. cos(tsin>.)dt, J>-1<7r/2; 

6) fo"" e-icos:.. sin(tsin>.)dt, l>-J<7r/2. 

12.30. Bhr911cn11Th HHTerpaJihI B CMhrcne rnaBHOro 3Ha9eHmi:: 

l " eP-'"dx 2) J;" x
4
dx ,· l " x 2 

dx. 1) --r, 0 < p < l; 3) --1-, 
0 1 + e· 0 x - 1 ° x - 1 

l " x" dx J" eP-'" dx 4) --, -1 < p < O; 5) --. , 0 < p < l; 
0 1 - x --.... 1 - e-' 
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" e"-' dx 
6) J_" 1 - e2x ' 0 < p < 2; 

S) ( "' (sin (In x) )
2 

dx; 
Jo x-1 

"'-' e"xdx 
9) J , 0< a< 2; 

-"' (e-' + l)(e-' +a) 

10) f'-Sinaxdx' IImal<l; 
Jo shx 

12.31. BhI'IHCJH!Th HHTerpa.nb1: 

l) fr"' lnxdx O· 
" , 'a> ' 0 x-+ a-

"' x"- 1 lnx 
3) l dx, 0 < p < 1, a > O; 

0 x+a 

"' xp- 1 lnx 
4) v.p.f dx, 0 < p < 1, a> O; 

0 x-a 

5) ri In 1- x dx 'a> O·, l ""' dx Jr 6) , , , a > O; 0 x x+a 0 (x+a)(ln-x+7r-) 

7) f " dx a> o· 
Jo (x2 +a2)(ln2x+7r2)' ' 

8) j'~ .fx ln,xdx, , , a>O; 9) f ;xJ lxnxdx ,, a>O; 
0 x(x- + a-t Jo x(x +at 

10) fr" In(_!_- x) dx,. 
0 x 1 + x-

12.32. BbI'IHCJIHTh HHTerpa.nbr: 

f1 x 1
-" (1- xY 

1) Jc 3 dx,-l<p<2; 
o (1 + x) 

fl Xl - p (1- x)P 
2) Jc , dx, -1 < p < 2; 

0 1 +x-

3) fo1 
x" (1- x) 1

- " dx, -1<Rea<2; 

1
1 Xl-p (1- X)" 

4) , dx, - I < p < 2; 
0 (l+xt 
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5) fr'(-x-)1' dx , IP I< 1, a> O; 
0 1-x x+a 

I( 1 )/I dx 6) l - , , IPl<l, a>O; 
0 1-x (x+a)-

7) l 1(1+x)1-p(l-x)''d- -1 2· 
----,-- x, < p < ' 

0 1+ x-

i xp- I (1- x) - p 
8) f dx, 0 < p < 1, b EC, b += 0,1; 

Jo b-x 

l ' dx fr' x 9) ,,r:--;;• n = 2,3, ... ; 10) .Jx(l-x) ln-dx; 
o \! 1 - x" o 1 - x 

11) f "" lnx dx. 
Jo (x-1)..Jx 

12.33. ,[{oKa3aTb rrp11Be~etttty10 m1:11<e popJ11y.r1y J1rnce1-w. IJycTb 
cpyHKumif(z) JIBJHieTcJI attaJI11rnqecKoi1 B Kpyre {z: lzl < R},fiO) =f:. 0, 
,.,, r2, ... , - MO.UYJJH ttyneiifiz) B 3TOM Kpyre, pacnOJJOIKCHHbie B He­

y6bJBaJOWeM nopH.UKe. Torna np11 r,,::: r::: r,,+ 1 cnpaBep;n11Bo: 

log I f(O) I+ L~=1 log!.... =-
1 fr~" log I f(r,B) I de. 

'i: 271 ° 
12.34. ITycTb cpyttKU115l f(z) attan11rnqtta B 3aMKHYTOM Kpyre { z: 

lzl ::: R}, f(O) =f:. 0, f(z) =f:. 0 np11 lzl = R. IIycTb a 1, a2, ... , a,, - ttyn11 
cpyHKUHHf(z) B Kpyre {z: Jzl < R} c yqeroM KparnocT11, ab,, b2, ... , 
b,,, - IIOJIIOCa c yqeTOM MX KpaTHOCTl1. ,[{oKa3aTb, '-!TO cnpaBenmma 
cpopMyna 

11 R 111 R 1 ~" 
log I f(O) +~log--l:log-=-flog I f(R,B) I dB. 

k=I J akJ k= I I b.1.I 271 0 

12.35. ,[{oKa3aTb, '-!TO .llJI5l Bcex lzl ::: p HMeeT MeCTo paBeHCTBO 

-
1
- r~" log I pe;0 

- ~I de= tog p. 
271 Jo 

12.36. IIycTb cj)yHKU115l f(z) attaJIHTJI'-!Ha B OTKpbITOM Kpyre { z: 
·o 

Jzl < p} H fiz) =f:. 0 BCIO.llY npH Jzl :S p, KpOMe TQqK11 Zo = p e' 0 
' np11-

'-!eM .f(z) = (z - z0/F(z), rne cpyHKU115l F(z) ttenpepbrntta np11 lzl::: p H 
Jim F(~) += 0, oo . )J,oKa3aTb, •no cnpaBep;JI11Ba pop.11y.ria 11eHceHa: 
: - :o 



BbI4ETbl. Bbl4I1CJIEHI1E I1HTHPAJIOB c noMOLI..(bIO Bbl4ETOB 171 

log I f (0) I = 2~ .("log I f (p, 8) I d8. 

12.37. ,UoKa3aTb, 'ITO ecm1 cpyHKU11H f(z) aHaJIHTH'IHa B Kpyre { z: 

izl < p}' HenpepbIBHa B 3aMKHYTOM Kpyre { z: lzl :s p} H o6paw.aeTCH B 

Hym, TOJlbKO npH z = 0 c KpaTHOCThIO m ' TO 

IJ(")(O)J 1 2" . 

log + mlogp = - r log I J(pe'0 ) I de. 
ml 27rJo 

12.38. c CTOMOlll,hIO TeopeMhI Pywe .UOKa3aTb OCHOBHYIO TeopeMy 

anre6ph1: n106oii MHoroqneH P,,(z)=a,,z" + ... +a1z+a0 , a,, i- 0, c 

KOMrrneKCHhIMH K03cpcpmmeHTaMH HMeeT pOBHO Tl KOMnneKCHhIX 

KOpHeii, )"IHTbIBaH HX KpaTHOCTh. 

12.38.1. ,[{oKa3aTb TeopeMy I'ypBHUa. 

12.39. IIycTh P,, (z) = az"+ z + 1, r.ue a EC, n ~ 2. ,UoKa3aTh, 'ITO 

P,,(z) HMeeT xorn 6b1 OlIHH HYJJh B Kpyre { z: lzl ~ 2}. 

12.40. IloKa3aTh, 'ITO npH /... > 1 ypastteHHe ze).-== 1 B Kpyre { z: 

izl :s 1 } HMeeT e;:i:HHCTBeHHhIH KopeHb, KOTOpbIH 5!BJ15!eTCH .ueiicTBH­

TeJlbHbIM 'IHCJIOM. 

12.41. ,UoKa3aTh, 'ITO npH a > e ypasHeHHe e: = az" HMeeT n 
Kopttei1 sttyTptt e.uttHM'IHOro Kpyra. 

12.42. IloKa3aTh, 'ITO npM /... > 1 ypastteHHe z = /... - e -z MMeeT npw 

Re z ~ 0 TOJlhKO OJJ:HH KopeHb, HBJIHIOllJ.MMCH ;:i:ei1cTB11TeJThHhIM 

'lHCJlOM. 

12.43. ,UoKa3aTb, 'ITO ypaBHeHH5! z sin z = 1 11 z = tg z HMeIOT 

TOJlhKO .ueikTBttTeJlbHbie KOpHH. 

12.44. Onpe.uenHTh, CKOJlhKO ttynei1 HMeeT ypasHettwe sin z = z. 

12.45. IloKa3aTh, 'ITO np11 .ueikTBttTeJJhHhIX 3Ha'lemrnx a H b 
ypasttetttte z2" + a 2 z2"- 1 + b2 = 0 HMeeT /1 - 1 KOptteii c Re z > 0, ec­

;rn n tteqeTHO, 11 n KOpttei1 c Re z > 0, ec1111 11 - qeTHO. 

12.46. IIycTh cpyttKUH5! f(z) attanwrnqtta BHYTPH 3aMKHyTOro Ky­

CO'IHO-rna;:i:Koro KOttTypa )Kop;:i:atta y. ,UoKa3aTh, 'ITO ecn11fiz) BHYT-

pw y HMeeT /1 HyJieH, TO!' (z) BHYTPH y HMeeT 11 - 1 ttynei1. 
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12.47. CKOJJbKO KOpHei1 11MeeT B Kpyre { z: lzl < 1 } ypaBHeH11e z = 
cp(z), eCJ111 cpyHKU11H cp(z) 3HaJJl1TI1'IH3 B 33MKHYTOM Kpyre { z: lzl ::::: 1} 
11 lcpCz)I < i? 

12.48. I1oKa3aTh, qrn .UJJH mo6oro p > 0 rrp11 .uocrnrnqHo 6onb­

lllOM n Bee HYJJH cpyHKu1111 

1 1 1 
f,,(z) = !+-+ ... +-·-----;;-

.::: n! z 
ne)KaT B Kpyre { z: lzl < p}. 

12.49. )J,OK333Tb, qTo MHoroqneH 

P,, (z) = nz"-'+ (n -l)z"-2+ ... + 1 

rrp11 .UOCTaTOqHo 6oJJblllOM Tl He 11MeeT KOpHdi B Kpyre { z: lzl < p}. 

12.50. ITycTb 0 :S a0 < a1 < ... <a,,. )J,oKa3aTb, qrn cpyHKU11H 

f(z) = ao + a,cos z + ... +a,, cos nz 

11MeeT TOJJbKO .uei1CTBl1TeJ1bHbie KOpH11. 

12.51. ITyCTb cpyHKU11JI cp(z) HerrpepbIBHa 11 MOHOTOHHa Ha orpe3-

Ke [0, a]. )J,OK333Tb, qTQ cpyHKUHH 

F(z) = J
0

11 

<p(t)cos tz dt 

11MeeT TOJJbKO .uei1CTBI1TeJ1bHbie KOpHI1. 

12.52. <PyHKU11IO EeccenH rropH.UKa fl, fl = 0, 1, 2, ... , MO)KHO orr­

pe.uen11Tb CJie.UyIO~l1M paBeHCTBOM: 

J (z) = _1_ ); e%<~-zl d~ =-I-J
2
" ei(011-:sin0)de. 

II 2 . J c11+l 2 
7rl /~/=I ~ 7r 0 

)J,oKa3aTb, qTo J,,(z) 11MeeT TOJibKO .uei1CTB11TeJJbHb1e Hyn11. 
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KOH<l>OPMHhIE OTOI>PA)KEHIDI 

IIycTb cpyHKUHJI f(z) O.llHOJUICTHa B o6nacTH D c C, H nycTh B 

KmK.uoif TO'-IKe z0 E D HMeeT MecTo coxpaHeHHe yrnoB no BeJmq11He 

H no HanpaBJieHHIO OTcqern Me)K.uy JII06bIMH .llBYM5! rna.UKHMH KpH­

BbIMH )Kop.uaHa, nepeceKaIOIUHMHC5! B TOqKe Zo, H HX o6pa3aMH IIpH 

OTo6pa)KeHHH f H HMeeT MeCTO nocT05!HCTBO paCT5!)KeHH5! no BCeM 

HanpasneHH5!M, BhIXO,ll5!IUHM H3 ToqKH z0. Tor.ua OTo6pa)KeHHe w = 
f(z) tta3hrnaeTrn KOHcpopMHhIM B o6nacTH D. 

EcJJH cpyHKUH5! f(z) aHaJJHTHqHa B TOqKe Zo H !' (zo) I- 0, TO cyrue­

crnyeT OKpecTHOCTb TOqKH Zo, B KOTOpoif OT06pa)KeHHe w = fl.z) 5!B­

JI5!eTC5! KOHcpOpMHbIM. 

AHaJIOrHqHo MO)KHO onpe.ueJJHTb nOH5!THe KOHcpOpMHOro OT0-

6pa)KeHH5! ,llJJ5! o6nacTeH H3 pacnmpeHHOff KOMnJJeKCHOH nJJOCKOCTH. 

YrnoM Me)K.uy KpHBhIMH, nepeceKaIOIUHMl1C5! B TOqKe z = oo, tta3o­

BeM yroJI Me)K.llY o6pa3aMH 3THX KpHBbIX npH OT06pa)KeHHH s = z - I 

B rnqKe s = 0. IIocKOJJhKY oTo6pa)KeHHe s = z -
1 

5IBJI5IeTC5I noBopo­

TOM ccpepbl P11Matta Ha 180° BOKpyr ,llHaMerpa c KOHU:aMH B ToqKaX 

ccpepbI c Koop.n.1rnaTaMH (112, 0, 112) H (0, 112, 112), TO 3TO orn6pa­

)Kett11e coxpatt5!eT yrnhI Me)K,lly Kp11BbIMH B Ka)K,llOH TOqKe ccpepbl 

PttMaHa 11, KpoMe Toro, nonIOc P(O, 0 ,1) np11 3TOM nepexo.uHT B 

rnqKy (0, 0, 0). TaKHM o6pa30M, ecn11 cpyHKUHR f(z) O.llHOJIHCTHa B 

o6JiaCTH D c c H B Ka)K,llOH TOqKe Zo E D HMeeT MeCTO KOHcepBa­

TH3M (coxpaHeHHe) yrnoB, a B Ka)K,llOH KOHeqHOH TOqKe 113 D -
noCT05IHCTBO paCT5I)KeHH5! H TOqKa z = 00 5IBJI5!eTC5! nOJIIOCOM nop5!,ll­

Ka He BbJWe nepBoro, TO OT06pa)KeHHe f KOHcpOpMHO. 

OT06pa)KeH11e, o6paTHOe K KOHcpopMHOMy, 5!BJJ5!eTC5! KOH­

cpopMHbJM 11 cynepn0311Ul15! KOmpopMHhIX OTo6pa)KeHHH TaK)Ke 5!B­

JI5IeTC5I KOHcpopMHbJM orn6pa)KeHHeM 

Ecn11 cpyttKU115!f(z) attaJJHTHlfHa B o6nacTH D c C 11 He paBHa rn­

)K,D.ecrneHHO rrocT05!HHOH, TO o6pa3 06nacT11 D np11 0To6pa)Kett1111 f 
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TaK)Ke 5!Bm1eTC5! o6rracTbIO. Ecrr11 erue rrpe):(norrm1rnTh, llTO cpyHKU:H5! 

f(z) O,ll,HOJIHCTHa B 0611acrn D, TO npOI13BO,UHa5!f
1
(z) * 0 BCIO,Uy B D. 

OcuoBHhle npnuQnnhl Kou<IJopMHhIX ornopaJKeuuii. B3anM­

uaH OllH03Ha'IHOCTh. <PyHKUH5! f(z) ocyrueCTBJI5leT KOH<popMHOe 

orn6pa)!(eH11e o6rracrn D c C Ha 0611aCTb G c C TOrL(a 11 TOJibKO 

TOr,Ua, KOr,Uaf(z) O,UHOJIHCTHa 11 aHaJIHTHtJHa B o6rracrn D. Ecm1 06-

nacTb D HeorpaHHlleHHa, T. e. D c C, TO cpyHKU:HH f(z) ocyruecT­

BJIHeT KOHcpopMHOe orn6pa)!(eH11e 0611acrn D Ha 0611aCTb G C C 
Tor,Ua 11 TOJibKO TOr,Ua, Kor,Uafl.z) OLlHOJIHCTHa B D 11 attarr11T11lltta B D 
BCIO):(y, KpOMe, 6bJTb MO)!(eT, O,ll,HOH TOllKH, B KOTOpoiI OHa MMeeT 

rrorr10c rrepBoro nop5!,UKa. MHbIMM crroBaMM, O,UHOJIMCTHbre aHarr11-

T11tJecK11e cpyHKU1111 11 TOJibKO OHH ocymecTBJI5!IOT KOHcpopMHOe OT0-

6pa)!(eHMe 0611acTeii Ha KOMITJieKCHOM IlJIOCKOCTM. 

IIpttHQHil COOTBeTCTBHSI rpaHHQ. IlyCTb cpyHK[(H5! f(z) aHaJIH­

Tl1l!Ha B orpatt11tJettttoH: OLlHOCBH3ttoH: 0611acT11 D 11 HerrpepbIBHa 

BITJIOTb ,ll,O ee rpaHMUbI y, HBJIHIOIUeHCH KYCOllHO-rna.[lKOH Kp11BOM 

)Kop,UaHa. Ec1111fl.z) OTo6pa)!(aeT B3al1MHO-OLlH03ttaqHo Kp11By10 y Ha 

KycoqHo-rna.[lKYIO 3aMKHYTYfO Kp11BYfO f C COXpattett11eM 06XO.[la, TO 

cpyHKUM5Ij(z) KOHcpOpMHO OT06pa)!(aeT o6JiaCTb D Ha int f. C ,Upyroif 

CTOpOHbI, eCJIH cpyHKUHHf(z) KOHcpOpMHO OT06pa)l(aeT o6nacn, D Ha 

0611acTb G, TO cpyHKUHIO fl.z) MO)!(HO HerrpepbIBHO rrpO,UOJI)!(HTb Ha 

3aMbTKam1e D 0611acT11 D rnK, qTo f(z) 6y,UeT OTo6pa)l(aTb rparrnuy 

0611acT11 D Ha rpaHHUY 0611acT11 G B3a11MHO O,UH03HaqHo 11 c coxpa­

HeHtteM o6xo,Ua. 

IIpttHQHII cnMMeTp1rn. IIycTb cpyHKU11H f(z) aHa1111rnqHa B 06-

11acT11 D, rpaHMUa KOTOpoiI CO,Uep)l{HT HHTepBarr y ,UeHCTBHTeJibHOH 

OCH, a 0611aCTb D* HBJIHeTCH CHMMeTp11qHOM K D OTHOCl1TeJibHO ,UeH:­

CTBHTeJibHOM ocH, np11lleM 0611acT11 D 11 D* He HMeIOT 06m11x ToqeK. 

Ec1111 cpyHKUH5! f(z) HerrpepbIBHa BnJIOTb ,UO y 11 npHHHMaeT .ueH:crn11-

TeJibHb1e 3HaqeHl15! Hay, TO ee MO)!(HO aHaJI11T11qeCKl1 rrpo,UOJI)l{l1Tb B 

0611acTb D u y u D* c11e,Uy101IJJIM o6pa30M: 

{

f(z) , .:;E DUy, 
F(z)= -

f(z), ZED*. 

ErnH rrpH 3TOM cpyHKUHHfl.z) KOHcpopMHO orn6pa)!(aeT 0611acTb D 
Ha 0611aCTb G 11 o6pa30M 11HTepBaJia 5!BJIHeTC5! HHTepBaJI f ,UeHCT­

BI1TeJibHOH OCH, TO cpyHKUl1H f(z) KOHcpopMHO OT06pa)l(aeT 0611aCTb 
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D u y u D* Ha o6naCTb D u r u G'", rne G* - o6nacTb, Cl1MMeT­
p111rna5! G OTHOC11TeJJbHO nei1:cTs11TenhHOH oc11. 

Anorwrno 3TOMY yrnep)KneHHIO crrpasenn11so yrnep)KneH11e, KO­
rna y - nyra 0Kpy)KHOCTl1, rrp11 3TOM CI1MMeTpmo OTHOCHTeJTbHO ny­
rn 0Kpy)KHOCT11 Hano rroH11MaTb KaK 3epKaJJbHoe 0Tpa)KeH11e s naH­
Hoi1 OKpy)KHOCTH, ocyruecrnmreMoe 11ttaepc11e?i. 

0CHOBHblM yrnep%neH11eM Teop1111 KOHcpOpMHb!X orn6pa)KeHHH 
51Bmi:eTC51 

Teopei\rn PmrnHa. ITycTb o6nacTb D - 01lHOCB513Ha51 s CMbrcne 
pacrrmpeHHOH KOMilJJeKCHOH I1J10CKOCTl1, rpatt11ua KOTOpoi1: COCTOHT 
6onee qeM 113 onHo?i ToqK11. Torna cyruecrnyeT cpyHKUH51 w = f(z), 
KOTOpa51 KOHcpopMHO orn6pa)KaeT o6naCTb D Ha BHyTpeHHOCTb en11-

HJ1qHoro Kpyra lwl < 1. Ycnos115!M11 f(z0) = w0, arg fE (z) = a, rne 

zo E D, lwol < 1, a E R, zo, w0, a - cp11Kc11posaHbI, orn6pa%eH11e f 
orrpe.ue1rneTC5! 01lH03Haqtto. 

rro TeopeMe P11Matta cyruecrnyeT cpyHKUI151 w = f(z), KOTopa51 
KottcpopMHO orn6pa)KaeT sepXHIOIO rronyrrnocKocTh { z: Im z > 0} Ha 
orpatt11qeHHbIH MHoroyronbHHK M, JJe)Karu11i1 s w-rrnocKOCTH C. 
ITycTb Ah k = 1, ... , 11, - rrocne.uosaTeJJbHbie sepll!HHbI Mttoroyronb­
Hm<a M, 3attyMeposaHHbie rrpoTHB qacosoi1 CTpeJIKH, nak, k = 1, ... , 11, -

sem1q11HbI yrnos Ms seprn11Hax coorneTcTBeHHO Ak> L~= 1 ak = n - 2, 

0 < ak ::::: 2, 11 rrycTb ak - rrpoo6pa3 seprn11HbI Ak, k = 1, ... , n, np11 
OT06pa)KeH1111 w = f(z), T. e. f(ak) = Ah ak - ToqKa nei1crn11TeJibHOi1 
rrp51MOH. Tor.ua 11MeeT MeCTO rjJOp.MyJ1a Kpucmo¢¢e.fl5/.-Weap14a 

w = f(z) =cf h(~)d~+ c" 
--0 

rne c, c, - IlOCT051HHbie, a HHTerpan 6epeTC51 no KpHBOH, JJe)Karuei1 B 
sepXHe?i rronyrrnOCKOCTI1, cpyHKUH51 /z(c,) - peryn51ptta51 seTBb cpyHK-

( )
a -I a -I u1111 z - a 1 

1 ••• ( z - a,,) " , 01lHOJIHCTHa51 s nonynnocKocT11 

{ z: Im z > 0}. TaK KaK pa3n11qHbie sern11 3TOH cpyHKUHH OTJrnqaIOTC51 
.upyr OT npyra MHO)K11TeJJ5!M11, TO s cpopMy11e Kp11crncpcpe1151-lllsapua 
B 3aBHCHMOCTH OT BbJ6opa BeTBH h(c,) 6yneT H3MeH51ThC51 TOJJhKO 
KOHCTaHTa c, TQqHee - arg c. 

ITycTh .rvrn onpeneneHHOCT11 3anatthr TOqK11 ai. a2, a3, a1 < a2 11 
zo = a 1; rro11ara51 B rrp11se.uettttoi1 Bbillle cpopMy11e z = a 1, nonyq11M 
c, =f(.a,) =A,. flp11 a 1 < x <a", arg h(x) = const, 3Haq11T, 
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II03TOMY arg c = arg (A2 - A1) - e. 3ttaq11T, cpopMy11y Kp11cTocpcpem1-
lilBapua MO)KHO 3arr11caTh B BH.Ue 

f(z) = Ae'a t h(;)d;+ Al' 

r.ue A> 0, a= arg (A2 -A1)- 8. 
B 3TOH cpopMy11e OCTMOCh /1 - 2 tte113secTtthIX rrapaMeTPOB: A > 0 

H a4, a5, ... , a,,, TaK KaK 

I1 TaK KaK arg h(x) = const .um1 x E (ak, ak+i), TO 

1Ak+1-Ak+2I= Af
0

"

1

lh(t)ldt, k=l,2, .... ,n; a, 
3,UeCh cq1naeM, qTo a,,+1 = ai, A,,+1 = A 1 H qTo O.UHH H3 HHTepBMOB 
(ak, ak+l ), k =1, 2, ... , co.uep)KHT BHYTPH ce6H ToqKy z = oo. 

3TH COOTHOIUeHHH II03BOJIHlOT orrpep;eJIHTb BCC rrapaMeTpb!. 

13.1. ,lJ,oKa3aTh, qTo cyrrepII03HU:H~ OL(HOJ1HCTHh!X cpyHKUHH HB­
J1HeTCH O,UHOJIHCTHOH cpyttKU:HeH:. 

13.2. ,lJ,oKa3aTh, qrn eCJ1H attaJIHTHqecKaH cpyttKUHH f(z) O.UHOJ1H-

crna B OKpeCTHOCTH TQqKH Zo, TO j' (z) * 0 B 3TOH OKpecTHOCTH. 

13.3. ITycThft.z) = L~=0 a,, (z - z0 )", iz - Zoi < p, p > 0, a1=/(Zo)f:-0. 

,lJ,oKa3aTh, qTo cymecrnyeT Pi > 0, p1 < p TaKOe, qrn .UJ1H scex z E 

C: iz - zol S Pi ciJyttKU:HH.f(_z) O.UHOJIHcrna. I1p11secrn rrpuMep, rroKa-

3hIBaIOUlHtt, qTo o6paTttoe yrnep)K,UeH11e ttesepHo. 

13.4. ITycTh y - 3aMKHYTaH Kycoqtto-rna.uKaH Kp11BaH )Kop.uatta. 

ITycTh ciJyttKWrn ft.z) aHM11rnqHa Ha int y H rrpttHHMaeT Ha y Ka)K.uoe 

CBOe 3Ha'iemre TOJJhKO 0)1,HH pa3. ,lJ,OKa3aTh, 'iTO.f(_z) O,UHOJIHCTHa B int y. 
13.5. ,lJ,oKa3aTb, qrn rrpene11 paBHOMeptto cxonmueH'cH rrorneno­

saTeJihHOCTH aHaJIHTJ1qHb!X 0L{HOJ1HCTHh!X cpyHKUHH HBJ1HeTCH 111160 
ciJyttKU:Hei1 o.utto1111CTHOH, n1160 rrocrn~HHOH. ITp1rnecT11 np11Mep rro­
cJienosaTeJJhHOCTH 0L{HOJ1HCTHhlX cpyHKU:HH, paBHOMeptto cxon~­

rueH:cH K cpyttKU:HH, TO)K.uecrnetttto paBttoH: HYJIIO. 
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13.5.1. Beptto 1u1 yrnep)K.n:emre rrpe.n:b1.n:ymei1 3a.n:aq11, ec1rn y6-

paTb ycJIOBHe attaJIHTHqHOCTH rrocne.n:oBaTeJibHOCTH cpyHKUHH? 

13.6. Orrpe.n:enttTb o6nacrn o.n:ttonttcrnocrn cpyttKUtti1: 

l)z",nEN; 2)z+z- 1
; 3)ez; 

4) sin z; 5) cos z; 6) tg z; 7) th z. 

13.7. )].oKa3aTb, qTQ perymrpHhie BeTBH cpyHKUHH O,ll,HOJIHCThI: 

1) ef;.,11 EN; 2)lnz. 

13.8. IIycTh cpyHKUH5! 

2 3 w = z + a2z + a3z + ... 

attan11rnqtta Ha BHyTpettttocrn e.n:11tt11qttoro Kpyra { z: lzl < 1}, D -
KOHcpOpMHbIH o6pa3 BHyrpeHHOCTH e,D,HHHqHoro Kpyrn rrptt OT06pa­

)KeHHH w = w(z). )].om1:mTh, qTQ rrnoma.n:h D paBHa 

.7Z'+.7Z'_L:~=2nla,, ( 
3To yrBep)K.n:emie Ha3hIBaeTC5! eHympeHHeii meopeMoii nJZOU{aoeii. 

13.9. )J;oKa3aTh, qTo B rrpe.n:rrono)Kett115!X 3a.n:aq11 13.8, ecntt 

L~=1 n I a,, Is:; 1, 

TO cpyHKUH5!./{Z) O,ll,HOJIHCTHa BO BHyrpeHHOCTl1 e,D,HHHqHQfO KpYTa. 

13.10. )].oKa3aTh, qTQ ,ll,JI5! Bcex cpyHKUHH w = w(z), y.n:oBJieTBO­
p5IIOIUHX rrpe.n:rrono)KemrnM 3a.n:aq11 13.8, MHHHMYM rrnorua.n:tt D .n:oc­
TttraeTC5! Tor.n:a, Kor.n:a D COBrra.n:aeT c BHyrpeHHOCThlO e,D,HHifqHoro 

Kpyra, T. e. w(z) = z. 

13.11. IIycTh cpyHKUH5! 

a, a, 
w= w(z) = z +-+~+ ... 

z z-
0,ll,HOJIHCTHa BO BHelllHOCTH e.n:HHHqHoro Kpyra { z: lzl > 1 } H aHaJIH­
THqHa BCIOJJ:y, KpOMe 6eCKOHeqHO y.n:aneHHOH TQqKH, r.n:e OHa HMeeT 

rron10c rrepBoro rrop5!,n:Ka. )].oKa3aTh, qTQ L~=1 11 I a,, l2:<S 1. 3TO yrnep­

)K,ll,eHHe Ha3bIBaeTC5! 6HeUtHeil meopeMOLl llllOUfadeil. 

13.12. )].oKa3aTb, qTQ ecntt cpyHKU115! f(z) 0,ll,HOJIHCTHa B OKpeCT­
HOCHI TO'-IKH Zo, KOTopa5! 5!BJl5!eTC5! IIOJlIOCOM, TO 3TOT ITOJlIOC HMeeT 

rrepBhIH rrop5!,ll,OK. 

13.13. ITycTb cpyttKUH5! 
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w = f (z) = z + a2z2 + ... 

O.UHOJUICTHa BO BHyrpeHHOCTH emrnwrnoro Kpyra { z: lzl < 1 } . .[loKa-

3aTh, qTQ cpyHKUI15I 

1 3 
F(z)= =;:+-a,z + ... 

2 -
TaK)!{e 0,UHOJIHCTHa BO BHyTpeHHOCTl1 e.u11H11qHoro Kpyra. 

13.14. IIycTh cpyHKUH5I 
1 

w = z + a2z- + ... 
aHaJIHTJ1qHa 11 O.UHOJIHCTHa BO BHyrpeHHOCTI1 e,UHHJ1qHoro Kpyra 

{ z: lzl < 1} . .[(oKa3aTb, qrn la21 :S 2 . .[(oKa3aTh, qro :no HepaBeHcrno 

HeyJiyqwaeMo. 

13.15. IIycTb ¢YHKU115I 

w = w(z) =z + a2z
2 + ... 

aHaJil1Tl1qHa 11 O,UHOJil1CTHa BO BHyrpeHHOCTl1 e.u11H11qHoro Kpyra 

{ z: lzl < 1 } ' D - o6pa3 BHyrpeHHOCTH e,UHHHqHQro Kpyra npH OT0-

6pa)l{eHHH w = w(z) c rpattm~ei1 8D . .ll:oKa:mTh, qTo mo6aH ToqKa 

rpattHUbI DD y.uanetta OT HaqaJia KOOp.UHHaT Ha paccT05lmre He Metth­

we, qeM Ha 114. 3Ty nocT05IHHYIQ Ha3bIBaIQT KoHcmaHmoil Kii6e. 

13.16. IIycTh cpyHKUH5I 

w = f(z) =z + a2z2 + ... 
aHaJIHTHqtta 11 O,UHOJil1CTHa BO BHyrpeHHOCTH e,UHHHYHOro Kpyra 

{ z: lzl < 1 } . .[(oKa3aTb, YTO: 

1) .[(JI5I JIIQ6oro z E C: lzl < 1 cnpase;::i;m.rnb1 ttepasettcrna 

1-lzl < , < l+lzl 
c1+ I z DJ -1fCz)1- c1-1:: ll. 

3TH HepaBeHCTBa Ha3bIBaIQT 111eope.11ou UCKQ:J!CeHLm. 

2) .[(JI5! mo6b1x ;:1, z2 EC :J ::,J::; r, I ::21::; r, 0<r<1, cnpaBe.UJIHBbI 

HepaBeHCTBa 

(~)
4

:::; IJ'C::,)I ::;(~)
4 

i + ,. I J' < ::2) I 1- ,. 

3) .ll:JI5! mo6oro z: Jzl < 1 cnpaBeLIJIHBO ttepaBeHcrno 

I argj'(;:) I:::; 21n ~:: ~:. 
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3To HepaBeHCTBO Ha3bIBaIOT meopeMOU epaU{eliUR. 

13.17. IIycTb cpyttKr.urn 

w = f (z) = z + a 2z2 + ... + a11 z" + .. . 

attaJIHTHqHa H OJJ:HOJIHCTHa BO BHyrpeHHOCTH e;::i:ttHHqHoro Kpyra. 

1) ,l.l;oKa3aTb, qrn la11I <en .z:i:mr mo6oro n 2::2. 
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2) _aoKa3aTb, qTo erntt Bee K03cpqrnutteHTbI a,, - ;::i:ei1:cTBHTeJibHbie 

qwcna, TO ;::i:m1 mo6oro /1 2:: 2 crrpaBe.UJIHBO HepaBettcrno Ja,,J :::; n. 

IIpoBepttTb, qrn ¢YHKUH51 z I ( 1 - z) 2, Jzl < 1, y;::i:oB11ernop5IeT 
BCeM ycJIOBH51M 3a.z:i:aqw H JJ:JI51 ee K03cpcpHUHeHTOB HMeIOT MeCTO pa­

BeHCTBa a,, = 11.. 

13.18. L(eJibIM JIHHeMHbIM rrpeo6pa30BaHHeM Ha3bIBaIOT rrpeo6pa-

30BaHtte w = w(z) = az + b, a E C\{O}, b E c. HaHTH 061.UHH BH.U 

uenoro JIHHeifHoro rrpeo6pa3oBaHtt51, nepeBOJJ:51I.Uero: 

1) BepxHroIO r1011yrr11ocKocTb { z E C: Im z > 0} Ha BepxHIOIO rro-

11yrr11ocKocTb { w E C: Im w > 0} ; 

2) BepxHroro rro11yn11ocKocTb { z E C: Im z > 0} Ha HH)KHIOIO no-

11yrrJIOCKOCTb { w E C: Im w < 0}; 

3) BepxHIDIO rro11yrr11ocKocTb { z E C: Im z > 0} Ha rrpaByro rro11y­

rr11ocKocTb { w E C: Re w > 0}; 

4) rrpaByro rro11yrr11ocKocTb {z E C: Re z > 0} Ha rrpasyro noJiy­

nnocKocTb {w EC: Rew> 0}. 
,l.l;oKa3aTb, qTo BO Bcex c11yqa51x rrpeo6pa30BaHwe OJJ:H03Haqtto 

onpe;::i:eJrneTC51 3a;::i:atttteM O.UHOM rrapbl COOTBeTCTBeHHbIX BHYTpeHHHX 
ToqeK (z0, w0 = w(z0)) HJIH ;::i:Byx nap (zk, wk = w(zk)), k = 1, 2, rpa­
HHqHbIX ToqeK. 

13.19. HattTH uenoe JittHeHHoe rrpeo6pa30Bam1e w = w(z), OT0-
6pa)!{a10mee IIOJiocy, 3aKJIIOqeHHYIO Me)!{.uy rrp51MbIMH 

)' = kx + bi' y = kx + b~' z = x + iy' 

Ha rronocy { w E C: 0 < Re w < 1}, H y;::i:osneTBopmomee ycnoBHIO 

w(b1) =0. 

13.20. Hai1TH uenoe JIHHei1Hoe rrpeo6pa3oBatttte w = w(z), oT0-
6pa)!{aIOI.Uee BHyTpeHHOCTb e;::i:HHHqttoro Kpyra { z: lzl < 1} Ha BHYT-
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peHHOCTh Kpyra { w E C: lw - w01 < R} TaK, qrnfa1 w(O) = w0 11 rop11-

30HTaJihHhii1 n11aMerp nepexomrn B n11aMeTp, o6pa3yIOw,Hi1 c noJio­

)KHTeJihHhIM HanpaBJieH11eM nei1CTBl1TeJibHOH OCH yroJI a: 0 :'.S a :'.S 11:. 

13.21. .lJ:JI5! cj:>yHKUHH w = z -
1
, z = x + i y, HaHTH o6pa3bl CJie.llyIO-

ll{l1X JIHHHH: 

1) oKpy)KHOCTei1 x2 +/=ax, a ER; 

2) oKpy)KHOCTeii x2 + / = by, b E R; 

3) np5!MhIX y = x + b, b ER; 

4) np5!MhIX y = kx, k E R; 

5) np5!MhIX y - y0 = k(x - x0), k E R; 

6) napa6oJI y = ax2
, a E R. 

13.22. y CTaHOBHTb o6pa3bI nptt OT06pa)f(eHHH 

w = (z - z0) -
1 + h, h EC, z = x + y: 

1) np5!MoyroJibttoi1: ceTKH x = e, y = e, e ER; 

2) nompttoi1: CeTKH lz - Zol = R, arg (z - Zo) =a, R > 0, 0 ~ a :'.S 2n. 

13.23 . .lJ:OKa3aTb, qTQ .npo6Ho-mrneH:Ha5! cpyHKUH5! 

w = (az + b)l(ez + d), ad i: be, w(- die)= oo, w(oo) =ale, a, b, e, dE C 

KOHcpOpMHO OT06pa)KaeT pacw11peHHYIO KOMOJieKcttyIO flJIOCKOCTh 

c Ha pacw11peHHYIO KOMITJieKCHYIO flJIOCKOCTb c . 
13.24 . .lJ:oKa3aTh, qrn cynepno3HUH5! npo6Ho-mrnettHhIX orn6pa­

)Kett11if eCTb .npo6HO-JIHHeHHOe OT06pa)KeHHe. 

13.25 . .IJ:oKa3aTb, 'ITO o6parnoe K .npo6HO-JlHHeHHOMY OT06pa)Ke­

HHIO 5!BJI5!eTC5! .npo6HO-JlHHeHHh!M OT06pa)KeHHeM. 

13.26 . .D:oKa3aTb, qTQ np11 npo6HO-JII1Hei1HOM OT06pa)!(eHHH o6-

pa30M OKPY)!(HOCTH 11JI11 np5!Moi1 TaK)Ke 5!BJI5!eTC5! OKpy)!(HOCTh HJ111 

np5!Ma5!. 

13.26.1. .D:oKa3aTh, qTo ypasHeH11e s11.na A.::z + Bz + BZ + C = 0 s 

C onpe.nrn5!eT np5!MyIO, ecJJ11 A = 0, B i: 0, C E R. EcJJ11 )!(e A i= 0, 
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A E R, C E R 11 !Bf - AC > 0, TO ypasHeH11e orrpe.uemieT oKpy)K­

HOCTh. 

13.27. ToqK11M11 M''' Ha3bIBa!OT c11MMerp11qHbIMH oTHoc11TeJibHO 

0Kpy)KHOCT11 pa.u11yca R c ueHTpoM B ToqKe 0, ec;rn 0H11 Jie)!(aT Ha 

O.UHOM nyqe, BhrxowimeM 113 roqK11 0 11 !OM] !OM*I = R2 
• .D:oKa3aTh, 

lffO rrp11 .upo6HO-Jil1HeHHOM orn6pa)!(emm TQqKJ1, CHMMeTpWIHhie 

OTHOC11TeJihHO 0Kpy)KHOCT11 11n11 rrp5IMOH, rrepexOJJ.5IT B roqK11, c11M­

Merp11qHhre OTHOCl1TeJibHO o6pa3a 3TOH rrp5IMOH HJil1 COOTBeTCTBeH­

HO OKPY)KHOCTH. 

13.28 . .IJ:oKa3aTb, qrn cymecrnyer 11 en11HcrneHHO .upo6Ho­

mrnei1Hoe OT06pa)!(eH11e, KOTOpoe Tp11 pa3Jil1qHbie roqK11 Z1i Z2, Z3 

rrepeso.u11r B rp11 pa3JIHqHhie roqK11 wi, w2, w3. 3To OT06pm1<em1e 

orrpe.ueJI5IeTC5I cpopMyJioi1 

W - W1 • W3 - W1 _ Z - :::1 • Z3 - Z2 

W - w2 w3 - W 1 Z - Z 2 .::::3 - :::1 

13.29 . .D:oKa3aTb, qrn cjJyHKum1 w = f(z), onpe.ueneHHa5! cpopMy­

JIOH B 3a)J.aqe 13.28, r.ue Z1i Z2, Z3 - pa3JIH'-lHbie TO'-IKl1, H W1, W2, W3 -

TaK)!(e pa3JIH'-lHbie roqKH, KOHcPOPMHO OT06pa)KaeT Kpyr, rpaHHUa 

KOToporo npOXO.U11T 4epe3 z,, Z2, Z3, Ha Kpyr, rpaH11ua KOTOporo 

npoXO)J.HT '-Iepe3 TOqKH Wi, W2, W3. Ilo.u KpyroM flOHHMaeM BHyrpeH­

HOCTh 11JIH BHellIHOCTb OKpy)!(HOCTH, npOXO)J.5!1UeH qepe3 TPH roqKH, 

He Jie)Kam11e Ha O.UHOH rrp5IMOH. EcJIH )Ke rp11 ToqK11 Jie)KaT Ha onHoi1 

np5!MOi1 L, TO Kpyr - 3TO nonynnocKOCTb c rpam1uei1 L. 

13.30 . .IJ:or<a3aTb, '-ITO .upo6HO-JIHHei1Hoe orn6pa)Kem1e w(z) '$ z 
MO)!(eT 11MeTb He 6onee )J.Byx HellO)J.BH)!(HbIX roqcJ<. 

13.31. 1) .D:oKa3aTb, qrn .upo6HO-JIHHdi:Hoe orn6pa)Kem1e 

w(z) = (az + b)/(cz + d) , ad i= be, w(z) i. z, 

HMeeT .use HeIIO)J.BH)KHble roqKJ1 z, 11 Z2. 

2) .D:oKa3aTb, qro 3Tl1 roqK11 COBnana!OT, z, = Z2, TOf)J.3 11 TOJlbKO 

ror.ua, Korna (a - d)
2 + +4bc = 0. 

3) .IJ:or<a33Tb, 4TO eCJIH HeflO)J.BH)!(Hbie TO'-IKH z, H Z2 .upo6HO­

mrneHHOfO OT06pa)KeHJ151 pa3JIH4HbI, z, t Z2, TO 
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4) )J,OKa3aTb, qTQ ecm! HenO.USJ.f>KHhie TOqKJ1 .upo6HO-JIJ1HeHHOro 

OTo6pa)Kemrn cosna.na10T, T. e. z1 = z2, TO 

1 1 a-d 
--=--+k,k=c,z1 =--. 
w- Z1 .::- 21 2c 

13.32. 1) On11caTb see .npo6Ho-mIHei1Hhie orn6pa)KeH115I sepxHei1: 
noJiynJIOCKOCT11 Ha SHYTpeHHOCTh e.u11H11qHoro Kpyra. 

2) OmrcaTb see .npo6Ho-JI11HeHHbie orn6pa)KeH115I e.n11H11q­

Horo Kpyra Ha ce65I. 

13.33 . .UoKa33Tb, 'ITO .npo6HO-JIHHeHHOe OT06paJKeHHe w = w(z) 
e.nHHHqttoro Kpyra Ha ce65I, y.uosJiernopmoruee yc11osHJIM 

w(zo) = wo, arg w' (zo) =a, lzol < 1, lwol < 1, a ER, 

onpe.ueJIJieTCJI cpopMynoH: 

w-w0 z- Zo 1a 
= e 

l-ww0 1- zz0 

13.34. IIycTb cpyHKUHJI w = f(z) O.UHOJIHCTHa, amUIHTJ1qHa H orn-

6pIDKaeT e.nHHH'IHhIH Kpyr { z: lzl ::::: 1} Ha e.nHHH'IHblH Kpyr { w: lwl ::::; 1 } ' 

rrpHqeM f(O) = 0. llcrroJih3YJI JieMMY lllsapua, .UOKa3aTb, qTQ f(z) = az, 
r.ne ial= 1. 

13.35. llcnOJih3Y5I pe3yJihTaT rrpe.nh1.n;yrudi. 3a.na'IH, .noKa3aTb, 'ITO 
O.UHOJIHCTHaJI aHaJIHTHqecKa5I cpyHKUH5I, OT06pa)Ka!OruaJI e.n;HHHqHbIH 
Kpyr Ha emrnH'-JHbIH Kpyr, JIBmieTCJI HeBblpOJK.UeHHOH .npo6HO-JlH­
HeHHOH cpyHKUHeH. 

13.36 . .UoKa3aTh, 'ITO .npo6Ho-mrneH:Hoe oTo6pa)KeHHe w = w(z) 
BepxHeH: rroJiynJioCKOCTH Ha ce65I, y.uosJieTBopJIIOIUee yc110BHJIM 

w(z0) = w0, arg w '(z0) =a, Im zo > 0, Im wo > 0, a E R, 
w-w z-z . 

onpe.ueJIJieTCJI cpopMy110H: -----::!1- = --:!-e'a. 
w-wo z-zo 

13.37 . .UoKa3aTb, 'ITO JII06oe KOHcpOpMHOe OT06pa)KeHHe BCeH: 
KOMnJieKCHOH nJIOCKOCTH c Ha BCIO KOMITJieKCHYIO nJIOCKOCTb c 5IB­
JI5IeTC5I .npo6HO-JIHHeHHbIM. 

13.38 . .UoKa3aTb, 'ITO JII06oe KOHcpOpMHOe OT06paJKemre BCeH 

pacurnpeHHOH KOMnJieKCHOH nJIOCKOCTH c Ha BCJO pacumpeHHYJO 

KOMITJieKCHYIO IlJIOCKOCTb c 5IBJI5IeTC5I .npo6tto-mrnei-1Hh!M. 
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13.39. y CTaHOBl1Tb 06w:11i1 B11.U .npo6HO-Jil1HettHOfO rrpeo6pa3o-
Bamrn:, rrepeBomrw:ero BepxmoIO rro11yn11ocKOCTh { z: Im z > 0}: 

I) Ha BepxHIOIO no11yn11ocKoCTh { w: Im w > 0}; 
2) Ha rrpasyIO no11yrr11ocKOCTh { w: Rew> 0}; 
3) Ha HI1'.>KHIOIO rro11yrr11ocKOCTh { w: Im w < 0}; 
4) Ha JieByro rro11yrr11oc1<ocTb { w: Re w < 0}. 

13.39.1. Hai1:rn 06w:11i1: B11.U .npo6Ho-1111Hei1Horo orn6pa)l.(eHmI, 
rrepeBO)UIW:ero BepXHIOIO rro11yrrnoCKOCTb Ha BHyrpeHHOCTb Kpyra 

lwl<R. 
13.39.2. HaH:T11 06w:11H: s11.n .npo6tto-mrneH:ttoro 0T06pa)f(ett11H, 

rrepeBO.U5!W:ero Kpyr lzl < R Ha Kpyr lwl < R. 
13.40. Hai1:rn rrpeo6pa30Batt11e w = w(z), orn6pa)l.(aIOw:ee OTKpbI­

ThIH Kpyr { z: lzl < R} Ha npasyIO no11yn11oc1<ocTb { w: Re w > 0}, rn­
Koe, 'iTO w(R) = 0, w(- R) = oo, w(O) = 1. YcTaHOBl1Th o6pa3hI nony­
OKPY)l.(I-IOCTei1 {z: lzl = r, 0 < r < R, Im z > O}. 

13.41. Hai1T11 .npo6tto-1111ttei1:ttoe 0T06pa)l(ett11e, nepeso.n51mec: 
1) TO'iKl1 z = -1, i, l+i COOTBeTCTBeHHO B TO'iKl1 w = 0, 2i, 1- i; 
2) TO'iKl1 z = -1, i' 1 +i COOTBeTCTBeI-IHO B TO'iKl1 w = i, oo, 1; 
3) TO'iKl1 z = -1, oo, i COOTBeTCTBeHHO B TO'iKl1 w = i, I, l+ i; 
4) TO'iKH z = -1, oo, i COOTBeTCTBeHHO B TO'iKl1 w = oo, i, 1; 
5) TO'iKl1 z = -1, oo, i COOTBeTCTBeHHO B TO'iKl1 w = 0, oo, I. 

13.42. Hai1T11 .npo6tto-1111ttei1:ttoe 0To6pa)l(ett11e, TaKoe, 'iTO 
1) TO'iKl1 1 11 i HenO.UBH)l.(Hhl, a TO'iKa 0 nepexO.UHT B TO'iKY - l; 

2) l 2 5 3 . 
TO'iKH - H Heno.nsmKHhI, a TO'iKa - + - I nepexo.u1u B oo. 

2 4 4 
13.43. Haifrn .npo6Ho-n11tteH:Hoe oT06paJK:ett11e w = w(z), TaKoe, 

'iTO TO'iKa i HBJIHeTCH .UBOMHOH HeITO.UBH)l(ll.OH TO'iKOH, a TO'iI<a z = 1 
rrepeXO.U11T B 00. 

13.44. Haifnr TO'iKl1, CHMMeTpHLJHble T01-IKe 2 + i OTHOCHTeJibI-10 
OKPY)l(HOCTH: 

1) {z: lzl= l}; 2) {z: lzl=3}; 3) {z: lz -il=3}. 
13.45. HaHTH C11MMeTpH'iHhlH o6pa3 OTHOCHTeJibI-10 emrnH'i!IOH 

OKPY)l(HOCT11 rne.nyIOW:HX JJHHHH: 
l){z:lzl=T1

}; 2)z:lz-1J=l}; 3){z:Imz=2}; 

4) {z: lz- zol = lzoJ}; 5) {z: Jz- zuJ =~I zoi2-I, I z:0 I> I; 

6) {z: IRe zl 2 
- IIm zl~ =1 }; 

7) rpaH11ua TpeyronhH11Ka c Bepw11Ha~rn B TO'iKax 
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Z1, Z1, Z3 E C\{O}, Zk * z,, k, l = 1, 2, 3, k * l. 
13.46. 0T06pa311Th KOHCpopMHO BepXHKHO rronyrnIOCKOCTh { z: 

Im z > 0} Ha e)lHIDf'IHhIH Kpyr { w: jwj ~ 1} TaK, GT06o1: 

1) w(i) = 0, arg w '(i) = -11: I 2; 

2) w(2i) = 0, arg w '(2i) = O; 

3) w(a +bi)= 0, arg w '(a+ bi)= 0, b > 0. 

13.47. 0T06pa311Th KOHQJOpMHO BepXHlOI-0 rronyrrnoCKOCTh { z: 
Im z > 0} Ha OTKphIThIB Kpyr { w: jw - w0 j < R} TaK, qrnfa1 TOGKa i 
rrepeurna B ueHTp Kpyra, a rrpOI13BO)lHa5I B 3TOH TOGKe 6orna ITOJ10-

)KJ1TeJlhHOH. 

13.48. 0T06pa311Th KOHQJOpMHO OTKphlThIB Kpyr { z: lzl < 2} Ha 

rrpaByIO rroJiyrrnocKOCTh { w E C: Re w > 0} TaK, qrnfa1 w(O) = 1, 

arg w'(O) = 11: I 2. 

13.49. 0T06pa311Th KOHQJOPMHO BepxHI-OI-0 rronyrrnOCKOCTh { z: 
Im z > 0} Ha HIDKHfOlO IlOJIYIIJIOCKOCTh TaK, GT06hl 

w(z0 ) = 20 , arg w'(z0 ) = -tr/2, Im z0 > 0. 

13.50. 0To6pa311Th KOHQJOpMHO BHyTpeHHOCTh e)lHHHGHOro 

Kpyra { z: jzj < 1} Ha BttyTPeHHOCTb e)l11HI1GHoro Kpyra { w: lwl < 1} 
TaK, qT06hI 

1) w(T 1) = 0, arg w'(2- 1
) = O; 

2) w(r 1i) = 0, arg w'(T 1i) = 11: I 2; 

3) w(O) = 0, arg w'(O) = -11: I 2; 

4) w(zo) = zo, arg w'(zo) =a, a ER. 

13.51. 0T06pa311Th KOHQJOPMHO OTKphIThll Kpyr {z : lzl < r}Ha 

OTKphIThIH Kpyr { w: jwj < R} TaK, GTOfaI 

w(zo) = 1vo, arg w'(zo) =a, lzol < r, lwol < R. 

13.52. 0T06pa311Th KOHcpopMHO OTKphIThlH Kpyr { z: jz - 21 < 1} 

Ha OTKphIThrn Kpyr { 1v: jw - 2ij < 2} TaK, qT0601 w(2) = i, arg w'(2) = 0. 

13.53. 0To6pa311Th KOHcpopMHO BHyTpeHHOCTh e)lHHHGHOro 

Kpyra { z: lzl < 1 } Ha BttyTPeHHOCTh e)lHHHGHOfO Kpyra { w: lwl < 1 } 
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TaK, qT06b1 TOqKM z1 11 z2, lzd, lz2I < 1, neperrurn B TOqK11 ±a, 0 < a < l. 

Onpenen11Tb a. 

13.54. Halim: 06ru11ii s11.u npo6Ho-n11HeiiHoro rrpeo6pa1osaH115f 
w = w(z), oT06pa)KaIOruero OTKphIThlli Kpyr {z: lzl < R} Ha OTKphIThlli 
Kpyr { w: lwl < R} TaK, 'IT06or 

1) w(a) = 0, lal < R; 2) w(a) = b, lal < R, lbl < R; 3) w(±R) = ± R. 

13.55. IIocTpo11Tb oT06pa)KeH11e BHyTpeHHOCTH e,UHHHqHoro 

Kpyra { z: lzl < 1} Ha seyrpeHHOCTh e,1J.11HWIHoro Kpyra { w: lwl < 1 } , 
rrpH KOTOpOM rrpoo6pa3 ueHTpa H3XO,Ul1TC5f Ha nettCTBHTeJibHOH OCH, 

a nyra 0 ::; t.p '.S rr./2 e,UHHWIHOH OKPY)KHOCTH OTo6paJKaeTc5f B .uyry 

1) 0 ::; e ::; rr./2; 2) 0 ::; e ::; n/3; 3) n/2 ::; e ::; 7 n/6. 

13.56 . .n:oKa3aTh, qTO HeBblpO)K,UeHHOe ,Up06HO-JIHHeHHOe rrpeo6-
pa30BaHHe w = (az + b) I (cz + d) MO)KHO rrpHBecrn: K BM.UY w = 

(az +~)I ( yz + 8), r.ue I: ;1 = 1. EcnH (a+ 8) ER, TO rrpeo6pa3o­

BaHHe w = w(z) Ha3oIBaIOT 3JIJiunmuttecKu.M rrpH la + 81 < 2, 2unep60-
J1uttecKUM - rrptt la + 81 > 2 H 11apa60J1uttecKUM - rrpH la + 81 = 2. Ec­
JIH )Ke Im (a+ 8) i- 0, TO npeo6pa1osaHtte w = w(z) Ha3oIBaIOT flOK­

coopoMuttecKUM. 

13.57. HattTM 06m11i1 stt.n; rrapa6onwqecKoro rrpeo6pa3oBaHH5f OT­
KpbIToro Kpyra { z: lzl < R} Ha OTKpbIThrH Kpyr { w: lwl < R}' rrpH KO­
TOpOM TQqKa R OCTaeTC5f HenO,UBl1)KHOH. 

13.58 . .z:i:oKa3aTb, qTO rrpH rnnep6onwqecKOM rrpeo6pa1osamm: 

1) JII06a5f OKp~HOCTb, npOXOMmM qepe3 .use HenO,UBH)KHbie 
TOqK11, nepexo,n:HT caMa B ce65f, H HanpaBJieHHe o6xona coxpaH5leTc5f; 

2) 11106a5f OKPY)KHOCTb, opTOroHaJibHa5f K OKPY)KHOCT5fM, npoxo­
.U5f1UHM qepe3 Heno.UBH)l(Hbie ToqKH, rrepexo,n:HT B oKpy)KHOCTb, 06-
11a.n;aIOIUYIO TeM )Ke CBOHCTBOM. 

13.59 . .z:i:oKa3aTb, qTo nptt 3JIJIHrrTHqecKoM rrpeo6pa3osamrn: 

1) JII06a5f OKpy:>KHOCTb, opTOrOHaJibH35f K OKpy)KHOCT5fM, npoxo­
.Ll5flll.11M qepe3 HeIIO,UBH:>KHhie TOqKJ1, rrepeXO,UHT caMa B ce65f c co­
xpaHeHHeM Harrpas11eH115f o6xo.n;a; 

2) .uyra oKpy)KHOcrn:, coe.u11H5fIOI1W5f Heno.usttJKHhie TO'-IKH, ne­
pexonHT B .n;yry OKPY)KHOCT11, coe.n;11H5fI01UYIO Herrons11)1(Hbre TOqK11 
11 06pa1yIOruyIO yro11 a c nepsoii .n;yroii, a= arg k (cM. 13.30). 
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13.60. LI.oKa3aTb, lJTO np11 JIOKCO)lpOMl1lJeCKOM npeo6pa30BaHl1H: 

1) BbinOJIH5UOTC51 CBOHCTBa 13.58 2) H 13.59 2); 

2) He cywecrnyeT Heno)lBmKHbIX OKPY)l<HOCTei1, ecnH TOJibKO 
arg k f. 11: (cM. 13.30); ecn11 )!(e arg k = 11:, TO oKpy)!(HOcrn, npoXO)l51-
lllHe qepe3 HenO)lBmKHble TOlJKH, rrepeXO)l5!T caMH B ce65! c 113MeHe-
1meM HarrpasneHH5! o6xo)la. 

w=e;;. -::,-a a=lale;a, ial<l, 
l-a-::.' 

MO)KeT 6bJTb TOJibKO n1160 3JIJil1ITTHlJeCKHM, JIH60 napa6oJIHlJeCKHM, 
1rn60 rV1rrep60JI11l!eCKl1M. BhrnCHl1Th, npw KaK11x 3HalJeHH51X a H A. 
HMeeT MeCTO Ka)K)lh!H 113 yKa3aHHhIX cJiyqaeB. 

13.62. Ll.oKa3aTb, lJTO KOHcpOpMHOe orn6pa)KeHHe KOHUeHTpH­
LJeCKOro KOJibUa { z: ,., < lzl < r2} Ha KOHUeHTpHLieCKOe KOJlbUO 
{ w: R 1 < lwl < R1} cywecrnyeT TOr)la H TOJihKO TOr)la, KOr)la r 1/r2 = 
R ii R2• IlpH BhinOJIHCH1111 3Toro ycnOBH51 BC51KOe KOHcjlopMHOe oTo-
6pa)KeHHe 51BJI51eTC51 OT06pa)KeHHeM BH)la w = az HJil1 w = az -I H O)l­
H03Hal.JHO orrpe)leJI5!eTC51 3a)laHHeM O)lHOH rraphl COOTBeTCTBYIOWMX 
.upyr .upyry rpattl1lJHbIX TOlJeK. 

13.63. Orn6pa3HTh KOttcpopMHO: 

1) KOJihUO { z: 2 < lzl < 5} Ha KOJibUO { w: 4 < lwl < 10} TaK, 
lJT06bI w(S) = -4; 

2) KOJlbUO { z: 1 < lz - 2il < 2} Ha KOJihUO {iv: 2 < lw - 3 + 2il < 4} 
TaK, 'lT06hI w(O) = -1 - 2i. 

13.64. Orn6pa3MTh KOHcpopMHO: 

1) o6nacTb {z: Re z > O} \ {z: lz - hi< R}, h > R, Ha KOJihUO 
{ w: p < lwl < 1} TaK, lJT06bJ MHHMa5! OCb rrepeurna B e)lHHHlJHYIO OK­
PY)KHOCTb { w: lwl = 1}; onpe)leJIHTh p; 

2) o6nacTb {z: Re z > 0} \ {z: lz - hi< 1}, h > 1, Ha KOJihUO 
{iv: 1 < lwl < r}; onpe)lem1Tb h. 

13.65. Orn6pa311Th KOHcpopMtto: 
1) 3KCUeHTpHcieCKOe l<OJibUO{z: lzl < r, lz - 1/21 < 1} Ha KOHUeH­

TpHl!eCKOe KOJihUO { w: 1 < jivl < p}, orrpe.ueJIHTb p. 
2) 31<CUeHTpH4eCKOe KOJibUO{ z: iz - 31 <9, lz - 81 < 16} Im KOH­

ueHTp11c1eCKOe KOJihUO { w: 1 < lwl < p}, onpe)leJI11Th p; 

13.66. Halh11 rpynnhJ mrnetttthlX npeo6pa3oBaHHtt, coornercr­
sy10ru11x rrpH cTepeorpacj)114ecKoi1 rrpoeI<u1111 spaweH1110 ccpepbl P11-
Matta: 
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1) BOKpyr BepTHKaJ!bHOfO ,nHaMerpa; 

2) BOKpyr JlHaMerpa, rraparIJieJibHOfO .uei1CTBHTeJibHOH om; 

3) soKpyr .UHaMeTpa, rraparIJieJihHoro MHttMoi1 octt; 

4) BOKpyr mrnMeTpa, cTepeorpacp11qecKa5! rrpoeKUHH o.uHoro 113 

KOHUOB KOTOporo eCTb TO'-!Ka a. 

13.67. ,UoKa3aTb, '-ITO rpyrrrra JIHHei1HhIX rrpeo6pa3osaH11i1, cooT­

BeTcrny10mttx sparueHttIO ccpepbI PttMaHa tt rrepeso,UHm11x ToqKtt co 

cTepeorpacptt'-IeCKHMH ITpoeKUHHMH a 11 b .upyr B .npyra, oITpe.uenHeT­

CH COOTHOilleHHeM 

w-b ia I z-al 
----=e ---. 
I+bw l+az 

13.68. ,UoKa3aTb, '-ITO cpyHKUHH w = z2 
KOHcpopMHO oro6pa:>KaeT 

sepXHIOIO (HH:>KHIOIO) IIOJIYITJIOCKOCTb Ha ITJIOCKOCTb c c pa3pe30M 

ITO tteoTp11uaTe.flnHoi1 qacrH .uei1crs11TeJinHOH octt. Hai1T11 o6pa3hI 

ITPH 3TOM OT06pa1KeHmI: 

1) nyqei1: arg z =a; 

3) ITpHMbIX Re z = c; 
2) OKPYIKHOCTeH lzl = r; 
4) ITp5!MhIX Im z = c. 

13.69 . .D;oKa3aTb, 'ITO perymrpttbIC BCTBH cpyttKIJ;HH w = .Fz KOH­

cpopMHO OT06pa1KaIOT ITJIOCKOCTh c c pa3pe30M ITO HeorpuuareJibHOH 

qacTH .uei1cTmneJihHOH OCH COOTBeTCTBeHHO Ha BepXHIOIO 11 HH)!{­

HfOIO rronymIOCKOCTH. 

13.70. HaHTH KompopMHhIH o6pa3 rrnocKOCTH C c pa3pe30M rro 

HeITOJIO)l(l1TeJibHOH qaCTH .uei1CTBHTeJibHOH OCH, OITpe.uenHeMbIH pe-

ryn5IpHhIMH BeTB5IMH cpyHKUHH w = Fz. 
13.71. Orn6pa3HTb KOHcpopMHO BHyTpeHHOCTh KaKoif-n1160 sernH 

paBHOCTOpOHHei1 rnrrep60JihI Ha sepXHIOIO rronyrrJIOCKOCTb. 

13.72. Oro6pa3HTh KOHcj:iopMHO BHernHOCTh rrapa6onr,1 Ha sepx­

HIOIO ITOJIYITJIOCKOCTH. 

13.73. ,UoKa3aTh, qro cj:iyHKUH5! w = ztrl fJ KOHcpopMHO orn6pa)f(a­

eT ceKTOp 0 < arg z < ~< 27C Ha BepXHIOIO ITOJIYITJIOCKOCTb. 

13.74. Orn6pa3HTh KOHcj:iopMHO Ha sepxHIOIO rronyITJIOCKOCTb { w: 

Im w > 0} cne.uy10mtte KpyroBbie "nyHoqK11": 

1) {z: izl < 1, jz-il < l}; 2) {z: izl < 1, jz-il > 1}; 
3) {z: izl > 1, jz-il < l}; 4) {z: izl > 1, jz-ij > l}; 

5) { z: lzl > 2, jz - .J2 I < .J2 } · 
13.75. Orn6pa3HTb KOHcpopMHO Ha sepxHIOIO rronyrrnocKOCTh 

{iv: Im iv> 0 }cne.uy10ru11e 06nacr11: 
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l)C\[-1, 1]; 2)C\[zi,z2]; 3)C\{(-oo,-R]LJ[R, +oo)}; 

4) rrJTOCKOCTh c pa3pe30M no ,n:yre OKPY:>KHOCTH, coe,n:HH5!fOW.eii 
TOqKH - 1, l H rrpOX0,[(5!W.eH qepe3 ToqKy ih, 0 < lz < l; 

5) o6JTaCTh { z: Im z > 0} \ [O, ilz], h > 0. 

13.76. Orn6pa3HTh KottcpopMHO Ha sepxHIDID nonynnocKOCTh 
CJie,n:yIOW.He o6JiaCTH: 

1) BHyTpeHHOCTb e,UHHHqHoro Kpyra c I.J,eHTpOM B Haqane KOOp-
.UHHaT, Jle:>Kamy10 B BepxHeH nonynJJOCKOCTH; 

2) BHeWHOCTb 0Tpe3Ka [O, 1]; 

3) BHeWHOCTb o6ne,UHHeHH5! nyqeii: (- oo, - 1], [1, + oo); 

4) BHewHOCTh qacTH e.nHHHqHoii OKPY:>KHOCTH, KOTopa5! He ne­
)!{HT B HH:>KHeH nonyrrJIOCKOCTH; 

5) qacTh rrnocKOCTH C, JJe)!(ameH: Ha.a 061,e.u1rneHMeM cne.uy10-
W.HX KpHBbIX: rronynp5!Mh!X (- oo, - 1], [1, + oo) H qacrn e,UHHH4HOH 
OKpy:>KHOCTH c I.J,eI-ITpOM B HaqaJJe KOOp.UHHaT, JJe:>KameH: B HH)!{HeH 
OOJTYOJTOCKOCTH; 

6) BHyTpeHHOCTh o6nacrn, orpaHHqeHHOH 0Tpe3KOM (0, 1] H 
qacThIO 0Kpy:>K11ocTH, nepeceKa10meH: .ueiicTBHTeJibHYIO ocb B ToqKax 
0 H 1; OKPY)l<HOCTb JTe)l<HT B sepxHett nonynnocKOCTH H B Toqr<e 1 
cocTaBJI5!eT yron 311: I 4 c .uei1cTBHTeJJb11oi1 ocbfO. 

13.77. ,z:i:JT5! BC5!KOro HaTypanhHoro n E N Hattrn npoo6pa3 sepx-

11ei1 nonynnocKOCTH npH orn6pa)l(eHHH w = (1 + z/n)" . Hai1TH rrpe­
.neJihHhIH npoo6pa3 Bepx11ei1 rronynnocKOCTM npH Tl-*+ oo. 

13.78. ,UoKa3aTb, qrn cpyHKI.J,115! w = e' KottcpopMHO orn6pa)!{aeT: 

1) 0 < Im z < 11: Ha sepxtt1010 nonynnocKOCTh; 

2) 0 < Im z < 11:, Re z > 0 Ha o6nacTh, JJe)!(all.lyIO BhIWe KpttBoi1:, 
KOTOpa5! eCTh 061,e.uirnemre (- 00, - l], (1, +co); 11 43CTH OKpy)l(HO-

CTH livl = 1, Im iv 2: O; 

3) 0 <Im z < 11:, Re z < 0 Ha BHyrpeHHOCTb e.n11HH4HOro nony­
Kpyra c ue1-ITpOM B Ha4aJie KOOp.UHHaT, JJe)l(aw.ero B Bepxttei1 nony­
nnocKOCTH; 

4) 0 < Im z < 2n Ha KOMnJieKcHy10 nnocKOCTb c pa3pe30M no 
HeOTj)HUaTeJihHOH qacTH BemecrneHHOH OCH. 

13.79. Hai1T11 o6pa3bI rrp11 oTo6pa:>KeHHH w = e ', z = .r + iy: 
1) rrp5!l\1oyroJTbHOil ceTKH x = c, y = c, c E R; 
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2) rrp.ll:MbIX y = kx + b, k, b E R; 
3) flOJIOCbI a< y < ~, 0:::: a< ~ < 2n; 

4) flOJIOCbI Me)!{.uy rrp.ll:MhIMH y = X, y = x + 2n; 

5) flOJIYITOJIOChl x < 0, 0 < y < a :S 2n; 

6) flOJIYITOJIOCbI x > 0, 0 < y < a :S 2n; 

7) rrp.ll:MOyrOJibHHKa a< x < ~' y < y < o, o - y :S 2n, a, ~' y, o E R. 

13.80. Hai1TH o6pa3bI rrp11 orn6pa)!{eHHH w = In z: 

1) fl01I51pHoi1 ceTKH izl = R, arg z = e; 
2) 11orapmpM11L1ecKoi1 crr11paJI11 r = Ai<P, A > O; 
3) yrna 0 < arg z < a :S 2n; 
4) ceKTopa jzj < 1, 0 < arg z <a :'S 2n; 
5) KOJihUa {z: r1 < jzj < r2} c pa3pe3oM no orpe3KY [ri, r2]. 

13.81. ,L(OKa3aTb, qTO B KOMITJieKCHOH ITJIOCKOCTH c c pa3pe30M 

rro HeoTpHUaTeJihHOH qacTH .uettCTBHTeJihHOH oc11 ~YHKUH.ll: Ln z 
pacrra.uaeTC.ll: Ha CL!eTHOe L!HCJIO peryn.ll:pHbIX BeTBeH 

wk = (Ln z)k = In lzl + i arg z + 2n ki, k E Z, 0 < arg z < 2n, 

KOTOpbie KOH~OpMHO orn6pa'/KaIOT :ny o6JiaCTh Ha rronocy 2nk < 
Im z <(2k + l)n. 

13.82. ,L(oKa3aTh, '1TO ~YHKJJ;H.ll: )J(yKoBcKoro w = T 1
(z + z-

1
) 

KOH~OpMHO orn6pa'/KaeT: 

1) BHYTpeHHOCTh (sHernHoCTh) e,n:11H11qHoro Kpyra Ha BHew­

HOCTb 0Tpe3Ka (-1, 1]; 
2) sepXHIOIO (mDKHIOIO) rronyrrJIOCKOCTb Ha fIJIOCKOCTb c pa3pe-

30M rro rroJiyrrp.ll:MhIM (-co, - 1] 11 (1, + co); 

3) 0611aCTb {Im z < 0, izl < 1} Ha BepXHIOIO IlOJIYITJIOCKOCTh; 

4) o6JiaCTh {Im z > 0, izl > 1} Ha sepXHIOIO rronyrrJIOCKOCTb; 

5) rroJiyKpyr lzl < 1, Im z > 0 Ha HH)!{HIOIO rronyrrnocKocTb; 

6) 0611aCTh izl > p > 1 Ha BHellIHOCTb 3JIJIHrrca 

(z-•~:: .J +(i_,::+~-•J =I; 

7) Kpyr lzl < p < 1 Ha BHeillHOCTh 3JIJIHITCa, 3a.UaHHOro Brr. 6); 
8) ceKTOp a < arg z < n - a , 0 < a < n/2 tta BHernHOCTh rnrrep-

6oJibI (Re iv I cos af- (Im w I sin a/= l; 
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9) ceKrnp 0 < arg z < a, 0 < a < rr/2, Ha BHyTpeHHOCTb npasoi1: 

sernH rnnep6011b1 (Re w I cos a)
2 

- (Im w I sin a)
2 = 1 c pa3pe30M no 

JI)"IY [l, +oo); 

10) ceKTop 0 < arg z < a, lzl > 1, 0 < a < n/2, Ha o6nacTh 

(Rew I cos a)
2 

- (Im w I sin a)
2 = 1, Rew> 0, Im w > 0. 

13.83. ,l.loKa3aTb, 'ITO perymrpHhie BeTBH cpyttKUHH w = z + .J z2 -1' 
o6paTHOH K cpyHKUHH )KyKOBCKOro, KOHcpOpMHO orn6pa)!(aIOT: 

1) nJIOCKOCTh c c pa3pe30M no 0Tpe3KY [-1, 1] COOTBeTCTBeHHO 

Ha BHyTpeHHOCTb H BHeIIIHOCTb e,UHHHqHoro Kpyra c ueHTPOM B Ha­

qane KOOp,UHHaT; 

2) IIJIOCKOCTb c c pa3pe3aMH no (-oo, -1] H [1, +oo) COOTBeTCT­

BeHHO Ha sepXHIOIO H HH)!(HJOIO IIOJIYIIJIOCKOCTh; 

3) sepXHIOIO IIOJIYIIJIOCKOCTb Ha BepXHIOIO IIOJIYIIJIOCKOCTb 6e3 

e,UHHHqHoro Kpyra c ueHTpOM B Haqane KOop.uirnaT; 

4) sepxHIOJO rro11yrr11ocKOCTb Ha BHYTpeHHOCTb e,UHHHqHoro 

Kpyra, Jie)!(aIII,yIO B HH)l(HeH rro11yrr110CKOCTH. 

13.84. 0To6pa311Tb KOHcpopMHO Ha BepXHIOIO nonynJIOCKOCTb 

{ w: Im w > 0} cJie.uy10nl11e o6JiaCTH: 

1) {z: lzl < 1 }\[112, l]; 

2) {z: lzl< l}\{[-1,0]U[a, 1]},0<a< l; 

3) {z: lzJ > 1 }\{[-a, -1] U [l, +oo)}, a> l; 

4) { z: Im z > 0, lzl < 1 } \[0, ai], 0 < a < 1; 
5) {z: Im z > 0, lzl < 1 }\[ai, i], 0 <a< 1. 

13.85. Orn6pa3HTh KOHcpOpMHO BHyTpeHHOCTb e,UHHHqHoro Kpyra 

{z: lzl < 1 }\[(l -h)e;a, eia], 0 < h < 1, 0 :Sa< 2rr, 

Ha BHyTpeHHOCTb e,UHHHqHoro Kpyra { w: lwl < 1 } . 

13.86. HaH:rn o6pa3 npH oro6pa)!(eHHH, ocywecrnmieMOM cpyHK­

UHeH: )KyKOBCKOro: 

1) OKpy)!(HOCTH, npOXO.UHllieH '-!epe3 TO'-IKH + 1 H -1 rro.u yrnoM 

a, -1[ <a< rr, K .ueHCTBHTeJibHOH OCH B TO'-!Ke 1; Ky.ua OT06pa)!(aeTCH 

BHeIIIttocn TaKOH oKpy)!(HOCTH? 

2) OKPY)KHOCTH, npoxo.uHrneH: '-!epe3 TO'-IKY z = l no.u yrnoM a K 

.ueH:crnHTeJibHOH ocH, -rr < a < rr, H co.uep:»<aIUeH: BHYTPH TO'-IKY -1; 
Kyna orn6pa)KaeTCH BHeIIIHOCTb TaKOH OKpy)!(HOCTH? 
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13.87. ,[(oKa3aTh, 'ITO c11e.uy10mHe cpyHKU:HH ocymecTBJJ.slfOT KOH­
cpopMHOe orn6pa:>Kemre yKa3aHHhIX 0611acTeif: 

1) w = ch z, 0 < Im z < n:, Re z > 0, Ha sepxH!OfO rronyrrnoc­
KocTh; 

2) w = cos z, -n: < Re z < 0, Im z > 0, Ha sepxHIOIO rro11yrr11ocKocTh; 

3) w = sin z, jRe zj < n:/2, Im z > 0, Ha sepxHIOIO rronyrrnoc­
KOCTh; 

4) w = tg Z, !Re zl < n:/4, Ha BHYTpeHHOCTh e,L{HHH'IHOfO Kpyra. 

13.88. HattTH o6pa3hI rrp11 orn6pa:>KeH1111 w =cos z, z = x + iy: 

1) rrp.siMoyronhHOH ceTKH x = c, y = c, c E R; 
2) rro11yrro11och1 0 < x < n:, y < 0; 

3) rro11yrronocb1 0 < x < n/2, y > 0; 

4) rro11yrro11ocb1 - n:/2 < x < n/2, y > O; 

5) ITOJ10Chl 0 < X < n; 

6) rrp.siMoyronhHHKa 0 < x < n, - h < y < h, h > 0. 
13.89. HaM:T11 o6pa3hI rrp11 OT06pa:>Kemm w = tg z, z = x + iy: 

1) rrp.siMoyronhHOH ceTKH x = c, y = c, c ER; 
2) rro11yrro11ocb1 0 < x < n, y > O; 

3) ITOJ10Chl 0 < X < n; 

4) ITOJlOChI 0 < X < n:/4; 

5) IIOJlOChI - n:/4 < X < n/4. 

13.90. HattTH o6pa3hI rrp11 orn6pa)!{emm w = ch z, z = x + iy: 
1) rrp.siMoyronhHOH ceTKH x = c, y = c, c E R; 
2) ITOJlOChI 0 < y < n:; 
3) rronyrro11och1 x > 0, 0 < y < n. 

13.91. HaifTH o6pa3hI rrp11 orn6pa)!{eHHH w = cth z, z = x + iy: 
1) ITOJ10Chl 0 < y < n:; 

2) rro11yrro11ocb1 0 < y < n:, x > 0. 

13.92. HattTH o6pa3hI rrpH orn6pa:>KeH1111 w = arcsin z, z = x + iy: 
1) sepxHeH: rro11yrr11ocKocTH; 

2) C \ { (- oo, - 1) U [1, +oo)}; 

3) x > 0, y > O; 

4) {z: Rez<O} \(-oo,-1]. 
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13.93. Orn6pa3HTh KompopMHO cJie.uy10mHe o6JiacTH Ha Bepx­
HIOIO r10Jiyrn10cKOCTh { w: Im w > 0}: 

1) nJIOCKOCTb c c pa3pe3aMH no JiyqaM (- oo, a], [b, + oo), 
- oo < a < b < + oo; 

2) noJiynJIOCKOCTh { z: Im z > 0} c pa3pe3oM no .uyre lzl = 1, 
0 :S arg z :S a, 0 < a < n:; 

3) rroIIocy { z: 0 < Im z < n:} c pa3pe30M rro oTpe3KY [O, ia], 
0 <a< n:; 

4) rroJiocy {z: -n: <Im z < n:} c pa3pe30M rro nyqy [a, +oo), a ER; 

5) rroJiyrroJiocy { z: 0 < Im z < n:, Re z > 0} c pa3pe3oM rro OT­
pe3KY [i n:/2, a+ i n:/2], a> O; 

6) BHelllHOCTb Kpyra c u;eHTPOM B rnqKe 1 H c pa.u11ycoM, paB­
HbIM e.u11H11u;e, Jie)KamYJO B rrpaBoH rronyrmocKOCTH { z: lz - 1 I > 1, Re z > 
0}, c pa3pe30M ITO 0Tpe3KY [2, 3]; 

7) o6JiaCTh { z: lz - 1 I > 1, lz - 21 < 2, Im z < 0}; 

8) IIJIOCKOCTh Cc pa3pe30M rro OTPe3KY [a, b], ---oo< a< b < +oo; 

9) BHyrpeHHOCTb e,[(HHHLJHOrO Kpyra { z: lzl < 1} c prope30M no OT­

pe3KY [-1, a], -1<a<0; 

10) BHelllHOCTb e.uHHHqHOro Kpyra { z: lzl > 1} c pa3pe3aMH rro 
OTpe3KaM [a, -1], [l, b], ---oo <a <-1, 1 < b < oo; 

11) BHyTpeHHOCTh e.UHHHqHoro Kpyra { z: lzl < 1} c pa3pe30M rro 
OTPe3KY [0, l]. 

13.94. 0To6pa3HTb KOHcpOpMHO Ha BepXHIOIO ITOJJYIIJJOCKOCTb 
{ w: Im w > 0} rrnocKOCTh C c pa3pe30M rro Jiyqy [-4, +oo) 11 OTPe3KY 
[-3i, 3i]. 

13.94.1. Orn6pa3HTh KOHcpopMHO o6nacTh, KOTopy10 qacTO 

Ha3bIBaIOT "BtternHOCTb KpeCTa": C\{y = 0, x E [-1, l]; y E [-1, 1], 

x = 0} Ha BepxHIOIO rroJiyITJIOCKOCTh Im w > 0. 

13.95. 0To6pa3HTb KOHcpopMHO Ha BepXHIOIO noJiyrrJIOCKOCTb 
{ w: Im 1 v > 0} BHYTPeHHOCTb rrpaBoH Bern11 rnnep6oJibI { z: z = x + i y, 
x > 0, (x2cos2a -/sin2a) > 1 }. 

13.96. 0To6pa3HTb KOHcpopMHO Ha BHelllHOCTb e.u11m1qHoro 
Kpyra { w: lwl > 1} IIJ10CKOCTb c c pa3pe3aMH ITO OTpe3KaM 

2krri [O, e In], k=O, l, ... ,n- l. 

13.97. Orn6pa3HTh KOHcpopMHO Ha BepxHIOIO rroJiyrrJIOCKOCTh 
{ w: Im 1v > 0} cJie.ny10m11e 06JiacT11: 
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1) BHyTpeHHOCTh 3Jimmca; 

2) BHyrpeHHOCTb napa60JihI; 

3) BHyrpeHHOCTb rrpaBOH BeTBH paBHOCTOpOHHeH rHnep60Jihl 

{z: (Re z)
2 -(Im z)

2 = 1, Re z > O}. 

13.98 . .IJ:oKa3aTb, 'ITO c H c \ { Zo} HeJih351 KOHcpOpMHO OT06pa-

3HTb Ha BHyTpeHHOCTb e,UHHH'iHOro Kpyra. 

13.99. ITycTh rpattHUhI O.UHOCB513HhIX o6nacrei1: D H G cocro-

5IT 6011ee qeM H3 O,UHOH TO'iKH . .D:oKa3aTb, 'ITO cymeCTByer O,UHa 

H TOJlhKO 0,UHa cpyHKUH51 w = f(z), KOTOpa51 KOHcpOpMHO OT06pa-

)Kaer D Ha G raK, 'ITO w0 = f(z0), argf'(z0) =a, r.ue z0ED, WoEG, 

a E R 3a,n:aHhI. 

13.100. ITycTh rpami:uo1 o,n:HOCB513HhIX o6nacTett D H G cocTo-

5IT 6onee 'ieM H3 O,UHOH TO'iKH . .D:oKa3aTb, 'ITO cyruecTByeT O,UHa 

H TOJlhKO 0,UHa cpyHKUH51 w = f(z), KOTOpa51 KOHcpOpMHO OT06pa-

)KaeT D Ha G raK, 'ITO f(z0) = w0 , f(z 1) = Wi. r.ue z0 E D, wo E G, 

z1 E aD, w1 E aG. 

13.101. IIycTh rpaHHUhI O.UHOCB513HhIX o6nacTett D H G cocTo­

.llT 6onee qeM H3 O,UHOH TO'iKH . .IJ:oKa3aTb, 'ITO cyrueCTByeT O,UHa 

H TOJibKO O,UHa cpyHKUH51 w = f(z), KOTOpa51 KOHcpOpMHO OT06pa­

)KaeT D Ha G TaK, 'ITO 

./(zk) =Wk. k = 1, 2, 3, 

r,n:e Zi, Z2, Z3 - pa3JIH'iHble TO'iKH rpaHHUhI OD, a Wi, W2, W3 - pa3-

JIH'iHbie TO'iKH rpaHHUbI BG, 3aHyMeposaHHoie B nop.ll,n:Ke noJIO)KH­

TenhHOH optteHTaUHH rpaHHU BD H BG. 

13.102 . .D:oKa3aTb cpopMyny KpHCTOcpcpem-lllBapua (CM. BBe,Ue­

HHe K rnase). 

13.103. ITycTb cpyHKUH51 w = ./(z) KOHcpopMHO oro6pa)KaeT sepx­

HIOIO nonyn11ocKOCTh { z: Im z > 0} Ha orpaHH'ieHHbIH MHoroyroJih­

HHK M, Jie)KaIUHH B w-rrnocKOCTH C TaK, 'ITO ak =f. oo, k = 1, ... , n - 1, 
a 11 = oo . .D:oKa3aTh, 'ITO 

f(z) =cf_' ci;-a,)°'-1 ... (i;-ak-l)ak-l-l di;+ c, 
--0 

(cM. sse.uettHe K rnase). 

13.104 . .IJ:oKa3aTh, 'ITO cpyHKUH51 
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w(z) = 1 fo: f''-1 (l-;r-1 d;, 
B(a" a2 ) 

r)le B(a,, a2) - 6ern-cpyHKUH5l, KOHcpopMHO oro6pa)f(aeT BepXH!OIO 

nonyrnrncKocTb { z: Im z > 0} Ha BHyTpeHHOCTh TpeyronhHHKa B 

w-nnocKOCTH Cc sepunrnaMH A1 = 0, A2 = 1, Im A3 > 0 11 yrnaMH 

1rar. na2, na3, a1 + a2 + a3 =1. 

13.105. 0To6pa311Tb KOHcpopMHO sepxHIOIO nonynJIOCKOCTb 

{z: Im z > O} Ha np5lMoyronhHHK c sepurnHaM11 A1 = 1, A2 = 1 + iH, 
A3 =-1 +iH,A4=-l. 

13.106. 0To6pa3HTb KOHcpopMHO Ha BHyTpeHHOCTh e)lHHli!qHQ-

ro Kpyra { w: JwJ < 1}: 
1) BHyTpeHHOCTh MHoroyroJibHli!Ka; 

2) BHellIHOCTb MHOroyroJibHli!Ka; 

3) mryrpeHHOCTb BbinYKJIOro npaBHJibHOro MHoroyrOJibHHKa; 

4) 3Be3)l006pa3HbIH )leC5lTHyroJibHHK; 

5) BHellIHOCTb KBa)lparn; 

6) BHyTpeHHOCTh napa60Jihl. 

13.107. HafiT11 KottcpopMHhIH 06pa3 Bepxttefi rronyrn10cKocT11 
{ z: Im z > 0}, ocyrn:ecrnn5leMhIH oT06pa:lKett11eM 

r: d; 
w = Jo (1- ;2 )213 · 

13.108. Hai1:m KOHcpopMHhIH o6pa3 BHyTpeHHOCTH e)lHHJ1qHoro 

Kpyra { z: Jzl < 1}, ocyrn:ecrnn5leMbIH oro6pa)f(em1eM 

r: d; 
w =Jo (1- ;4 )112 . 
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r APMOHHqECKHE <l>YHKQHH 

.[{eikTBl1TeJibHa.SI cpyHKUl1.Sl u(x, y) .UBYX ,UeHCTBl1TeJibHhIX nepe­

MeHHhIX x 11 y Ha3&rnaeTc.sr 2apAw11u1.JecKoii B o6nacrn D, ecmr u(x, y) 
B 3TOH o6Jiacm .llBa:>KJlhI )l11cpcpepeHu11pyeMa 11 Y.llOBnernop.sreT ypas­

ttemuo JianJiaca 

.[{sa:>K.UhI )J.11cpcpepeHu11pyeMa.sr B o6Jiacm D )lei1crn11TeJihHa.sr cpytt­

KU11.SI v(x, y) Ha3bIBaeTC.Sl 2apMOHU1.JeCKU conpfl:JICeHHOU c rapMOHl1':!e­

CKOH cpyHKU11eH u(x, y), eCJil1 B 3TOH o6Jiacm cnpase,UJI11Bhl COOTHO­

UieHl1.Sl 

Ux = V_n Uy = - Vx. 

<l>yHKUH.SI v(x, y) TaK)Ke 51BJUieTC51 rapMOHH':!eCKOH B O)lHOCB513HOH 

o6Jiacm D 11 MO)f(eT 6h1rh ttai1)letta no cpopMyJie 

v(x,y) = t:·:',J)-uydx+u_,.dy) + C, 

r)J.e (x0, y0) - npo113BOJihHM cp11Kc11posaHHa.sr TO':!Ka 06JiacT11 D, a 11H­

TerpaJI He 3as11c11T OT nyni:, coe)l11H.sr101uero TO':!Kl1 (x0, y0) 11 (x, y) 
11 ueJI11KOM Jie)f(amero B 06Jiacn1 D. 

EcJI11 )lettcTBHTeJihHhie cpyttKU1111 u(x, y) 11 v(x, y) .SIBJIHIOTC.SI rap­

MOH11':!ecK11 conp.sr)f(eHHhIMl1 B o6JiaCTl1 D, ro cpyttKU11.SI f(z) = u(x, y) 

+ i v(x, y), z = x + iy, aHaJil1TH':!Ha B o6Jiacm D. c .upyroi1 CTOpOHhl, 

ecJI11 cpyHKU11.SI f(z) = u + iv .SIBJI.SieTc.sr attaJI11T11':!ecKoi1 B 06JiacT11 D, 
TO cpyHKUl111 u(x, y) 11 v(x, y) .SIBJI.SIIOTC.Sl rapMOHl1':!eCKl1 conp.SI)f(eHHhl­

Ml1 B 06JiacT11 D. TaK11M o6pa3oM, JII06a.sr attaJI11T11':!ecKa.sr cpyHKU11.SI 

MO)f(eT 6hITh BOCCTaHOBJieHa no ee )J.eHCTBl1TeJihHOH (11Jil1 MHl1MOH) 

':!aCTl1 c TO':!HOCThIO .llO ':!11CTO MHl1MOH (11Jil1 )leHCTBl1TeJibHOH) KOH­

CTaHThl . 

.ZJ)rn cpyHKUHH, rapMOH11':!ecKoi1 B 3aMKHYTOM Kpyre pam1yca R c 

ueHTpOM B TO':!Ke (x0, y0), cnpase)lJil1Ba cpopMyJia cpe,nttero 3Ha':!ett11.sr 

1 r1,,. . d 
u(x0 ,y0 )=-1, u(x0+Rcosq:i,y0+Rsmq:i) q:i, 

2n ° 
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T. e. 3Ha'Iemie rapMOHH'IeCKOH cpyHKUHH B TO'IKe orrpe.uem1eTCH ee 

3H34eHHHMH Ha OKpy)l(HOCTH c ueHTpOM B 3TOH TO'IKe. 

EcJm OTJIH'IHaH OT rrocTOHHHOH cpyHKUHH u(x, y) HBJrneTcH rapMo­

HH'IeCKOH s orpaHH'IeHHOH o6nacTH D 11 HerrpepbIBHOH B D , TO 

BHYTPH o6nacrn D cpyHKUH5! u(x, y)He MO)l(eT .llOCTMraTb CBOero MaK­

CHM3JihHOfO H MHHHMaJihHOfO 3H34eHHH (rrpHHUHIT MaKCHMyMa rap­

MOHH'IeCKOH cpyHKUHH). 

rapMOHH'IeCKa5! B o6nacrn D cpyHKUH5! 6eCKOHe'IHO .umpcpepeH­

u11pyeMa s D, rrpH'IeM mo6a5! rrpOH3BO.UH35! rapMOHH'IeCKOH cpyHK­

u1111 TaK)l(e 5!BJIHeTCH rapMOHH'IeCKOH cPYHKUHeH. 

fapM0Hw:1ecKa5! B o6nacrn D cpyHKUH5! u(x, y) B OKpecrnocm 

mo6oi1: TO'IKH (x0, y0) E D MO)l(eT 6hITh pa3JIO)l(eHa B CTerreHHOH pH.U 

u(x, y) =LL a,,,,,(x-x0 )
11 (y- y0 )"', 

11=0111=0 

KOTOpbIH paBHOMeptto H a6comOTHO CXO)lHTC}! BHYTPH Kpyra CXO)lHMO­

CTH. PasHoMepHo cxo.uRm11i1:cH PM 113 rapMOHH'IecKHX cPYHKUMH }!BJI}!­

ercH rapMOHH'IeCKOH d>YHKUHei1: B o6naCTH CXOLIHMOCTH 3TOro pMa. 
Crrpase.un11sa meope.Ma Jluyewurn )lJIH rapMOHH'IeCKHX cPYHKUHH: 

eCJIH cPYHKUH5! u(x, y) 5!BJI5!eTCH rapMOHH'IeCKOH cpyHKUHeH Ha ITJIOC-

KOCTH R2 
11 orpaHH'IeHa, TO u(x, y) = const. 

3ai:ta•rn ,II;upuxJie. ITycTh D - orpaHH'IeHHaH o6nacTh, rpam1ua 

KOTOpow y HBJIHeTCH 33MKHYTOH KYCO'IHO-rna)lKOH KpMBOH )l{op.uaHa. 

3a.uaqa ,n:11p11xne .llJI5! orreparnpa Jlarrnaca B 06nacT11 D cocTOHT B 

TOM, qTo6hr HaHTH cpyHKUHIO u(x, y), rapMott11qecKy10 B D, Herrpe-

pbIBHYlO B D 11 rrp11tt11Ma10rn;y10 Ha y HerrpepbIBHhre 3Ha'IeHH5! 

cp(x, y), T. e. 
6.u = 0, (x, y) E D, 

uj = m(x, y), (x, y) E y. 
(x.v)Ey 't' 

B cnyqae HeorpaHH'IeHHoif 06nacT11 D 3a.uaqa ,n:11p11xne cocTOHT 

B TOM, 'IT06br HaiiTH cpyHKUHIO, rapMOHH'IeCKYIO B D, orpaHH'IeHHYIO 

11 rrp11H11Ma10w;y10 3a.uaHHhie HerrpepbIBHhie 3Ha'IeHmr Ha rpaH11ue D. 
ITycTh D - orpaH11qeHHaH o6nacTh, rpaH11ua KOTopoii y HBJIHeTcH 

3aMKHyToi1: KycoqHo-rna.uKoii Kp11soii )l{opnatta. 3aoal/a Heil.Mm-ta 
LIJIH orrepaTopa Jlarrnaca B o6naCTH D COCTOHT B TOM, 'IT06hr H3HTI1 

cPYHKUHIO u(x, y), rapMottw:1ecKy10 s D, tterrpephIBHO .u11cpcpepeHu11-

pyeMy10 B D 11 y.uosnernopH10my10 ycnos1110 
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~:Jr.1)ED = \jf(X, y), (x, y)E y, 

a -
rAe - - npoH3BOAHall no ttanpasnemno BHerrrne11 HOpMaJIH Ky. an 

<I>yHKUHSI rp11ua 3a;::i:a11u ,LI;upuxJie. II yen, D - orpaHHlJeHHaJI 

o6nacn,, rpami:ua Kornpow llBJilleTCll 3aMKHYTOH KycotJHO-rnanKoii: 

Kp11soi1: )Kopnatta. <DyttKu11ei1: fp11Ha 3aAatJH .LJ:11p11xne AJill oneparn­

pa J1annaca tta3brnaeTcll cpyttKUHll 

1 
G(z,s) =-log I z-s I +g(z,s),z,sE D, 

2n 
rAe cpyttKUHll g(z,s) yAosnernoplleT ycnos11llM: 

1) np11 Ka)f(,UOM cp11Kc11posaHHOM ~ E D cpyHKUHll g(z, ~) llBJilleTcll 

rapMOHHtJecKow B 06nacT11 D no nepeMeHHOH z, T. e. 

!J., g(z, ~) = 0, z E D; 

2) npH KroKAOM cpHKCHpOBaHHOM ~ cpyHKUHll g(z, ~) HenpepbIBHa 

no z B DH 

14.1. IIycn, cpyttKUHllf(z) = u +iv aHaJIHTHlJHa s o6nacTH D . .LJ:o­

Ka3aTb, 'ITO cpyttKUHH u(z) 11 v(z) JIBJillIOTCll rapMOHHtJeCKHMH B D. 

14.2 . .D:oKa3aTb, qTo aHaJIHTHtJecKall B OAHOCBll3HOi1: 06nacT11 D 
cpyHKUHll f(z) = u + iv MO)!(eT 6bITb BOCCTaHOBJieHa no ee AeHCTBH­

TeJibHOH qacTH c TOlJHOCTbIO AO aMHTHBHoi1 lJHCTO MHHMOH nocTo­

HHHOH c no cpopMyne 

f(z) = u(z) +it (-u,dx+ u,dy) + c, 

rAe z = x + iy, Zo = Xo + iyo - npOH3BOJlbHa5! cpHKCHpOB3HH3ll TOlJKa 

o6nacTH D, a HHTerpan He 3aBHCHT OT nyTH, coeAHHmoiuero TO'IKH 

z0 11 z 11 uen11KOM Jie)Kaiuero s D. 

14.3 . .D:oKa3aTb, lJTO aHaJIHTHlJeCKall B OAHOCBJl3HOH o6naCTH 

cpyHKUH5! f(z) = ll + iv MO)KeT 6bITb BOCCTaHOBJieHa no ee MHMMOH 

lJaCTH c TOlJHOCTblO AO aMHTMBHOH AeHCTBHTeJibHOH noCT05!HHOH. 

Ha/;lrn: cpopMyny, BOCCTaHaBJIHBaIOIUYIO f(z) ITO cpyHKUHH v(z). 
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14.4. ,Il.oKa3aTb, qrn rapMOH11:qecKa5! B o6nacrn D cPYHKUH5! 6ec­

KOHeqHo .u11:¢¢epem:~11:pyeMa B D. 

14.S. IlycTb ,D.eMCTBHTeJibHhie cPYHKUHH u(x, y) H v(x, y) .u11:¢¢e­

peHuwpyeMhl B o6nacTH D tt BCIO.D.Y B D y.uosnernop5!IOT ycnoBH5!M: 

fJulfJx = fJvlfJy, 8v/8y = - fJulfJy. ,Il.OK333Th, qTQ cpyHKUHH u H v 5!B­

Jl5!IOTC5! rapMoH11:qecKHMH B D. 

14.6. ,Il.oKa33Th, qTo KOHeqHa5! JlHHeMH35! KOM6HH3UH5! c !10CT0-

5!HHhIMH K03cpcpHUHeHT3MH rapMOHHqecKHX cpyHKUHM 5!BJI5leTC5! TaK­

)!{e cpyHKUHeM rapMOHHqecKOM. 

14.6.1. IIoKa3aTh, qrn rrpoH3Be.uemre rapMOHHqecKHX cpyHKUHM 

He o65!33HO 6hITh rapMOHHqeCKOM cpyHKUHeM. 

14.7. ,Il.OKa3aTb, qTQ eCJIH cPYHKUH5! u(x, y) 5!BJI5!eTC5! rapMOHHqe-
au+m 

CKOM B o6nacTH D, TO r+.yHKUH5! u , m, n = 0,1, ... , TaK)!{e 5!BJI5!-
'!' ax11 ay111 

eTc5! rapMOHHqecKoi1 B D. 

14.8. IlOCTPOHTh cpyttKUHIO, rapMOH:HqeCKH C011p5!)!{eHHYJO c ll3HHOM: 

2 2 x I)u(x,y)=xy; 2)u(x,y)=x -y +xy; 3) u(x,y)= , , ; 
x-+ y-

4) u(x, y) = _.!:.log(x
2+ /); 5) u(r, <p) = r <p cos <p + r log r sin <p; 

2 
? ' x--y-

6) u(x, y) = , , , ; 
(x-+ Y-t 

7) u(x, y) = y cos y ch x + x sin y sh x; 

8) v(x, y) = log(x
2 + /) - x1 

- /; 

9) v(x, y) = x cos x ch y + y sin x shy. 

14.9. BoccTaHOBHTh attanwrnqecKyIO cpyttKUHIO fiz) no 3a11aHHO­

MY MonynIO 11: apryMeHTy: 

1) jf(z) I= (x2 + y2)e'; 2) argf(z) = xy; 

3) jf(z) I= e''coslqi (z=re;"' ); 4) argf(z)=<p+rsin<p(z=re;"'). 

14.10. IlycTh u(x, y) H v(x, y) - corrp5!)!{eHHhie rapMoH11:qecK11e 

cpyttKUHM. ,Il.oKaJaTh, qro cpyttKUHH U(x, y) H V(x, y) cnenyIOmero s1111a 

5!BJI5!IOTC5! TaIOKe conp5!)!{eHHhIMH rapMOHHqeCKHMH cpyttKUH5!MH: 

1) u =au+ bv, v =bu+ av, a H b - KOHCTaHThI; 
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2) u =au, + bu2, v =av, + bv2, a H b - KOHCTaHTbl, cPYHKUHH u, 
H v,, U2 H 112 rrorrapHO 5!BJUHOTC5! corrpIDKeHHb!MH rapMOHH'ieCKHMH 

cPYHKUH5!MH; 

3) u = e" cos v, v = e" sin v; 4) u = U1U2 - V1V2, v = U1V2 + U2V1; 

6 U = 
au+mu(x, y) v = d11+111 v(x, y) 

5) U = u2 - v2 V = 2uv· ) 
' ' dx" dy 111 

' dx" ay"' 

(11, m - Heorp11uaTeJibHn1e ueJI&Ie q11cJia). 

14.11. Hai1TH rapMoHH'ieCKHe cPYHKUHH cJie.uy10ruero mma: 

1) u(x, y) = cp(x); 2) u(x, y) = cp(ylx); 
3) u(x, y) = cp(x

2 + /); 4) u(x, y) = cp(x2 
- y2); 

5) u(x, y) = <p[ x
2 

: y2 J; 6) u(x, y) = cp(.xy). 

14.12. Hai1TH rapMOHH'ieCKHe cpyHKUHH, coxpaH5!IOIUHe rrocrn-

5!HH&1e 3Haqemrn Ha Ka)K,llOH KpHBOH CJie,llyIOIUHX ceMeHCTB KpHBbIX: 

1) x = e; 2) y =ex; 3) x2 +/=ex; 4) x2 + y2 = ey. 

14.13. fiyCTb cpyHKUH5! ./CZ) amUIHTH'iHa B o6JiaCTl1 D H BCIO.L\Y B 

:now o6naCTH ftz) ::f. 0. bY.llYT JIH rapMOHHqeCKHMH cpyHKUHH Jf(z)j, 

argftz), log lf(z)j? 

14.14. flycTb u(x, y) - rapMOHHqecKa5! cpyHKUH5!. ,ll.JI5! KaKHX .ueH:­

CTBHTeJibHbIX cpyHKUHH f(t) O)lHOfO rrepeMeHHOfO t cpyHKUH5! 

f(u(x, y)) 6y.ueT rapMOHH'IeCKoi1? Ey.ueT JIM rapMoH11qec1<0H cpyHK­

UH5! u2(x, y)? 

14.15. ,ll.oKa3aTb, liTO rrpH HeBblpO)l{,lleHHOM rrpeo6pa30BaHHH ne­

peMeHHb!X (x, y) rapMOHHqecKa5! cpyHKUH5! nepeXO.llHT B rapMOHH'ie­

CKyIO. 

14.16. 3arrHCaTb ypaBHeHHe Jlarrnaca 82uf8x2 +82uf 8y2 = 0 B IT0-

1I5!pHOH CHCTeMe KOOp.llHHaT 11 Hai1TH ero peweHHe, 3aBHC5!IUee TOJib­

KO OT r. 

14.17. ,ll.oKa3aT& cpopMyJiy cpe.uHero 3HalieHH5! )lJI5! rapMOHH'ie­

cKoH cpyHKUHH. 

14.18. flycTb cpyHKUH5! u(z) orrpe;::i:eJieHa s o6JiaCTH D. ,ll.oKa3aTh, 

liTO ecJIH .llJI5! mo6oH: TO'iKH z0ED H n106oro Kpyra { z: jz - zol < r} ED 

cnpase;::i:nwsa cpopMyna cpe;::i:Hero 3HalieHH5! ,llJI5! cpyHKUHH u(z), TO 

u(z) 5!BJI5!eTc.sI rapMOHH'ieCKO~ cpyHKUHeH: s o6JiaCTH D. 
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14.19. ,[(oKa3aTb np11mvm MaKCHMyMa rapMOHl1'-IeCKOH cpyHKU1111. 

14.20. ,[(oKa3aTh e.n11HcTBeHHOCTh peweH115! 3a.naq:11 .[(11p11xne. 

14.20.1. IlycTh cpyHKU:115! u(x, y) rapMOH11qHa B o6nacrn D 11 paB-

Ha Hymo Ha ee rpaH11u:e. Cne.nyeT JIM OTCIO.D.a, qrn u(x, y) = O? 

14.20.2. IlycTh cpyHKUl15! u(x, y) rapMOHl1Y:Ha B 3aMKHYTOH o6nac­

Tl1 B 11 orpaH11qeHa B B, a Ha rpaH11ue 06nacT11 D 06paIUaerc51 B 

HYJih. Cne.nyeT n11 OTcIO.na, 'ITO u(x, y) = O? 

14.20.3. BepHO Jil1 yrBep)K,ll.eHtte: ecn11 cpyHKU1151 u(x, y) rapMo­

HMY:Ha 11 orpaH11'IeHa B 3aMKHyroH: o6nacrn B , TO iQ.f u ( x, y) .noc­
D 

T11raeTc5I Ha rpaH11ue 06nacT11 D? 

14.20.4. IlycTh u(x, y) - rapMoH11l!eCKa5I cpyHKU:1151 B o6nacTM D 
M cymecrnyeT nocne.noBaTeJihHOcTh TO'IeK {x"' y11 } E D, n E N, KO­
Topa5! cxo,n:MTC5! K TO'IKe (x0, Yo) E D M .llJI51 KOTopoi1 u(x0, y0) = 0. 
Cne.n:yeT JIM 0Tc10.n;a, 'ITO u(x, y) = 0 B 06nacT11 D? 

14.21. PaccMOTpeTh cpyHKU11IO u(z) = 1 - Re z - 1
, KOTopa5! 5!BJJ5!eT­

C51 rapMOHM'IeCKOH B Kpyre {x2 + y2 < x}, HerrpepbIBHOH BCIO.llY Ha 
rpaH11u:e 3TOro Kpyra {x2 + y2 = x}, KpOMe TO'IKl1 (0, 0), l1 paBHOH 

Hymo BCIO.llY Ha OKPY)KHOCTH {x2 + l = x}, KpOMe TO'IKl1 (0, 0). (Oc­
B060JK,n:eHMe TOJihKO O.D:HOH TOqKM rpaHMU:hI OT ycnOBl1H .[(ttp11xne 
MO)KeT rrpttBeCTl1 K Hee.n1rncTBeHHOCTM 3a.n;a'IM .[(11p11xne.) y .llOBJie­
TBOp5!eT JIM .n;aHHa5! ciJYHKU:115! ycJIOBM5IM TeopeMbl e,n:MHCTBeHHOCTl1 

3a.naqtt ,[(11pwxne? 

14.22. BepHo n11 yrnep)l(.neH11e: rrycTh cpyHKU:115! u(z) 5!BJJ5!eTC5! 

rapMOH11qecKoi1 B BepxHeli rroJiyrrJIOCKOCTM Im z > 0 M paBHa HYJIIO 

sc10.n;y Ha oc11 x, T. e. u(x) = O; Tor.na u(z) = a Im z, r.ne a - HeoTp11-

uaTeJihHa5! KOHCTaHTa. 

14.23. IlycTh ciJYHKU115! u(z) 5!BJI51eTC5! rapMOHl1'IeCKOH B o6JiaCTl1 
D, KOTOpa5! CMMMeTpMqHa OTHOCl1TeJlbHO OCH Ox, 11 rrycTh u(z) = 0 

rrp11 z E D n {Im z = 0). ,[(oKa3aTh, 'ITO u(z) = -u(z) rrp11 z ED. 

14.24. IlycTh cpyHKU1111f(z) = u(z) + iv(z) M zfiz) 5!BJI51lOTC5! rap­
MOHM'IeCKMMl1, T. e. 

l::,.u + i l::,.v = 0, l::,.(xu - yv) + i !::,.(yu +xv)= 0. 

,[(oKa3aTb, 'ITO clJyHKUM5!fiz) 5!BJI5!eTC5! aHaJJMTMqecKOH. 
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14.24.1. I1oKa3aTb, 'ITO B npe.D.bI.D.ymeif 3a.naqe o.uHoro nepsoro 
ycJIOBI15! He ,UOCTaTOqHo, 'lT06hr ¢YHKUI15!/(z) 6hrna aHaJIHTH'leCKOH. 

14.25. ITycTb KOMnneKCH03Ha<IHa5! cpyHKUI15! f(z) 5!BJI5!eTC5! rap­

MOH11qecKOH s 06nacT11 D. JJ:oKa3aTb, qrn ecn11 lf{z)I = 0 B D, TO 

f(z) = const s D. 

14.26. JJ:oKa3aTb, qTQ cpyHKI.(I15! 

1 2Jr (R 2-r2 )h(z
0
+ Re;'!!) 

u(z) =-i , ? d<p, 
2;r 0 R-+r--2Rrcos(<p-8) 

r.ue z = z0+ re;'!!, 0 < r < R, 5!BJI5!eTC51 rapMOH11qecKOH B Kpyre 

{iz - z01 < R} H npHHHMaeT 3a,UaHHbie HenpepbIBHbie 3HaqeHI151 h(~) 
Ha oKpy)KHOCTH {I~ - z01 = R} (3a.naqa JJ:Hpmure M5! Kpyra). 

14.26.1. JJ:oKa3aTb, qTo ¢YHKI.(I151 
R1 -r2 

u(r,8) = ? , , 

R- + r- -2rRcos(8-<p) 

r~e R, q> - qrnKCHpOBaHhl, eCTb rapMOHH'leCKa5! <PYHKUI15! B Kpyre 
lz - z01 < R, z = z0 + re i<J>. Pa3JIO)KeHtte cpyHKI.(HH u(r, 8) B p51.D. 11MeeT 
BH.D, 

, 
2 

R
2

-r
2 

-1+2L:~_1 (!_)
11

cosn(8-cp). 
R-+ r - 2rRcos(8-<p) ,,_ R 

<PyHKUHIO u(r, 8) Ha3bIBaIOT flOpOM llyacc01Ja. 

14.26.2. Haiirn cpyHKUI1IO, rapMOH11qecK11 conpmKeHHYIO K 51.D.PY 
ITyaccoHa, 11 pa3JIO)KHTb ee B pRo <!Jypbe. 

14.27. I1oKa3aTb, qTo .D,JI51 Heorp11uaTeJibHOM rapMOHH'leCKOM B 

Kpyre lz - zol < R cpyHKUHH u(z) sepHbI oueHKH 

R-1 z - z I R-1 z - z I 
----

0-u(z0 ) ~ u(z) ~ 0 u(z0 ). 

R+ I Z - Zo I R-1 Z - Zo I 

14.28. JJ:oKa3aTb, qTo cpyHKU115! 

u(z) = Imz r a(11)' dll 
1! -1 z -111-

51BJI51eTC51 rapMOHHqecKOH B sepxHeH nonyrrnocKOCTH Im z > 0 11 
np11H11MaeT 3a.uaHHhre orpaH11'leHHhre HenpepbIBHbie 3Ha'leH115! a(x) 
rrptt Im z = 0 (3a.uaqa JJ:11p11xne .D.JI5! nonynnocKocT11). 
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14.29. HaH:rn pewem1e cne)lyIO!l.U1X 3a)lall L(11p11xne )lJI5! Kpyra: 

1) 1'1u(z)=0, lzl<l, u(z)ll:l=I=l; 

2) L1u( z) = 0, I z I :C 1, u( zll=t =cos cp, 0 s; cp .s; 2rr; 

L1u(z) = 0, I z I< 1, 

3) I _ sin cp < < . u(z) 
1
_
1
_ - , 0 _ cp _ 2rr, 

- -I 5 + 4 cos cp 

L1u(z) = 0, I z I< 1, 
4

) c )I - · 2 o < < 2 · u z l=l=t- sm cp, _ cp _ rr, 

L1u(z) = 0, x 2+ y2+ 2x < 0, 

5) u(z)l.h/+2x=O = 4x3 + 6x- l. 

14.30. HaH:m pewem1e cne)lyIOil.IJ-IX 3a)lall L(upuxne )lJI5! r10ny-
fIJ10CKOCTH: 

1) 1'1u(z)=0,lmz>0, u(z)lim:=o=l; 

Llu(z) = 0, Im z > 0, 

2) 1 
u(z)I __ 

0
=--,, z = x+ iy; 

tm.- I+x-

L1u(z) = 0, Im z > 0, 

u(z) = 
3) I {1, x>l, 

Im:=O 0, X < 1, Z = X + iy; 

L1u(z) = 0, Im z > 0, 

4) x 
u(z)I =-- z=x+iy· 

Im :=0 1 + X2 ' ' 

L1u(z) = 0, Im z > 0, 
5) 

u(z)I 
0
= sgn Re z, z = x + iy. 

Im:= 

14.31. <I>opMyJ1hI 33)l3l{ 14.26 11 14.27 HOC5!T H33B3HI1e cjJopMyJ7-
IlyaccoHa )lll5! Kpyra 11 rronyrrJIOCKOCTI1 COOTBeTCTBeHHO. c fIOMO­
Il.IhIO cpopMyJihI IIyaccoHa )lJ15! Kpyra pew11Th BHeWHIOIO 3a)lally L(11-
p11xne JlJI5! Kpyra lz - z0 1 < R: HaH:rn cpyttKUI1IO u(z), rapMOHwrnyIO s 
o6naCTH lz - zol > R, orpatt11'IeHHY10 Ha 6ecKotte'IHOCTl1 11 np11tt11-
MaIOmyIO 33)l3HHbJe HenpepbIBHble 3Ha'IeHI15! h(~) Ha OKpy)!(HOCTH 
/~ - zo/ = R. 
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14.32. DoKa3aTh, 'ITO BHewmmo 3a_naqy .[(11p11xJie MO)f(HO np11 
noMOIUH I1HBepc1111 s = zllzl2 penyu11poBaTh K BHyTpeHHeH 3a_naqe 
.[(HpHXJie. 

14.33. DocTpOHTh perueHHe 3a_naq11 .[(ttpHXJie ,nmI BHellJHOCTH 
Kpyra { lrl :S 1 } no KpaeBoMy ycJioB11IO u( e i<P) = cos 2cp - 1, 0 :S <p ::;211:. 

14.34. DycTh D - orpatt11qeHHa5I o6JiaCTh Ha KOMnJieKCHOH rrJioc­
KOCTH, rpaHHQa KOTOpoH: 5IBJI5IeTC5I KycoqHo-rna,nKOH KpHBOH )Ifop­
naHa . .[(oKa3an cJieny10ruyro cpopMyJiy fp11tta: 

ffo (vl'iu - ul'iv) dxdy =fa0 ( v ~: - u i: )i dz J, 

rne cpyHKUHH u H v nBa)f(nhr HerrpepbIBHO n11cpcpepeHQHpyeMhI B 06-

- a 
JiaCTH D H HerrpephIBHO ri:mpqH'peHUHpyeMhI B D ' a an - rrpOH3-

sontta5I no lHH1'1[lT T 'HH ( Hl' LH;.'H HOpMa'lH K rpamni:e av o6Jiacrn: D. 

14.35. ·; ,c, ~'UTh "To r \yHl<llH , (-r) 1 -.sreTcsr rapMOH«qecKOH B 

onttoCB5!3Hoi1: 06Jiacn1 D L =.. ro - a u TOJihKO Torna, Karna 

rt- du ldzJ=O 
'Yy an 

no mo6oMy 3aMKHYTOMY KOHTYPY y, Jie)f(arueMy B D. 

14.36. IIpoBep11Th cneny10ru11e paBettcrna: 

l) _l J;log-1-dB=flogfh, JzJ>R, 
2n ls-zl l1ogR-1, lzJ:s;R; 

1 1 
2) -Jr Ioa--dr- dT] = 

tr R2 Jrsl<R e I s - z I "' 

= 

1 
Joa-

"'J zl' 

lo 0 -+- 1---i i ( I z 1
2

) 

0 R 2 R 2 ' 

3) f" ~Joa-1 -ds = { cp, _,, ari "'I s - z I -cp, 

Jzl>R, 
~ = s + iT]; 

I zJ:s;R, 

Imz > 0, 

Imz <0, 
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rne cp, 0 < cp < 11:, - yron, non KOTopr,rM Bi-i:neH OTPe3oK [-a, a} 113 

TQqKJ1 Z, a S = ~+i 11; 

a 1 
4) ~ v(s)-log--ldsl = f v(s)darg(s-z), 

y an Is- z I y 

a ~ 
rne - - rrpOH3BOJ{HaH no HanpaBJieHHIO BHeurne11 HOpMaJI11 K 3aMK-an 
HYTOMY KOHTYPY y, a cpyHKUHH v(i;;) Herrpepr,rnHa Ha y. Ecn11 y - OK­

PY:>KHOCTb { (,: Isl = R}, To rrpenwlymaH cpopMyJia rrp1106perneT BHJl 

Rf'' v(Re;e)i_log-
1-1 d8 = r2

" v(Re;8 )d arg(I;;- z). 
o dr I s- Z I r=R Jo 

14.37. IlycTb cpyHKUHHf(z) HBJrneTCH HenpepbIBHOH Ha KpHBOH 'Y· 
Ll.oKa3aTb, qrn cpyHKUHH 

1 
u(z)= f µ(s)log--ldsl 

y I s-z I 
HBJIHeTCH rapMOHHqecKOH BHe 'Y ( cpyHKUHH u(z) Ha3hIBaeTCH JI02a­

purjJA1Ul/eCKU.M nomeHifUaJIO.M c ITJIOTHOCTblO µ ) . .ll:OKa3aTb TaK>Ke, 

qTO eCJIH y- OKpy:>KHOCTh 11 µ = 1, TO u(z) =canst BHyrp11 'Y· 

14.38. IlycTh D - orpaH11qeHHaH OJlHOCBH3HaH o6naCTh 11 rrycTh 

cpyttKUHH W(z, /;;), z, (, E D, rrp11 Ka:lKJlOM (, E D KaK cpyHKUHH z KOH­

cpopMHo orn6pa:>KaeT o6nacTh D Ha Kpyr lwl < 1, rrpHqeM TO'-!Ka z = (, 

OT06pa:>KaeTCH B TO'IKY w = 0, T. e. W(t;,, (,) = 0. Ll.oKa3aTb, qTo cpyHK­

UHH f p11Ha 3a,lla'IH Ll,11p11xne mm orreparnpa JJarnraca B 06nacT11 D 
HMeeT BH,ll 

1 
G(z, /;;)=-log I W(z, s) 1. 

2n 
IlpH 3TOM, ecnH W(z) - KaKOe-H116y,llh KOHcpopMttoe orn6pa:>Ke­

HHe o6Jiacrn D Ha Kpyr lwl < 1, TO cpyHKUHH W(z, (,) HMeeT BH.U 

·W(z,i;;)= W(z)-W(s)_ 

1-W(z)W(I;;) 

14.39. IloJib3YHCb cpopMyJIOH fp1rna H3 3a.n:aq11 14.34, .UOKa3aTb, 

qTo ecJI11 u(z)- rapMOHH'-!ecKaH cpyHKU:HH s 3aMbJKatt1111 D orpaH11-

'IeHHOH 06nacT11 D, To nmr n1060H' TO'IKM z E D cnpase.D.J111BO 

paBeHCTBO 
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1 rh { a1ogr au(s)} u(z)=
2

n'fav u(O-a;:;--logra;- ldsl, 

a v 

r.ue - - npott3BO.UHaH no ttanpasJieHttIO BHenrnett ttopMaJIH K rpa-an 
HHUe o6JiaCTH D, r = Is - zl, s E oD. 

14.40. 3a.uaqa ,UttpttxJie B o6Jiacrn D .UJIH ypastteHHH IlyaccoHa· 

COCTOHT B TOM, '1T06hI HaHTH cpyHKQHIO u(z), Y.UOBJieTBopmoruyro 
YCJIOBH5!M: 

fl.u(z) = F(z),zt=. D, 

u(z)l~EdD = <p(z), Z E aD, 

r.ue F(z), cp(z) - 3a.uattHhie ttenpephIBHhie cpyttKUHH. 
,UoKa3aTh, 'ITO cpyttKUH5! u(z), y.uosJieTBop5!IOil{a5! Bhilllenepeq11c­

JieHHhIM ycJIOBH5!M, MO)f(eT 6hITh Hai1.ueHa no cpopMyJie 

u(z)=ff G(z,s)F(s)d~d11+rf- aG(z,s) cp(~)id~i, 
D 'fao an 

r.ue G(z, t;,) - cpyttKQH.SI !ptttta 3a.uaq11 ,U11p11XJie .UJI5! oneparnpa Jian­
Jiaca B 06JiacT11 D. 

14.41. ,UoKa3aTb, 'lTO He06XO.UHMhIM ycJiomreM pa3pellIHMOCTH 
3a.uaqrr HeiiMatta .UJI5! onepaTopa JianJiaca B o6JiaCTH D HBJI5leTc51 
ycJIOBHe 

~av \Jf(s)ds = o, 
r.ue \j/(t;,) - rpaHH'lHOe ycJIOBHe .UJI5! HOpMaJihHOH np0113BO.UHOH HC­
KOMOH cpyHKQHl:f. 

14.42. ,UOKa3aTb emrncTBeHHOCTh c TO'lHOCThIO .uo a.u.uttTHBHOM 
nocT05!HHOi1: 3a.uaq11 HeiiMaHa .UJI5! orpatt11qeHHOM o6JiaCTH. 

14.43. HaiiTtt pellleHtte cJie.uyromeii 3a.uaq11 Hei1Matta: 

fl.u(z) = 0, I z I< 1, 

aucz)I = (8) = iO o<8<2 <p , z re , _ _ n. 
ar r;I 

14.44. ,UoKa3aTb, 'ITO <l>YHKQH5! u(z) BH.Ua 

1 f~ u(z) = -- <r(ll) log I z -11 I dll + C(x), 
n-
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r.[(e z = x + iy, a cpyHKU115I cp(11) HenpephrnHa Ha R 11 np11 11 --t oo 

y.[(OBJieTBOp5IeT YCJIOBl1!0 cp(11) = oc1111- I-£), 5IBJI5IeTC5I perneH11eM CJie­

.UyffirueH: 3a.uaq11 HeH:MaHa mm sepxtteH: 110Jiy1111ocKocrn: 

t.u(z) = 0, Im z > 0, 

- =-- =cp(x),-oo<x<oo, du' dul 
dll Im :=0 dy r=O 

r: cp(x)d.x = 0. 

14.45. CcpopMyJI11poBaTh ycJIOBl15I, 06ecne'!11Bmorn:11e e.[(11HCT­

BeHHOCTh 3a.[(a'!11 HeiiMatta .[(JI5I HeorpaH11'!eHHOtt 06JiacT11. 

14.46. IlOKa3aTb, 'ITO cpopMYJia 

f(z) = 2u(~.~J-u(O,O) +iC, 
2 2i 

r.ue z = x + iy, (0, 0) E D, soccrnttas1111BaeT atta1111T11qecKy10 B o.uHo­

CB5I3Hoii o6Jiacrn D cpyttKUHIO j{z) no ee .[(ettcTB11TeJihHOH qaCTH u(x, y) 
c TOl{HOCTb!O no l{HCTO MHHMOH KOHCTaHTbl. 3rn cpopMyJia Ha3bIBa­

eTC5I rjJopMyllOU I'ypca. 

14.47. IlOJib3Y5ICh cpopMyJIOH rypca, BhIBecrn 113 cpOpMyJihI Ilyac­

COHa ,UJI5I Kpyra { izl < 1} rpopMylly fileap4a: 

f (z) =-1-~ (s + z). u(s)ds + iC. 
2Jri l~l=l (s - z) s 

14.48. IIycTh cpyHKUHH f(z) = u(z) +iv(z) atta1111T11'!Ha B Kpyre 

{ lzl < R} 11 ttenpepbIBHa B 3aMKHYTOM Kpyre { lzl :S R}. ,[(oKa3aTb, qrn 

.[(JI5I mo6oro z = ri", 0 < r < R, cnpaBe.[(JIHBhI paBettcrna 

u(z) = .L~=o(~J (a11 cosncp+b11 sinncp), 

v(z) = .L~=o( ~ J (-b11 cos ncp + a11 sin ncp), 

r,[(e K03cpcp11u11eHTbI all 11 bll BbJl{HCJI5IIOTC5I no cpopMyJiaM 

I r',,. e a
11 
=-1; u(Re' )cosn8d8, 

ff 
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b,, =_!_J:"u(Re;0 )sinn8d8, n=l,2, ... , 
7r 

a,, = Lf" v(Re;0
) sinn8 d8, 

7r 0 

1 f2:r iO 
b11 = --Jo v(Re ) cosn8 d8, n = 1, 2, ... , 

7r 
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1 f 2" iO 1 f2:r iO ao = u(O) = - u(Re )d8, b0 = - v(O) = - -J, v(Re )d8. 
2;r 0 2;r 0 

14.48.1. IlycTh cpyHKU:HJI u(x, y) rapMOHHqHa B o6nacTH D. ,lJ,oKa-

3aTh, 'ITO B OKpecrnocTH mo6oif TOqKH (x0, y0) cpyHKU:H.II u(x, y) pa3-

narae'.('C.II B pH.ll T eifnopa -u(x,y)= I au(x-x0l(y-y0 )
1

, 

k.1=0 

npHqeM p.1!.Jl cxonHTC.II a6comorno B o6nacTH: Ix- xol + 1.Y- Yol S:: R, 

0 < R < p = p(Zo, 8D), Zo = Xo +iyo. 

14.48.2. ,lJ,oKa3aTb, 'ITO lJ:aCTHhie npOH3BO.llHhie rapMOHH'IeCKOH 

cpyHKU:HH u(x, y) no x Hy TaK:>Ke .IIBJIHIOTC.II rapMOHH'IeCKHMH cpyHK­

U:H.IIMH. 

14.48.3. ,lJ,OKa3aTh, 'ITO npO,llOJI:>KeHHe rapMOHH'IeCKOH cpyHKU:HH 

enHHcrneHHO, T. e. ecJIH rapMoH11qecKa5I B o6nacTH D cpyttKU:HJI u(x, y) 

B HeKOTOpoif nono6nacTH G C D pastta ttymo, TO u(x, y) = 0 B 06-

nacTH D. 

14.48.4. IlycTb p.1!.ll I~=o u,, (x, y) cocTOHT H3 rapMOHHqecKHX 

cpyHKU:HH H cxo)lHTC.II paBHOMeptto BHYTPH o6nacTH D. ,lJ,oKa3aTb, 

qTO 

1) CYMMa 3TOro p.II.lla ecTh rapMOHH'IeCKaH cpyttKUH.II B o6nacTH D; 
2) p.1!.ll MO:>KHO nmpcpepettu:ttposaTh noqneHHO, npH'IeM cyMMa 

p.1Ina H3 npoH3BO.llHhIX TaK)l(e rapMOHH'!Ha B D; 
3) p.1!.ll H3 npott3BO.llHbIX mo6oro nopHnKa CXO.JlHTC.II paBHOMep­

HO BHYTPH o6rracTH D. 

14.48.5. IlyCTh nocnenoBaTeJihHOCTh {f,,(z)} cpyHKU:HH, aHaJIHTH­

qecKHX B o6rracTH D, cxonHTCJI B TO'!Ke Zo E D , a nocrrenosaTeJih­

HOCTh {Re f,,(z)} CXO.llHTC.II paBHOMeptto BHYTPH 3TOH o6rracrn D. 
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.D:oKa3aTb, L!TO noCJJe)lOBaTeJihHOCTh {f,1(z)} CXO)ll1TC5I paBHOMepHO 

BHyrp11 06nacT11 D. 

14.49 . .D:oKa3aTb, L!TO )lJI5I rapMOHHL!eCKOH B Kpyre { izl < R} H He­
npepbIBHOH B 3aMKHYTOM Kpyre { izl :S R} cpyHKUI111 u(z) cnpaBe.nn11-
BO paBeHCTBO 

Jtl<R (u; + u ~ )dxdy =trL,~=1 n(a,~ + b,~), 

r.ne K03cpcp11u11eHThI a11 11 b11 onpe.neneHhI B 3a,naqe 14.48. 

14.50. JleBa5I Liacn paBeHcrna B npe.nh1.nyruei1 3a,naLie Ha3hrnaeTC5I 
urtme2paJlOM /{upux!le . .D:oKa3aTh, L!TO <PYHKUH5I 

u(re;e ) = L~ smn. !..... . '8( J" 
11 =1 n2 R 

5IBJI5IeTC5I rapMOHHLieCKOH B Kpyre { izl < R}, np11H11MaeT HenpephIB­
Hhie 3HaL1eH115I u(Re ;o) Ha rpaH11ue 3TOro Kpyra H o6na.naeT 6ecKo­
HeLIHbIM 11HTerpaJIOM .D:HpHXJle. 

14.51. I1ycTh <p(t,) - HenpepbIBHa5I .neHCTBI1TeJibHa5I <PYHKUI15I Ha 

rpaH11ue iJD 06nacT11 D. I1ycTb u(z) - mo6a5I HenpephIBHO .n11<P<Pe-

peHu11pyeMa5I B 06nacT11 D <PYHKUI15I, cosna.naIOmaH Ha 8D c <PYHK­

uHeH: cp(t,) . .D:oKa3aT&, LITO ecm1 cymecrnyeT xorn 6n1 o.nHa TaKa5I 
<PYHKUI15I u(z), )lJl5I KOTOpOH 11HTerpan ,r:i:11p11xne KOHeLieH, 

D(u) = ffv (u;+ u;.)dxdy < oo , 

TO HaHMeHblllee 3HaL1eH11e D(u) )lOCTHraeTc5I Ha rapMOHHLieCKOH B 
06nacn1 D <PYHKu;1111, KOTopaH Ha rpaH11ue 06nacT11 D coBnanaeT c 
cp(t,), T. e. 5IBJl5IeTC5I pellleH11eM 3anaLIH ,r:i:11p11xne. 

14.52 . .D:oKa3aTb meope.Aty XaprtaKa: npe.nen y6hrnaIOmeH: nocne­
JlOBaTeJlbHOG-T11 rapMoH11L1ecK11x B 06nacr11 D <PYHKU:HH 5IBJl5IeTC5I 
m160 rapMOH11L1ecKoi1 B D <PYHKU11ei1, n1160 TO)K)lecrneHHO paseH - oo. 

14.53 . .D:oKa3aT& eme o.nHy reopeMy XapHaKa: nycTh <PYHKUHH 
uk(z) ~ 0, k = 1, 2, ... , u 5IBJl5IIOTC5I rapMoH11LieCKI1MH B 06nacT11 D; 

Tor.na ecn11 p5IJJ L,~= 1 uk (z) cxon11Tc5I xorn 6i,1 s onHoi1 TOLIKe z E D , 

TO OH CXO)ll1TC5I paBHOMepHo BHyrp11 D. 

14.54. BepHo n11 yrnep)KJleH11e, LITO ecn11 p5I.ll L,~= 1 uk (z) H3 cpyttK­

u:11i1, KOTOpbie rapMOHI14Hhl B D 11 HenpepbIBHhl B 15' CXO.UHTC5I pas-
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HOMepHO B J5' TO OH CXO,llJ1TC51 paBHOMepHO Ha rpamme fJD o6JiaC'm D? 
I1Meer JIH 3ttaqett11e orpaH11'-!ettHocTb 06Jiacr11 D 11JI11 yrnep)K.ueH11e 
crrpaBe.UJIHBO .UJIH mo6oH: o6Jiacrn D? 

14.55. Bhm11caTb rrptt /1 = 1, 2, 3, 4 2apM0Hu1JecKue no!luHOAtbt 

P11(X, y), q,i(x, y), orrpe,n:eJIHeMbie paBeHCTBOM z
11 = p11 + iq,,, z = x + iy. 

3arr11caTb B o6Il(eM BJ1,Ue P11(X, y) l1 q11(X, y) B IIOJI51pHOH Cl1CTeMe KO­
op.uirnaT. 

14.56. IIycTb V(z) (z = x + iy) - rapMOHttlleCKa51 l1 orpaH11'-!eHHa5! 
cpyHKUl151 B o6JiaCTl1 { z: Im z > 0}. CrrpaBe,UJil1BbI JIH yrnep)K.uemrn: 

a) .UJIH Ka)K.uoro t E R cyll(ecrnyer 

lim V(z)=V(t); 
:-->1.lm:>O 

6) V(z) = _!_ r yV(t), dt, y > 0 
Jl -00 I z - t 1-

( cpaBHHTb c 3a,n:aqei1: 14.24). 

14.57. Dyen. U(z) (z = x + iy) - cpyHKUHH, rapMOH11qecKa5! B 06-
nacrn { z: Im z > 0}. IlyCTh, KpOMe Toro, ,UJIH HeKOTOporo p, l < p <co, 

sup f] U (t + iy) IP dt < oo. 
y>O 

.D:oKa3aTb, l!TO cyll(ecrnyeT cpyHKU1151 u(t), TaKa.51, '-ITO 

f] u(t) Ip dt < oo, 

u(z)=_!_r yu(t), dt,y>o. 
Jr -1z-t1-

14.58. IIycTb cpyHKUH51 u(t) .UJIH HeKornporo p, l :S p < co, y,n:oB­
JiernopHeT ycJIOBHIO 

f_:1 u(t) Ip dt < 00 • 

.D:oKa3aTb, '-ITO cpyHKUHH U(z), V(z), (z = x + iy), orrpe.uenetttthie rro 
cpopMynaM 

U(z)=_!_r yu(t)c~t, V(z)=_!_r (x-t)u(iydt, 
Jl - I z - t 1- n - I z - t 1-

r.ue y > 0 ' 51BJI51IOTC51 corrp51)KeHHblMH rapMOHl1'-!eCKHMI1 cpyttKU1151MI1 
B 06Jiacr11 { z: Im z > 0} . 
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OTIEPAQHOHHOEHCqHC~EHHE 

OcttoBy MeTo;:i:oB onepaw10HHOro 11cq11cJiemui: cocrnBmreT 11ttTe­

rpaJibHoe npeo6pa30BaH11e, KOTOpoe tPYHKU1111 f(t) ;:i:eHCTBl1TeJibHOro 

rrepeMeHHOfO, npHHHMaIOrueH: KOMIIJieKCHbie 11JIH ;:i:eHCTBHTeJibHbie 

3Ha':!eHl1.H, CTaBHT B COOTBeTCTB!1e KOMllJieKCH03Ha':!HYIO cpyHKU11IO 

F(p) KOMnJieKCHOH nepeMeHHOH p E C. 

PaccMOTpHM cJie;:i:y10ru11ii KJiacc cpyttKUHH f(t) ;:i:eiicTBHTeJibHOro 

rrepeMeHHOro t E R: 1) f(t) = 0 rrp11 t < O; 2) ftt) tterrpepbIBHa Ha 

mo6oM 0Tpe3Ke ;:i:eifcTBl1TeJibHOH OCl1, 3a 11CKJIIO':!eHHeM KOHe':!HOfO 

':!11CJia TO':!eK, B KOTOpbIX cpyHKUH.H f(t) HMeeT pa3pbIBbl nepBoro po­

;:i:a; 3) cyruecrnyIOT TaKHe IIOCTO.HHHbie M > 0 11 s > 0, ':!TO JJ:JI.H Bcex 

t > 0 BbIIlOJIH.HeTC.H HepaBeHCTBO 

If (t) I :5 Me·''. (1) 

<DyHKU115I ftt), o6na;:i:aIOruaJI CBOHCTBOM 3), Ha3bIBaeTC.H rjJyHKL/Uei°i 
02pmmIJemwii cmeneHu pocma, a TOqJJYIO lli:DKHIOIO rpattb TaKHX s > 0, 
;:J:JIJI KOTOpbIX HepaBeHCTBO (1) BbIIlOJIH.HeTC.H JJ:JI.H Bcex t > 0 c KaKOH­

HH6y;:i:b IIOCTO.HHHOH M > 0, Ha3bIBaIOT 110KG3Gl11eJle.M cmeneHU poc­
ma cpyttKu;1111f(t). 

,ll)rn cpyHKUMH ftt) , 06Jia;:i:a10ruttx CBoH:crnaMH 1) - 3), orrpe;:i:eJIMM 

rrpeo6pa3oBaHtte JianJiaca F(p). flpeo6pa106aHUe.M Jlan;wca cpyHK­

u:m1f(t) Ha3bIBaeTC.H cpyHKUI.f.ll 

F(p) = fo~ f(t)e-"' dt,pE C. 

<DyHKU11IO f(t) Ha3bIBaIOT opu2uHaJ101w, a cpyHKUMIO F(p) - U306pa­
:J1CeHue.M 11JIH o6pa30.M Jlm1Jlaca OpHrHHaJia ftt); Cl1MBOJIH':!eCKl1 3TO 

3arr11cbrnaeTC.H TaK: F(p) -:- ftt),ftt) -:- F(p ) : 

EcJIH noKa3aTeJib cTenemr poem ftt) ecTb s0, TO M3o6pa)KeHHe 

JlanJiaca F(p) cpyttKu1111 f(t) onpe;:i:eneHo B nonyrrnocKOCTM Re p > s0 

M B 3TOH rroJiynJiocKocTM F(p) .HBJI.HeTc.H aHaJIMTM':!ecKoH: cpyttKu11eil. 

3a;:i:aqa BOCCTaHOBJieHl1.H cpyHKUMM-OpMrnHaJia f(t) ITO M306pa)Ke­

HHIO F(p) HMeeT ;:i:Ba acneKTa. 
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1) IlycTh 113BeCTHO, 'ITO <PYHKUl1H F(p) HBJrneTCH 11306pa)!(ett11eM 

<PYttKu1111 f(t), 11MeIOwei1 orpatt11'IeHHYIO eTeITeHh poem; rnma 3ana­

qa eoeTOlff B BOeemHOBJieH1111f(t) ITO F(p). 
2) Heo6xo.n.nMo HMeTb .n.oemTO'IHbre ycnoBHH Toro, 'ITO 3anatt­

HaH cpyHKUHH KOMITJieKeHoro rrepeMeHHoro F(p) RBJIHeTeH 11306pa­

)!(eH11eM Jiarrnaea <PYttKu1111 f(t), ttMe1-0wei1 orpaH11'ieHHYI-O eTeneHb 

poem. 

IlyeTh F(p) - attaJIHTH'ieeKaH B nonyITnoeKocm Rep > s0 <PYHK­

u11H, KOTOpaH RBJIHeTeH 11306pa)!(eHJ1eM Jiannaea Kyeo'IHO-fJia,UKOH 

cpyHKUHH f(t), HMefOwew IIOKa3aTeJlb CTerrem1 pOCTa so; TOr,[(a B TOq­

Kax HeITpepbIBHOeTJ1 t eITpaBe,llJil1BO ITpenemBJieHHe 

f (t) =-
1
-fx+ioo eP' F(p)dp, x >So· 

2ni x -100 

(2) 

3TOT 11HTerpan 6epeTCH B CMbieJie rnaBHOro 3Ha'ieHHH ITO npHMOH 

Rep = x , a cpopMyny (2) npwmno Ha3bIBaTb rj;opAty!lou Mellw-1a. 
C<PopMyn11pyeM )J.OemTO'IHbJe yeJIOBHR pa3pelllHMOeTH 3a)J.a'IH 2). 

IlycTb cPYHKUHH F(p) KOMnneKCHOH rrepeMeHHow p = x + iy: 
1) HBJIHeTrn attaJIHTH'ieCKOH B nonynnocKOCTH Rep > s0 ; 

2) B :noi1 nonynnoeKOCTM F(p) - 0 np11 !Pl - oo paBHOMepHo 

OTHOCHTeJihHO arg p; 
3) ttai1.n.ercH TaKM KOHCTaHTa M > 0 , 'ITO )J.JIR Bcex Re p = x > s0 

cnpaBe)J.JIHBO HepaBeHCTBO 

r:;] F(p)ldy<M, 

rnr.n.a <PYHKUHR F(p) np11 Rep >so HBJIReTeR mo6pa)Kett11eM Jiarrna­

ca cpyHKU11Hfit) , onpe;:r:eJieHHOH paBeHCTBOM 

1 f r+ioo 
J(t)= 2tri :-iooeP'F(p)dp,x>so. 

LI:nR <PYHKUHH fit), mKott, 'ITO f.:J f (t) I dt < oo, BBO)J.HTe5! TaK)!(e 

ITpeo6pa30BaHHe <!>ypbe 

f (11) = ~ r e-il]t f (t)dt, 11 ER. 
...;2tr ~ 

ITycTb .n.ettCTBHTeJibHaR <PYHKUHR u(t), t E R, )J.JIR tteKornporo p > 1 

y.uoBJiernopHeT ycJIOBHIO [,I u(t) I" dt < oo . LJ:nR z E C, Im z > 0, 

paCCMOTpHM cpyHKUHI-0 
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F(z)=_!__f~ u(t)dt. 
n -co z-t 

3ra cpyttKUH5I F(z) np11HaL1.Jie)!<11T npocrpaHcTBy XapLl.H HP(Im z > 0), 
np11qeM .D.JI5I KaJK.uoro t > 0 cymecTByeT Jim Re F(z) = u(t). Eonee 

:--H. 
hn: >O 

Toro,cyruecTByeT 

I. 11 u(t) dt _( ) 
rm- ---=u x 

£-HO Jr /t-x/2:£ X - { 

f~ u(t)dt 
(T. e. HHTerpan --- cyruecTByeT B CMbICJie rnaBHOro 3Haqe-

-oo x-t 

HH5I) H Im F(t) = u(t)' r.ue F(t) = lim F(z). TaKHM o6pa30M, 
:.--tr. 
Im :>O 

F(t) = u(t) + i u(t). 3TOT cpaKT H 5IBJI5IeTC5I co.uepJKaHtteM H3BeCTHOH 

meopeMbl M Pucca . 
.[(IDI cpyHKUHH u(t), y.uosneTBOp5IIOIUeH rrepeqwcneHHhIM BhI!lle 

ycnoBH5IM, BBOLl.HTC5I npeo6pasoemwe I'wlb6epma rro cpopMyne 

u(x) = v.p. _!__ r u(x) dt = _!__ lim i u(t) dt. 
J'l -co X - { Jr E-HO /x -t/2:£ X - f 

06o3Haq11M :no npeo6pa3oBaHtte CHMBOJIOM H. I1peo6pa3osamre 
f ttnh6epra 06naL1.aeT cneL1.y10mttMH csoiicTBaMtt: 

1) H2 =-I; 
2) H ocymecTBmieT H30Mopcp113M lf(R) Ha lf(R), p > 1, H crrpa­

Be.D.JIHBO HepaBeHCTBO 

<f] u jPdt ~ [J Hu j Pdx~c; [Ju IPdt; 

3) B cnyqae p = 2 HMeeT MeCTO paBeHCTBO 

[J Hu j

1
dx =[.I u f dt . 

.[(IDI Ll.eMCTBJ1TeJibH03HaqHOH cpyHKUHttf(x), x ER, HMeIOrueH: KOM­

rraKTHbIM HOCHTeJib Ha R+= { x: x > 0} H 5IBJI5IIOIUeHC5I 6eCKOHeqHo 
.u11cpcpepeHu11pyeMOH Ha R+. orrpe.uenHM cpyHKUHIO KOMITJieKCHOro 
rrepeMeHHoro z no cpopMyne 

Mf (z) = J; x:-I f (x)dx. 

c:DyttKUH5I Mf(z) 5IBJrneTC5I attan11T11qecKoi1 Ha BceH: KOMITJieKcHoi1 
nJIOCKOCTH. I1peo6pa30BaHHe, ocyrueCTBJI5IeMoe 3THM HHTerpaJIOM, 
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Ha3oBeM npeo6pa3oeaHue.111 MeJ1uHa. 3rn npeo6pa30Batt11e paenpo­

CTpamreTcH Ha Bee npocTpaHCTBO L\R+) KaK orpaHH'IeHHbIH JI11Hei1-

Hb1i1: onepaTop 113 L\R+) B L2
(Re z = 1/2). f1p11 3TOM M C)'Tb 1130MeT­

pm1 Me'/K,ll)' 3Tl1M11 npocTpaHCTBaMH 11 cnpaBe,llJil1BO paBeHCTBO 

f;I f(x) l2dx = fReo=inl Mf (z) f I dz 1-

06parnoe npeo6pa30BaH11e Men11tta BBOlll1TCH no cpopMyJie 

f (x) = fRe:=
112

x-:Mf(z) dz. 

15.1. ITycTb cpyHKUl1H f(t) 11MeeT noKa3aTeJib eTenett11 poem s0• 

,lJ.oKa3aTb, qTo 

F(p) = f; e - pi f(l)dt 

cxo.u11Te5! B 06JiacT11 Re p > s0, a .llJIH mo6oro s > s0 3TOT HHTerpaJI 

exoL(HTeH paBHOMeptto B 06JiacT11 Rep 2'.: s > s0. 

15.2. ITycTb cpyHKUHH f(t) 11MeeT noKa3aTeJib eTenett11 poem s0• 

,lJ.oKa3aTb, qTo ee 11306pa)l(ett11e JianJiaca F(p) attaJI11T11qtto B nony­

nJJocKocTu Rep > s0 . 

15.3. f1oKa3aTb, qTo 11306pa'IKeH11e JianJiaca F(p) -> 0 np11 

Rep-> + oo. B qacTHOCTH, eeJI11 F(p) attaJIHTwrna B ToqKe p = oo, TO 

F(p) 11MeeT B 6ecKotteqttocT11 H)'Jib. 

15.4. ITyc"fh cp)'HKU11Hj(t) = 0 np11 t < 0 11 np11 tteKoTOpOM p0 E C 

cy~ecrnyeT 1rnTerpaJI J; e-Po' f (t)dt. ,lJ.oKa3aTb, qTo .llJIH mo6oro 

p EC: Rep> Re Po HHTerpM J; e_,,, f (t)dt exollHTeH. 3TOT HHTe­

rpan, KaK OTMeqaJIQCb B Haqarre rJiaBbl, np11HHTO H33bIB3Tb npeo6pa-
308GHUe.M Jlm1J1aca cPYHKU1111f(t). 

15.5. ITycTb f(t) = 0 npw t < 0 11 f (!) = a,,t"+ a,,_/'-1+ ... + a1t + a0 , 

a" i- 0, /1 E N, t 2'.: 0. ,lJ.oKa3aTb, 'ITO f(t) 11MeeT noKa3aTeJib cTeneHH 

poem, paBHb!H H)'Jl!O. 

15.6. CY11TaH, YTO q))'HKUHH-op11nrnan f(t) = 0 np11 r < 0, Bb1q11e-

JJl1Tb noKa3aTeJib cTenett11 pocmf(t) 11 .llOKa3aTh yTBep'IK,lleH115!: 

1) l-7-p- 1
; 2)ea1 -7-(p-a)- 1,Rep>Rea; 

3) ' r(v + 1) 0 t + ,-+i , v > -1, Rep> ; 
p 
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4) " · n! N R 0 t -;--- ilE , ep> ; 
p"+I ' 

5) sinUJt+ ,OJ , , Rep>llmOJI; 
p-+ OJ-

6) cos OJt + , p 2 , Re p > I Im OJ I; 
p-+OJ 

ii. 
7) shil.t+ , , , Rep>IReill; 

p--k 

8) ch il.t + / 2 , Rep> I Reil I­
p -ii. 

15.7. IlycTh F/p) + f/t) , Rep> sj, j = 1, ... ,11 . .D:oKa3aTb, 1ITO 

"L,~=tajF/p) + "L,~= 1 aJ/t) , Rep> maxsr 
l$j$11 

3TO CBOHCTBO 11306pa)l(eHJrn Ha3bIBaeTCH JlU!-leUl-lOC/11b/O. 

15.8. ITycTb F(p) -o- f(t), Rep> s0; ,ll,OKa:mTh, LJ:TO TOr,ll,a 

±F(~)+ f(at) , a>O,Rep>as0 • 

15.9. IlycTh F(p) -:- f(t) , Rep > s0 . .D:oKa3aTb reopeMy 3ana3L{hI-

BaHl1H, T. e. 

t<T, T>0, 

t >T. 

15.10. IlycT.b f' (t) 11 f(t) 11MeIOT noKa3aTeJih cTerreH11 poem s0 11 

f(t)-:- F(p) , Rep> s0 . .D:oKa3aT.b, 11ro 

J'(t) + pF(p)- f (0), Rep> s0 . 

15.11. IlycTh f <"l (!) , ... ,f (I) (t),f (t) 11MeIOT noKa3aTeJih cTenett11 

poem s0 11 f(t) -:- F(p ), Rep > s0 . .D:oKa3aTb, 'ITO 

f <"i (r) +{F(p)- J(O) _ 1 <
1

>;0) - ... - 1 <"-
1:.co)}· 

p p p 

15.12. IlycThj(t)-:- F(p), Rep> s0 . .D:oKa3aT.b, 11rn: 
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1) f~f(T)dT+p- 1 F(p),Rep>s0 ; 

2) f~dt,f~' dt1 ..• f~"-' f (t,)dt,, + p-" F(p), Rep> s0 . 

15.13. IlycTb Ji (t) + F; (p ), Rep> s,; / 2 (t) + F1 (p ), Rep> s2. 

,ll.oKa3aTb, <ITO 

f~ J; ( T)f2 (t - r)clT + F; (p )F1 (p), Rep> max(s" s2 ). 

15.14. IlycTb F(p)--:-- fit), Rep> s0. ,ll.oKa3aTb, qrn: 

1) F 1 (p)--:-- - tj(t), Rep> so; 

2) P")(p)--:-- (- l)"t''J(t), Rep> so. 
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15.15. IlycTb cpyHKll)111 f(t) 11 t - '.f(t) HMeIOT fIOKa3aTeJib CTenem1 

poem s0, Rep > s0. ,ll.oKa3aTb, qro 

r 1f(t)+f=F(q)dq, Rep>s0 • 
p 

15.16. ITycn.f(t)...;... F(p), Rep> s 0 • .D:oKa3UTb, 'ITO: 

F(p +A)+ e-h f (t), Rep> s
0

- Re A.. 

15.17. IlyCTb cpyHKU:H11 f1(t) -:- F(p), Rep >So, HMeIOT COOTBeT-

CTBeHHO fIOKa3aTeJIH CTeneHH pocTa s, 11 Sz, 

1 fa+i= 
-
2 

. a-;"' F; (z)F2 (p - z)dz + J; (t)/1 (t), m 

r.[(e a> s 1, Rep >s2 +a. 

15.18. CtmraH, qTQ cpyHKU:HH-OpHrHHa.Jl f(t) = 0 np11 t < 0, .L\OKa-

3aTI, cne.L\yIOurne yrnep)!(.L\eH11H: 

1) " "' n! R R t e + ( )"+' , e p > ea; p-a 

. 2pOJ 
2)tsmOJt+ , ,,, Rep>IImOJI; 

(p-+OJ-)-

3) tcosOJt+ p:-OJ: ,Rep>IImOJI; 
(p-+OJ-) 
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4) /''sin wt+ m, , , Rep> Rei!+ I Imm I; 
(p -At+ m-

. p-A 
5) eA' cos wt+ ? 2 , Rep> Rei!.+ I Imm I; 

(p-i!t+m 

sin mt 7l p . 
6) --+-

2
-arctg-,Rep>IIrnml; 

t m 

7) I sin mt I : ? m ? cth p7l, Rep> !Imm I; 
p-+ m- 2m 

e-m 1 
8) _ _,_ Rep>-a . .J7ii. ~p+a' 

15.19. IIycTb <l>(p) = ~re -z
2 
dz - TaK Ha3nIBaeMa~ if;yHKLJU51. 

'\f Jl 0 

OULU60K. ,I(oKa3aTb, qTo: 

l) e_0111 + ~ eP1 1<401)(i-<I>(;:)} 

2) e-2"Ji /(Jill+ )p e"' 
1 
P [I -<I>[ Jp) l 

Fa r 3) + <l>(h/ a); 
p~p+a 

4) p-le -afP + 1-<l>(_!!:_)· 
2-Ji 

15.20. IIycTn F(p) - cpyHKUI1~, amumT11qecKa~ B TOqKe p = oo, 11 
ee JIOpaHOBCKOe pa3JIO:JKeHtte B 6eCKOHeqHOCTI1 I1MeeT BI1}.J, 

F( ) '\'~ -11 P = L..i11=1c11p · 

,I(oKa3aTh, qTo cpyHKUI1~ F(p) eCTn 11306pa:JKeH11e opttrnHana 

{'\'~ ~t" t z 0 
j(t) = L..iu=O n! ' , 

0, t <0. 

15.21. <l>yHKLJueu Eeccem1 J,,(z) nepeozo pooa rrop~}.J,Ka n E Z Ha-

3hrnaeTrn pernem1e m1cpcpepeHu11aJibHOro ypaBHemrn 
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2 d1w dw 2 z 
z --, +z-+(z -n )w=O, 

dz- dz 

KOTOpoe rrpe,nCTaBJI5!eTOI CTerreHHb!M p5!,nOM 

J (z) = (z 12)" L= (-1/ (z I 2)2' 
11 

k=O k !f(ll + k + 1) 

,IJ:oKa3aTh, qrn: 

1) J0 (at) + J 1 
; 2) J

0
(2Ji) + p-1

e_P-
1

; 
a2+ p2 

3) J (t)+ (~ - p)" 
II ~ p2 +l 

15.22. Ilycn, F(p) = A(p)B- 1
(p)-pauttoHaJihHa5! cpyHKUH5!, rrptt­

qeM cTerretth arrre6pa11qecKoro MttoroqJietta A(p) Metthrne cTerretttt 

aJire6pa11qecKoro MHoroqJietta B(p), ttMe10mero rrpocThie Koptttt 

p,, p2, ..• , P11 E C. )loKa3aTh, LJTO opttrnHaJIOM F(p) 5!Bm1eTC5! cpyHK­

Utt5! 

f (t) = """ A(p,) eP•' 
.L..k=1 B'(pk) 

15.23. IIycTh f(t) -;-F(p). )loKa3aTh, qTO lim pF(p) = f(+O), a 
p->~ 

ecJitt cymecrnyeT lim f (t) = f (00), TO lim pF(p) = f (00). 
t-t+oo p~O 

15.24. IIycTh F(p) - pauttoHarrbHa5! cpyHKUH5!, aHaJIHTttqecKa5! B 

IIOJIYIIJIOCKOCTM Re p > ao, ,nJI5! KOTOpoii: BbIIIOJIHeHbl CJie,ny10mtte 

YCJIOBM.SI: 

1) ttHTerpa11 [J F(a + ib) I db cxo,nttTC5! ,nJIH mo6oro a> a0; 

2) Jim max I F(p) J= 0, r,ne r R - .nyra oKpy)J(HOCTH JpJ = R, Jie-
R->+= pEr" 

)J(ama5! s rroJiyrr11ocKOCTM Re p > a0. )loKa3aTh, qTo opttrttHarroM ,nJIH 

cpyHKUHH F(p) 5!BJI5!eTC5! cpyHKUH5! f(t)=l:kres[F(p)e"'], rnep,-

HYJIM 3HaMeHaTeJI5! cpyHKUMM F(p). 

15.25. IlycTb F(p) = A 11(p) I B111(p), r,ne A 11(p) H B111(p) - aJire6pa­

ttqecKtte MHOroqJieHhl CTerreHM 11 H Ill COOTBCTCTBeHHO, rrp11qeM 

n < 111 11 A"(p) H B111(P) He ttMeIOT 06m11x Hy11ei1. )loKa3aTb, qTo ecJIH 
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pi, p2, ... , Pt - Hy1m B111(p) KpaTHOCTM mi, m2, ... , m1 cooTBeTCTBeH­

HO, TO 

F( )-'-f( )-f l d'11k-1 [( - )111'F( ) pt] 
p . t - L,, ( 1) I Ill -I p pk p e p=p, • 

k=I 171k - • c/ k p 

15.26. Hai1:T11 mo6pa)l{eH11e F(p) .ZJ:JUI cpyHKu1111f(t): 

l)f(t) = tp, ~ >-1; 

2)f(t) = t"e i', n EN, ), EC; 

3)f(t) = t" sin mt, 11 E N, m EC; 

4) f(t) = e i.r cos mt, 'A, m E C; 

S)f(t) = (n + l)h, t E (n r, (n + 1) -r], n = 0, 1, ... , r, h > 0. 

15.27. HaH:nr H306pa)l{ett11e Jiarrnaca F1i(p) cpyHKUHH 

f,(t)={h-
1

, O<t<h, 
I 0, t?:. h. 

HaH:nr lim F;, (p) . 3TOT rrpe.z:i:en Ha3bIBaIOT npeo6pa3o6aHueM Jlan-,,_,+0 

l/QCQ cpyHKUHH o(t) . .[J:OKa3aTb, qrn: 

1) o(t)-:- l ; 2) 3<"l(t)-:- p", 11 EN. 

15.28. Hai1:T11 op11rnHanj(t) mm cpyHKUI111 F(p): 
1) F(p)=p-a-i, -1<a<O; 

2) F(p) = p-1e-a.fP, a> O; 

3) F(p) = p-"- 1e-"-1
, 11=0, 1, 2, ... ; 

4)F(p)=(p 2 + l)-Y2. 

15.29. 8bl'HICJ111Tb 11HTerpanbr: 
. ,;r c 

1) f" +r= _e_ d{ 2) f" +i= _t_· d{ 
a-iao ~11 +l ' {1-ioo ~n +l ' 

e,;r . f t1+1·- ;:e,;' l ;:. 
4) f" +.i= -,-d;; 5) - -'=',-(if::,, 

11-1= ;-+ 1 11-1= ;-+ 1 

15.30 . .[J:oKa3aTb, qrn ecmif(z)---+ 0 rrpw Im z---+ oo, a 1 <Re z < a2, 

Hj(z) attan11rnqHa B IIOJIOCe a,< Re Z < a2, TO r:;: f(;)d; He 3aBl1-

CHT OT a, a,< a< a2. 
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15.31. PaccMOTpHM 3aOal/y Koiuu 

{ 

(11) ( ) (11 -I) ( ) ( ) 0 a0y t +a1y t + ... +a11 y t = , 
y(O) = Yo,)/'> (0) = Y1, ... , i 11

-o (0) = Y11-P 

r,ne ao, a,, ... , all, Yo. Yi. ... , Y11-1 - 3a,naHHhie rrocTO~HHbie. 
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EcJm { \jh(t)}, k = 0, 1, ... , /1 - l - cpyH,naMeHTaJibHa~ CHCTeMa pe-
weHHH, T. e. 

a0\jli">(t) + a 1\j/i
11

-
1>(t) + ••• + a,,\jlk (t) = 0, 

11/j) (0) = () . = ' ' 
{

l k = }" 
't' k k; • • 

0, k-:1=1;k,1=0,l, ... ,ll-l, 

TO, Kai< H3BecTHO, peweHHe 3a,Uacm KoWH HMeeT BH.n y(t) = L:~:~ y, \j/, (t). 

Dyen 

\jlk(t)-T\jlk(p), P,, (p) = a0p 11 
+ a1p"-' + ... + a11 , 

P. ( ) - 11-(k+l) 11-(k+2) 
k P -aop +a,p + ... +a11-(k+IJ' 

.D:oKa3aTh, qTo: 

_Pi,(p) - . 
1) \jl.(p)---,p-0, 1, ... ,11-l, 

P,,(p) 

2) (t) ="Ill ( /JI Pi,(p)) \j/,, Li i~o res e , 
1'1 P,,(p) 

rne pj,j = 1, .. ., m, - HYJIH rron11H0Ma P11(p). 

15.32. PernHTh 3anaqy Kourn 

ylV + 2y" + y = 0, 

y(O) = y'(O) = y"(O) = 0, y"'(O) = 1. 

15.33. PewHTh 3anaqy KowH 

x"(t) + f...2x(t) = 0, f... f. 0, 

x(O) = a, x'(O) = ~· 
15.34. PaccMoTpHM 3a,r:i:ai1y KowH 

a0y<"l(t) +a,/'- 1>(t) + ... +a"y(t) = f(t), 

y(O) = y'(O) = ... =/'- 'l(O) = 0, 

rne a0, a 1, •• ., a11 - 3anaHf{b1e nocTO~HHhie. 
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ITycTb y(t) -:--Y(p),f(t) -:--F(p), a \jf,,_ 1(t) ecTb (n - 1)-.si cpyHKUH.51 H3 

cpyH.UaMeHTaJibHOH CHCTeMbl perneHHH B 3a.uaqe 15.31 - :ny cpyHK­
UHIO Ha3bJBaJOT rPYHKLfUeu eOUT-lll'IT-1020 mo'le'IT-1020 UC/110l/T-lUKa. 

,UOKa3aTb, qrn: 

1) Y(p) = F(p) 
P,, (p)' 

1 f' 2) y(t) =- 10 \jf 11
_ 1(t-r)f(r)dr, 

ao 

P ( ) 11 11-I r.ue 
11 

p =a0 p +a1p + ... +a,,. 

15.35. PernHTb 3a,Ua'-ly KornH 

y"(t) + y(t) =sin t, y(O) = y 1 (0) = 0. 

15.36. PernHTb 3a,Ua'-ly Koum: 

1) x" (t) - 3x 1 (t) + 2x(t) = 2e3
', x(O) = 0, x' (0) = O; 

2) x" (t) + 4x' (t) + 4x(t) = t3e-2
', x(O) = 1, x' (0) = 2; 

3) x1v (t) + 2x 11 (t) + x(t) =sin t, x(O) = x'(O) = x''(O) = x'"(O) = O; 

,, , {sint, O<t<n, 
4)x(t)+w-x(t)= , 

0, t > n, x(O) = x (0) = 0. 

15.37. PenmTh cHcTeMbI .UHcpcpepemwanhHbTX ypasHeHHH: 

l) { x'(t) + x(t)- y(t) = e', 

y'(t) + 3x(t)- 2y(t) = 2e', 

x(O) = 1, y(O) =l ; 

{ 

X
8
(t) - x(t) + y(t) + z(t) = 0, 

2) y" (t) + x(t) - y(t) + z(t) = 0, 

zu(t) + x(t) + y(t)- z(t) = 0, 

x(O) = 1, x'(O) = 0, y(O) = y'(O) = z(O) = z'(O) = O; 

I {1' 0<t<1, 
x(t)+ y(t)= 

t > 1, 0, 
3) 

O<t < 2, 
f {1' y(t)+x(t)= 

t > 2, 0, 
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x(O) = y(O) = 0; 

{

x'(t) = y(t) + z(t), 

4) y'(t)=z(t)+x(t), 

z'(t) = x(t) + y(t), 

x(O) = -1, y(O) = 1, z(O) = 0. 

S) {x'(t)-ax(t)-by(t)=be"', 

y'(t) + bx(t)-ay(t) = 0, 

x(O) = 0, y(O) = 1. 
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15.38. Penrn:Tb l1HTerpanbHhie ypaBHeHl15I OTHOCHTeJihHO Herrpe­

pbIBHOH cpyHKU:l1l1 c:p(t): 

1) rp(t)= f~U-4')rp(4')d4'+sint; 

2) t = f~e1-~rp(~)d{ 

15.39. PernttTh ttHTerpanhHhre ypaBHeH115I BoJihTeppa OTHoc11-

TeJibHO HerrpepbIBHOH cpyHKU:l1l1 <p(t): 

1) f(t)= f~K(t-4')rp(i;)di;; 

2) rp(t) = f (t) + f~ K (t -i;) rp(i;) di;. 

3nr ypaBtteHH5I Ha3hIBaIOTC5I ypa61ieHU5/Mu Bo.nbmeppa nep6020 u 
emopo20 pooa COOTBeTCTBeHHO. 

15.40. PernttTb ypaBHemrn B <1acTHhIX rrpott3BO)J,Hhrx: 

l) {u11 = uu, 0<x<1, t > 0, uL=o= uL=1= 0, 

ui = sinnx u \ = o· 
t=O ' 1 t=O ' 

2) .\. I- 1-

{
u11 =ur, O<x<l, t.>0, ui_0=u1\_0=0, 

ulr=O= 0, u\..=1= sin wt; 

{ 

u + u - 0 -= < x < oo t > 0 ul = x 3) .u II - ' ' ' 1=0 ' 

u \ = sinx 
t t=O ' 

4) D 2 -X 
{ 

ll .. + ull = 1, 

u1 \ =x e . 
1=0 

-= < x < oo t > 0 u\ = 0 
' ' f:;::Q ' 

15.41. Haiirn orpaHH<IeHHhie rrpH x 2: 0 perneHH5I u(x, t) ypaBHe­

Hmr 
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u1 = a 2 u~.t' x > 0, t > 0, u1 li=O = 0, ulx=O= f (t). 

15.42. PelllHTh ypaBHeHmI 

a4i1 a~ u , 
1) -

4 
- -

4 
= 3xr, 0 :S x :S 1, t > 0, 

ax at 
u(x, 0) = x 3

, ur(x, 0) = Uu(x, 0) = Um(X, 0) = 0, 
u(O,t)=t4

, u(l,t)=l; 

a3 a' a3 a3 

2) ~+-L_t +3--u-+3~=x2e-' 
ax3 at 3at axat 2 at3 

' 

u(x, 0) = ui(x, 0) = uu(x, 0) = 0, u(O, t) = 0, x > 0, t > 0. 

15.43. PelllHTh ypastteHmr: 
? 

1) Liu = a-u.rn a > 0, x > 0, t > 0, 
ul1=0 = 0, urlt=o = 0, ux(t, 0) = Vo(t - T), V #- 0, T > O; 

2) Liu= a2
Uxx + QU1, a > 0, X > 0, t > 0, 

ulc=O = urlt=O = 0, ux(t, 0) = VO(t - T), V #- 0, T > 0. 

15.44. HcrrOJih3YR rrpeo6pa30Batt11e <Dypbe, pelllHTb 3a,[(aq11: 

1) Uu = a2urx, u(x, 0) = cp(x), u,(x, 0) = \jl(x); 

2) Uu = a2uxx + f(x, t), u(x, 0) = u,(x, 0) = O; 

3) Liu= a2u.rn u(x, 0) = cp(x); 

4) u1 = a2uu +fix, t), u(x, 0) = 0. 

PellleHHe u(x, t) orrpe.[(eJieHo B rrnnyrrnocKOCTH x E R, t > 0. 

15.45. HcrroJih3YR rrpeo6pa30Batt11e <Dypbe, pelllHTb 3a.[(aqw 
1) u, = a2u 0 , u(O, t) = µ(t), u(x, 0) = O; 

2) Ur= a
2
u.u, ux(O, t) = v(t), u(x, 0) = 0; 

3) Ur= a2itx.r + f(x, t), u(O, t) = u(x, 0) = 0. 
PernettHe u(x, t) orrpe.[(eJietto B o6nacTH 0 < x < oo, t > 0. 

15.46. HcrrOJib3YR rrpeo6pa3oBattHe <Dypbe, pelllHTb 3a,[(aq11: 
1) u, = a\uu + u,.,.), u(x, y, 0) = <p(x, y); 

? .. 

2) u, = cr(uu + u,_,.) +fix, y, t), u(x, y, 0) = 0. 

PellleH11e u(x, y, t) onpenenetto B nonynpocTPattcrne (x, y) E R2
, t > 0. 

15.47. HcnoJib3YR rrpeo6pa3oBaHHe <Dypbe, pelllHTb 3a,[(aqw 
1) u, = a2(uu + u_,._,.), u(x, 0, t) = 0, u(x, y, 0) = f(x, y); 

2) u, = a\uu + u,.y), u(x, 0, t) = f(x, t), u(x, y, 0) = O; 

3) u, = a\urx + u,y), u,.(x, 0, t) = 0, u(x, y, 0) = f(x, y). 

Pelllett11e 11(x, y, t) onpeneneHo B o6JiaCTH x E R, y > 0, t > 0. 
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15.48. J1cnoJih3YH npeo6pa3osam1e JlanJiaca, peurnTh 3a.ua1u1: 

1) ' .\. 
{ 

u . =u .,. +c/u+f(x), 

u(O, y) = u)O, y) = 0, x > 0, y > O;I 

{ 

u ,. = uu + u + B cos x, 
2
) u(O,y) = Ae-3",u,(0,y) = 0, x > O,y > 0.1 

15.49. HaqaJihHaH TeMnepaTypa (npH t = 0) TOHKOfO 0.llHOpO.llHO­
ro cTep)KHH pastta ttymo. Onpe.uemfTh TeMnepaTypy u(x, t) cTep)KHH 
npH t > 0: 

1) CTep)KeHh HMeeT KOHeqttyIO ,UJIHHY l, T. e. 0 < x < l H 
u( +O, t) = o(t), u(l - 0, t) = O; 

2) CTep)KeHb noJiy6eCKOHeqeH, T. e. 0 < x < Cf) H 

u( +O, t) = o(t), u( oo, t) = O; 
3) CTep)KeHh noJiy6eCKOHeqeH, T. e. 0 < x <Cf) 11 

u( +O, t) = µ(t), u( oo, t) = 0. 

15.50. ,UoKa3aTb, qTQ npeo6pa30BaH11e rHJib6epTa H1 cpyHKUl111 

f E L"(R) o6paruaeTCH B HYJih rnr.ua 11 TOJibKO rnr.ua, Kor.uaf= 0 n. B. 

15.51. ,UoKa3aTb, qrn llJIH JII06oH: cpyttKu1111 f E L2(R) 11MeeT Me­

CTO paBeHCTBO 

[.I Hf(x) 12 
dx =[.I f(t) 12 

dt, 

T. e. H ocyruecTBJIHeT 1130MeTp1110 npocTPattcrna L\R). 

15.52. ITycTb lip+ liq= 1, p > 1, q < oo, cpyttKUl1H u E L"(R), a 

cpyHKUl1H v E U(R). ,UoKa3an, qrn cnpaBe.UJI11BbI pasettcrna: 

[.u(t)v(t)dt =[.Hu(x)Hv(x)dx, 

[ . u(t)Hv(t) dt = - [. Hu(x)v(x)dx, 

npw-reM 11HTerpaJihl CXO.UHTCH a6COJIIOTHO. 

15.53. Br,1q11CJII1Tb npeo6pa30B3Hl1e r11Jib6epTa llJIH cpyHKUl111 

{ 
0, ltl~£, £>0, 

k (t) = 
E' lit, ltl>£,£>0. 

15.54. ,UJIH cpyttKu1111 f E U'(R), p > 1, onpe.ueJI11M csepTKy c 

cpyttKu11eH: k,(t) 113 npe.ur,r.uyrueH: 3anaq11 no cpopMyJie 
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(TJ)(x) = k/' f = __!_ f . f (t) dt. 
TC lt-.\l~E x - t 

.IJ:oKa3aTb, qTo cyweCTByeT nOJIO)KJ1TeJibHa5! KOHCTaHTa c, 3aBHC5!1Ua5! 
TOJibKO OT p, TaKa5!, qTo 

llTcfllp:Scllfllp, r.ue llJllP=([JJIPdt)"P . 

15.55. ITycTh .ueH.crn11TeJibHa5! cpyHKUH5! u E I!'(R), p > 1. .IJ:oKa-

3aTb, qrn cpyHKU115! 

1 I~ u(t) 
F( z)=- --dt, Im z >O, z=x+iy, 

TC -z-t 
np1rna.uJie)KHT npocipaHcrny Xap.uw HP (Im z > 0). 

15.56. )J;oKa3aTb, qTo .umr cpyHKUMM F(z) 113 npe.UbI.UYllleii: 3a.uaq11 

cyruecrnyeT lim F(z) = F(t) M np11 :noM F(t) = u(t) +iHu(t). 
:-->1.lm:>O 

15.57 . .IJ:oKa3aTb, qTQ ,UJI5! 6eCKOHeqHo-,n11cpcpepem:~11pyeMOH 

cPYHKUMM f c KOMnaKTHblM HOCMTeJieM Ha R+ npeo6pa30BaHHe Me­
JIHHa Mf eCTb cpyHKU115!, aHaJIHTJ1qecKa5! BO BCeH KOMnJieKCHOH 
IlJIOCKOCTH. 

15.58. IlycTb fi.x) - 6eCKOHeqHo-.uwcpcpepeHUHpyeM35! cpyHKUM5! c 
KOMnaKTHbIM HOCHTeJieM Ha R+. )J;oKa3aTb, qTo 

(M/)(z) = (z - l)(Mf)(z - 1). 

15.59. IlycTb Re z E (0, 1), Re co E (0, 2rr) . .IJ:oKa3aTb, qrn 

:-1 r-x-. -dx = __ TC_ei(lt1-JT):. 
0 x'w-1 sin z;r 

15.60. IlycTb Re z E (0, 1). )J;oKa3aTb, qTo 

:-1 

l
~ X TC -iJT-

v.p. --dx = ---e ·· . 
0 x-1 sinzTC 

15.61. II yen cpyHKUH5!f 6ecK0HeqHo-.u11cpcpepeHu11pyeMa 11 11MeeT 

KOMnaKTHblH HOCHTeJib Ha R+ . .lJ:JI5! mo6oro co E (0, 2rr) paCCMOTpHM 

onepaTop 

l~ f(y) 
A10 f(x) = itu dy, XE R+. 

0 ye -x 

I 

r 
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.Li:oKa3aTh, 'ITO M (Awf)(z) = -!!--ei<w-:)Tr e-i<u Mf (z). 
smnz 

15.62 . .Li:oKa3aTh, 'ITO 

ecm1 

M (l\i/)(z) = ---!!---e-i:Tr Mf (z), 
smnz 

i~ f(y) 
J\if(x) = v.p. --dy, xE R+. 

o y-x 
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15.63 . .Li:oKa3aTh, 'ITO .lV15I mo6oii cpyHKUHH f E L2(R+) cnpase.u­

mrno paseHcrno 



I'llaBa 16 
HEKOTOPhIE METO,LJ;hl IlOJIYqEHIDI 

ACHMilTOTHqECKHX O:QEHOK 

IIycTb D - tteorpatttt4ettttoe MHO)f(ecrno KOMrrneKcttoH: nnocKo­

CTH c H f(z) - KOMilJ1eKCH03HaqHa.li cpyHKUH.li, onpe.ueneHHa.li Ha D. 

PR.LI L~=0 a11 z-
11 

(B03MO)!(HO, pacXO.L\.liIUHHC.li) Ha3hrnaeTC.li cmeneH­

HblM acu.Mnmomui-1ecKU.M pa3JZOJ1ceHueA1 cpyHKUHH f(z) Ha D, ecJIH 

,L\JI5! mo6oro uenoro N 2: 0 npH z ----t oo, z E D, cnpaBe.wmBo paBeHcrno 

f ( ) "N -11 ( -11) z = L..,,
11
=0 a11 z +oz , 

r.ue a,, - KOMnJieKCHbie noCTO.liHHbie. 

3To 3anHCb1BaeTC.li TaK: 

f(z) - L~=0 a11 z-
11 • 

ECJIH TaKoe pa3JIO)KeH11e B03M0)!(H0, TO OHO e,L(HHCTBeHHO, T. e. 

K03cpcpHuHeHTbl a,, onpe.ueJI.liIOTC.li no cpyHKUHH j(z) O.UH03HaqHo. 

06paTHOe HeBepHO - .UBe pa3JIHqHbie cpyHKUHH MOfYT HMeTb O.UHO H 

TO )Ke acHMilTOTHqecKoe pa3JIO)f(eHHe. 

AcHMnToT11qecKHe pa3JJO)l(eHH.li MO)f(HO noqneHHO crorn.uhIBaTb H 

nepeMHO)f(aTh no Koum. 

EcJIH 

TO 

(f(z)±g(z))-L:~=0 (a11 ±b11 )z-11
, 

f (z) · g(z) - L~=o(L;=0 akb11-k) Z-
11 

• 

Ecmr cpyHKUH.li attaJIHTHqHa B o6nacTH D = { z: !zl > R, a < arg z < p, 
0 < p - a .'.S 2rc} H HMeeT aCHM£1TOTH4eCKOe pa3JIO)l(eHHe npH z ----t oo, 

z E D, cJie.L1y10mero B11.ua: 

f(z) - L~=0 a11 z-
11 , 

TO ,L\JI5! np0113BO.UHOHj1(z) cnpaBe,UJIHBO aCHMflTOTHqecKoe pa33IO)f(eHHe 

! '( ) L~ -11-I z - - /1(/ z z ~ 00• 
11=1 11 ' 
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KpoMe TOro, ,[\JUI cpyHKQHH F(z) = r( f CS:)- llo - ~ )ds:' r.ae HHTe­

rpan 6epeTc5I B.[IOJlb 11I-06oro nyr11, Jie)l(arn,ero B D, cITpaBe.[IJJHBO 

c11e.nyI-OIUee aCHMITTOTJ1lJeCKOe pa3JIO)l(eHHe: 

F(z)-'°'~ ~z-11 + 1 • 
L...11=2 /1 -1 

Attanor11qHo CTeITeHHOMY acHMITTOTHlJecKoMy pa3JIO)l(eHHI-O MO)l(­

HO BBeCTH aCHMilTOTJ1LieCKOe pa3JIO)l(eHHe ITO aCHMITTOTH'IeCKOH no­

c11e.noBaTeJibHOCTH { <p,,(z)}, T. e. ITOCJie.noBaTeJibHOCTH, y.uoBJieTBo­

p5!10rn,eH: ITPH mo6oM ueJioM n '.:'.: 0 ycJIOBHfO 

<r>11+1(z) = o(<p,,(z)), z----> a 

r.ue TOqKa a 5IBJI5IeTCH ITpe.neJibHOH .UJIH MHO)l(eCTBa M, Ha KOTOpOM 

oITpe.aeneHbI cpyHKQHH <piz). TaKHM o6pa3oM, pH.U L~=0 cp11 (z) (B03-

MO)l(HO, pacxo.uHIUHHCH) Ha3bIBaeTCH acwrtnmomu'leCKUM. pa3llOJJCe­

flUeJH cpyHKUHH f(z) ITO aCHMITTOT11qecKOH ITOCJie,UOBaTeJibHOCTH 

{ <p,,(z)}, ecJI11 .[IJIH JII-06oro ueJioro N 2: 0 np11 z ----> a , z E M, cnpa­

se,D,JIHBO paBeHCTBO 

f (z) = L~=0 a,,rp11 ( z )+0((/)11 (z)), 

r.ue a,, - KOMnJieKCHbie ITOCTOHHHbie. 3To 3aITHCbIBaeTCH TaK: 

f(z)- L~=oa11cp,,(z). 

Mern.u JianJJaca. IlycTb cpyHKQHH f(x) 11 S(x) .aeH:crn11TeJibHOro 

nepeMeHHOfO x HeITpepbIBHbl Ha [a, b] ' 3HaJil1THlJHbl B OKpeCTHOCTH 

HeKOTOpoH: TOqKH Xo E (a, b). IlycTb, KpOMe Toro, <i>YHKUHH S(x) ITpH­

HJ1MaeT TOJibKO .ueH:cTBHTeJibHbie 3HalJeHHH 11 .UOCTHraeT B TOqKe Xo 

MaKCHMyM, np11qeM S(x) < S(x0), x ~ x0, S"(x0) ~ 0. Tor.ua np11 

/..-->oo, larg /..I :::; n/2-E, E > 0, cITpaae.nJI11Bo ac11MITTOTHlJecKoe pa3JIO­

)l(eH11e 

F(A) = f" f(x)e i.S(x) dx - eiS<xol " ~- a _.1 -(11+1/2) ' 
a ~11-0 II 

KOTOpoe MO)l(HO .L\Hcpcj>epeHQHpoBaTb no•rneHHO JII-06oe q11CJIO pa3. 

rJiaBHbIM qJieH aCHMilTOTHKH HMeeT BH.[I 
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F(A-)= 2tr iS<xol [j(x + O(A.- ')] 
A.S"'(xo) o ' 

r.ue 6epeTC5I coorneTcrnyIOruee 3HaL£em1e KOpHH 11 oueHKa s npasof.1: 

qacTtt pasHoMepHa no }, E { larg },I :'.:: ir/2-E, E > 0} . 

Ecn11 BhmOJIHeHbI ycnos115I, np11 Kornphrx crrpase.un11so npe.ubr­
.uyruee acttMilTOTHL£eCKOe pa3JIO)l(eHHe, 3a HCKJIIOqeHHeM Toro, qTo 
cpyHKUHH S(x) .uocrnraeT MaKCHMyMa B KOHUe a o-rpe3Ka, npttqeM 

S' (a) :;:z!: 0, TO .UJIH cpyHKUHH F(A) rrp11 A---H:JJ, larg Jcl ::: n/2-E, E > 0, 

cnpase,n:mrno acttMITTOT11qecKoe pa3JJO)f{etttte 

F(A.) - e).S( a ) "~ a A.-( 11+!) 
~11=0 11 ' 

KOTOpoe MO)l(HO .UttcpcpepeHUHpOBaTb rroqJieHHO JII06oe qHCJIO pa3. 
rnaBHbIH qJJeH aCHMilTOTHKH HMeeT BH.ll 

J.S(a) 

F(A.)= e, [f(a)+O(A.- 1
)]. 

A.S (a) 

MeTO,n: CTaQHOHapHoii <j>aJhI. ITycTh cpyttKUHtt/(z) tt S(x) .ueH:crn11-
TeJihHOro rrepeMettttoro x 6ecKotteqtto ,n:mpcpepettuHpyeMbI Ha o-rpe3Ke 

[a, b] , S(x) rrpHHHMaeT TOJihKO .n:eikTBHTeJibHbie 3HaqeHH5I 11 S'(x) "7' 0 

Ha {a, b]. Tor.ua nptt A-Hoo cnpasew11so cne.uyIOruee acHMITTOTHqe­

cKoe pa3JIO)f{ett11e: 

F(A.) = f" f( x )e;J. scx>dx - "~- [e;).s<">-a e ;).s("J](iA_f11-1, 
a L....i n-0 u 

r.ue KOcHpqmutteHTbI all H bll BblqHCJI5IIOTC5I no cpopMyJiaM 

a11 = (-l)" (-s,~-x) (~x J ( {~:~) 
x= a 

b -( l)"( 1 d )
11 (/(x)) 11 - - S'(x) dx S'(x) 

\ =b 

3rn pa3JIO)f{etttte MO)f{HO noqneHHO .n:11cpcpepeHUHposaTb no A JII06oe 
q11cno pa3. 

Ecn11 cpyHKUHJI S(x) HMeeT Ha (a, b) enHHCTBeHHYIO HeBbipO)f{-

.lleHHYIO CTau11ottaptty10 ToqKy x0, T. e. S'(x0) = 0, S"(x0) "7' 0, TO nptt 

A- H oo cnpasenn11sa cpopMyna 
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F(J..)=e -o 4 "' -o '" f(x )+O(J..-1). 
i[,\S(r )+~s0nS'(r )][ 2"" l 

J..jS"(xo)I o 

MeTOll nepeBana. PaccM0Tp11M 11HTerpa.rr s1u1.a 

F(A) =fr f(z)e,isc:ldz, 

r.ue y - Kyco'IHo-rna.uKa.H Kp1rna.H )Kop.uaHa, a cpyHKu1111 /(z) 11 S(z) 

amurn:m'IHhI B HeKoTopoM: 06nacT11 D E C, co.uep)l(aw:ei1: y. IIocKOJih­

KY cpyHKu1111f(z) 11 S(z) aHa.rr11m'IHhI B D, TO MO)l(HO .uecpopM11posaTh 
KpHBYfO y B D, OCTaBJimI HenO.UBH)l(HhIM11 KOHUhl y H He Memrn 3Ha­
'IeHH51 HHTerpa.rra F(/....) . Ilpe.unoJIO)l(I1M, 'ITO np11 .uecpopM11posaH11tt 
MO)l(HO IlOJIY'IMTh TaKyfO KpI1BYfO y, 'ITO Bh!IlOJIHeHhl ycJIOBH.H: 

1) max Res ( z) .UOCTttraeTCH TOJihKO B O.UHOH TO'!Ke Zo E y' KOTO-
:er 

pa.H 51BJI.HeTC51 BHyTpeHHeH .UJI.H y; 

2) Im S(z) = const nptt z E y B OKpecTHOCTM TO'IKI1 z0. 

IIycTh, KpoMe Toro, S'(Zo) = 0, S"(Zo) ~ 0, M B OKpecrnocTH TO'IKI1 z0 

KpHBa.H y npoxo.um 'Iepe3 o6a ceKTopa, B KOTOphIX Re S(z) <Re S(ZQ). 

Tor.ua np11 /....--+oo cnpase.un11so ac11MnTOT11'!eCKoe npe.11.crnsneHHe 

F(A) = e;.s<::o> [ 2tr f(z )e;o, + O(J..-3n)) 
J..jS"(zo)I 0 

' 

r.ue ek = (n - arg S"(zo))/2 + kn, k = 0 MJIH 1 I1 BhJ6op 3aBI1Cl1T OT Ha­

npaBJieHH.H HHTerp11poBaHI15! B.UOJih y. 

16.1. IlycTh cpyttKUI151f(z) MMeeT aCI1MnTOTI1'IeCKOe pa3JIO)l(eH!1e 

f(-::.) - L~=oa,,z-", z ~ =. 

)J,oKa3aTh, 'ITO .UJIH Ka)l(.uoro n ::::: 0 cnpase.unusa cpopMyna 

I• II [J ( ) ..... 11-J -k a,,= imz -::. - L,,,=0 a,z . 
:~oo 

16.2. )J,oKa3aTh, 'ITO eCJIM cpyHKUI15I j(x) !1MeeT CTeneHHOe ac11M­

f1TOTW-leCKOe pa3JIO)l(eHI1e npH x --++oo, TO cpyHKUI151 f(x) + e-x MMeeT 

TO )J(e CTeneHHOe aCl1MCTTOTI1'IeCKOe pa3JIO)J(eH11e. 

16.3. <l>yHKUI1H j(x) =e-xsin (ex) np11 x --++oo 11MeeT cne.11.yFOw:ee 

CTeneHHOe ac11MnTOTH'IeCKOe pa3JIO)l(eHFre: 
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e -x sin (e·') - 0, x _,+oo. 

Mmirno 1111 JJ.aHHoe ac11MITTOT11qeCKoe pa3JIO)KeH11e JJ.11cj:Jcj:JepeHu11po­
BaTb? 

16.4. ITycTb cj:Jymmm1 f(t) 11 g(t) HerrpephIBHhI np11 t :::=: a , cj:JyHKU1151 

g(t) > 0 np11 t 2: to> a 11 J~ g(t)dt = +00 • )loKa'.3aTh, qTO 113 ycJIOBH51 
(/ 

f(t) - g(t) np11 t --++oo cneJJ.yeT, qrn np11 x --++oo 

fx J (t)dt - f' g(t)dt. 
a a 

16.5. ITycTh BhIIlOJIHeHbI yc11os1151 npeJJ.hIJJ.ynieH: 3aJ.(aq11. )loKa3aTb, 

qTO 113 COOTHOIIIeHJ151 f(t) = o(g(t)) nptt t --++oo CJieJ.(yeT, qTQ np11 

x -7+00 

r f(t)dt = o([ g(t)dt), 

a 113 COOTHOIIIeHH51 f(t) = O(g(t)) np11 t -7+00 CJieJ.(yeT, qTQ rrp11 

x---->+= 

r f(t)dt = oc[ g(t)dt). 

16.6. ITycTb cpyttKUHM f(t) 11 g(t) tterrpephIBHhI rrp11 t 2: a , g(t) > 0 

np11 t 2: t0 > a 11 f' g (t) dt < oo. )loKa3aTh, qTo TO ma crrpaseJ.(JIMBhI 
{/ 

CJieJ.(yIOIIIMe yrnep)KJJ.eHl151: 

1) ec1111f(t) - g(t) np11 t --++oo, TO np11 x --++oo 

r f(t)dt - r g(t)dt; 

2) ec1111f(t) =O(g(t)) rrp11 t --++oo, TO np11 x _,+oo 

r f(t)dt = ocr g(t)dt); 

3) ecmrf(t) =O(g(t)) rrp11 t _,+oo, TO rrptt x _,+oo 

r f(t)dt = ocr g(t)dt). 

16.7. ITycTh cj:JyHKU1151 f(x) MOHOTOHHa rrp11 x :::=: 0. )loKa3aTb, qrn 

npH 11 -7+00 

L~=0 f(k) = J~' f(x)dx+ O(f(n)) + 0(1). 
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16.8. ,ll;oKa3aTh, qTo nptt n --++oo cnpase)l.JJHBhI cJJe.D.yIOmtte acHM-

IlTOTHqecKHe paBeHCTBa: 

L" a { Inn, 1) k -
k=I na+i /(a+ 1), a> -1; 

a=-1, 

2) Lil e(lnki' -{ (lnn)P+I/(/J+l), 
k=2 na+I(lnn)P/(a+l), 

a= -1, fJ > -1, 

a >-1, /J-mo6oe. 

16.9. ,ll;oKa3aTh, qrn nptt n --++oo cnpaBe)J.JJHBhI ouettKH: 

1) L~=1 sinkxlnk = O(lnn); 

2) L~=l ka sin kx = O(na ), a~ 0, 

KOTOphie paBHOMepttbl no x rt (rr l - c, 1! l + c), r)l,e c > 0 H cpHKCHpO­

BaHo, l = 0, ± 1, ± 2, ... 

16.10. IIycTh F(x) = f~' .J1 + t 2 dt. ,ll;oKa3aTh, qrn nptt x --++oo 

F(x) =x2 I 2 + (lnx) / 2 + 0(1). 

16.11. IIycTh F(x) = f~' ~v(t) + k2 dt, r)l,e cpyttKUIDI v(t) ~ 0 nptt 

t ~ 0 ttenpepbIBHa H fo~ ~ dt < oo. ,ll;oKa3aTh, qTo nptt x --++oo 

F(x)=lklx+ r ~ v(t) dt+o(l) 
a v(t) + k2 +I k I 

r)l.e k - npOH3BOJJbHaH )l,ettCTBHTeJJbHaH KOHCTaHTa. 

16.12. IIycTh cpyttKUIDI f(t) HBJJHeTCH ttenpepbIBHO .D.ttcpcpepettutt­

pyeMoii nptt t E [O, ] . ,ll;OKa3aTb, qTo nptt s --++O 

f J (t) dt =- j(O)ln£ + 0(1). 
0 t+ £ 

16.13. IIycTh BhIOOJJHeHhI ycJJOBHH npe.D.hI.D.)'I.Qeii 3a)l.aqtt. ,ll;oKa3aTh, 

qTO nptt s --++0 

r' (CO, dt = + f (0) tr+ O(ln £). 
Jor+E- 2 E 

16.14. PaccMorpttM HHTerpM 
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r.ne E > 0, a H ~ - .ueHCTBHTeJlbHbie qHCJla H ~ > 0 . .IJ:oKa3aTb, qTQ nptt 

€ --t+O cnpaBe,UJlHBbl CJJe.uyromHe aCHMCTOTHqecKHe paBeHCTBa: 

l 
1) F(c)- - /J Inc npH a= -1; 

2) F(E)-- ~r(a;l)c-ca+IJl/J npHa>-1. 

16.15. ITycTb cpyHKumrf(x) y.uoBnernopReT ycJJOBHIO feJJh.Uepa Ha 

0Tpe3Ke [O, 1] H nycTb qHCJlO ~ < 0 . .IJ:oKa3aTb, qTQ npH € --t+O 

Joo f (x) e-e./I dx = - f (0) In E + 0(1). 
I X /J 

16.16. ITycTb cpyttKI..I,H}lj(z) aHanttrnqHa rrpH z E { z: IIm zl < n 12}, 

a qttCJia f...., k = 1, 2, ... , oo, y.uoBJJeTBOp}{IOT ycJIOBHIO 0 < /... 1 < /...2 < ... H 

/...k --t+oo. ITycTb TaIOKef(z) HMeeT acHMITTOTHqecKoe pa3JJO)KeHHe 

f(z)- L~=0 a11 e-J.,,:, Rez --7 +00 , I Imz j<Jr/2 . 

.IJ:oKa3aTb, qTo 

f '(z) - - '°' 00 

0
a A e-J.,,:, Re z --7 +oo, I Im z I< 1r 12. L.J11::= II II 

16.17 . .IJ:oKa3aTb, qrn npH z -too, Re z > 0, cnpaBe;::i:mrno aCHM­

nTOTHqecKoe pa3JJO)KeHHe 

ooe-I 00 (-l)kk! 
Io --dt - Lk=O k+I . z +t z 

16.18 . .IJ:oKa3aTb, qTQ npH x --t+oo 

) k k I 
f 00 - I .r-1 f "oo (-1 ' · 
\. t e Gt - L..,k=O k+I . . x 

16.19. ITycTb (a, b) - KOHeqHbIH HJJH 6ecKoHeqHhIH HHTepBaJI, 

cpyttKUHR S(x) MR JJI06oro x E (a, b) y.uoBJJernopReT ycJJOBHIO S(x) :S c0 

H npH HeKoTopoM /... = Ao > 0 cxo.UHTCR HHTerpan 

F(A) = J" f (x)e;.scx> dx. 
(/ 

.IJ:oKa3aTb, qrn npH JII060M /..., y.uoBJJernopRIOIUeM ycJJOBHIO Re /... :=:: /...o, 
crrpaBe.UJJHBa oueHKa 
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16.20. IIycTb cpyHKUllilf(x) 5IBJI.HeTCH KycoqHo-ttenpephIBHOH np11 
x ~ 0 11 6ecKOHeqHo .zu1cpcpepettu11pyeMa B OKpeCTHOCTH TOqK11 x = 0. 

)J,oKa3aTb, qrn np11 "A _, oo, larg "Al :S n/2-E, E > 0, cnpaBe,[(JIMBO cne­

.nyIOw:ee ac11MnToT11qecKoe pa3JIO)Kett11e .UJIH npeo6pa3oBamrn Jian­

Jiaca cpyHKU1111f(x): 

J; f(x)e-J.'"dx-I~=of<">(O)A_,,_ 1 , 

r.ne cpyttKUM5If(x) y.nosJiernopReT rrp11 x > 0 ycnos1110 

Jfi:x)I :s M ec\ c ~ 0. 

2 r' , 16.21. IIycTb <I>(x) = Ji J~ e-r dt - MHTerpan sepo5ITHOCTH. )J,oKa-

3aTb, qTo npM x -T+OO crrpaBe,[(JIMBO acttMCTTOT11qecKoe pa3JIO)KeHMe 

<I>(x)-I- e-·'
2 

_ e-'
2 

L~ (-1/(2k-l)! 
.Jiix .Jiix k=I zk X2k 

16.22. HeMAta BamcoH.a. IIycTb a, ~ > 0, cpyttKUMRj(t) tterrpephIBHa 

npH t E [O, a] H 6ecKOHeqno .[{H<pcpepeHUHpyeMa B OKpeCTHOCTH 

t = 0. )J,oKa3aTh, qTo rrptt A. -T+oo cnpaBe.[(JIHBO acttMIITOTttqecKoe 

pa3JIO)Kett11e 

ratp-re-;_,a f(t)dt-_!_I= A.-<11+/J)tar((n+fJ)la) f11J(O). 
Jo a n=O n ! 

16.23. IIycTb cpyHKUM5I f(x) 6ecKotteqtto .n11cpcpepeHuttpyeMa B OK­
pecTttocT11 x = 0, 11 nycTb 11HTerpaJI 

F(A) = J; f(x)e-J.xdx 

a6COJIIOTHO CXO,[(HTCll nptt HeKOTOpOM ~ > 0. )J,OKa3aTh, qTQ ,[(JI5I 

cpyttKUHH F("A) np11 "A _, oo, larg A.I :S n/2-c,, E > 0, cnpase.un11Bo ac11M­

nToT11qecKoe pa3JIO)Ketttte tt3 3a.uaqw 16.20. 

16.24. IIycTb cpyttKUllil g(x) attaJI11T11qHa 11 orpattwqetta B 06JiacT11, 

BKJI10qa10rueH: .neH:crn11TeJibHYIO ocb. )J,oKa3aTh, qrn nptt "A _, oo 

cnpase.uJI11Bo ac11MnTOT11qecKoe pa3JIO)Kett11e 

J= c) -h212 1 J?-:rr:I= c211-1)!! g t e ~t - - a 
-oo A 11=0 An 2n' 

r.ne K03cpcp11u11eHThI a2,, 6epyTc5I m pR.ua TeH:Jiopa .UJIR cpyttKUtttt g(z) 
B OKpeCTHOCTl1 ToqK11 z = 0: 
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g(z) = I~=0 a,,z". 
16.25. <PyHKlfU5l MaKOOHGJlbOa K0(x) onpe.uenetta paBeHCTBOM 

-rx \" r~ e 
K0 (x) = e-· J, ~ dt. 

0 t(t + 2) 

.[(OKa.3aTb, qTO npH x -+ 00 cnpaBe,UJIHBO aCHMTITOTHqecKoe paBeHCTBO 

K 0 (x) = e·_,Jf (1 + O(~)). 
16.26 . .[(oKa.JaTb, qrn cpyttKI.JJU! MaK,UOHaJib.Ua K0(x) MO)KeT 6bJTb 

npe.ucrnsneHa B sw.ue 
l ir.r 

K0(x)=-[.~ dt. 
2 I+r 

16.27. IIycTb r(x + 1) = J; t.re-1 dt, x > - 1, ecTb cpyttKI..1)151 3ifne-

pa . .[(oKa3aTb, qTo npH x-+ +oo 

r(x+ l)= x'e-'.J2rrx(1+0(~)). 
IIonyqHTb OTCIO.Ua rjJopA1YllY Cmup!luHca 

n! = n"e-".J2nn(I+o(~)). 
16.28. I1cnOJib3Y5f paBeHCTBO 

nj e-"«I+x)"dx =2+ IO-l/n)· ... ·(l-(k-1)/n) 
0 k=2 

H cpopMyny CTttpJIHHTa, noKa.JaTb, qrn npH n -+ oo 

F (n) = .J m112 ( 1 + 0 ( ~)) . 
16.29. I1oKa3aTb, qTo npH n -+ oo 

J;'2 
sin" tdt =.Jn /2n( I+ o(~)). 

16.30. I1oKa3aTb, qTo npw n -+ oo 

J
1 
(l-x 2 )"dx-.Jnln. 

-I 

16.31. HaifTH acHMCTTOTHqecKoe nose.uettHe npH t -+ oo cpyttKUHH 
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e-tx 
F(t)=J

00 

dx, 
O 1 +ta X 

r.ue a - npOH3BOJibHOe )J.eikTBHTeJibHOe '-IHCJIO. 

16.32 . .D:oKa3aTb, '-!TO eCJIH > 0, TO npH t -t 00 

00 . ~J[ ___!___ q_111a 

I x-a.•x1dx- - t 2aee 
o ea 

16.33 . .[(oKmaTb JZeJ1wy Pu.11taHa-Jle6e2a: nycTb cymecrnyeT HHTe­

rpaJI f:I f (x) I dx (a H b Moryr o6paruaThCH Boo); TOr)J.a rrpH /... --+ oo 

cnpaBe)J.JIHBO aCHMilTOTH'-!eCKOe paBeHCTBO 

fb f (x)e;;._,.dx = a(l). 
(/ 

16.34. I1ycTb a> 0 . .D:oKa3aTh, '-!TO npH /... --+ oo 

s; (1 + xra eiJ.xdx = iA_-l + 0(.,1,-2). 

16.35. I1ycTb cpyHK.I.J:MHj(x) N pa3 HenpepbIBHO )J.HcpcpepeHQHpye­
Ma Ha [O, 2n:] M /kl(O) = /kl(2n:) .a.irn k = 0, 1, ... , N - 1. .[J;oKa3aTb, 

'-!TO npH n -t 00 

J:,,. f (x)ei"xdx = o(n-N). 

16.36. I1ycTL a> 0 . .D:oKa3aTb, '-!TO npH x--+ +oo cnpaBe)J.JIHBO pa3-

JIO:lKeHHe 

r ra eit dt = i;:· [ 1+0 ( ~)) . 
16.37. I1oJiyqHTb aCHMITTOTH'-leCKOe pa3JIO:lKeHHe )J.JISI: wune2pCl.!la 

<Ppertel/H. npH x --+ oo 

<P(x) = r eit~ dt = eix2 (-i +~+ o(~))· 
·' 2x 4x x 

16.38. Jle.MAta 3poet1u: rrycTh a;::: 1, ~ > 0, cpyttKQHsi:f(x) 6ecKoHe'-l­

HO )J.HCpcpepeHQHpyel\1a Ha (0, a] H o6pamaeTC.ll B HYJib BMeCTe co 

sceMH npoH3BO)J.HhIMH B TO'-!Ke x = a . .[(oKa3aTb, '-!TO npH /... --+ +oo 

cnpase)J.JIHBO aCHMITTOTH'-!eCKOe pa3JIO:lKeHHe 

f(/ xfl-lJ(x)eiA.ra dx - "00 a A_-(k+/J)la 
Jo ~k=O k ' 
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r.ue K03cp<jrnu11eHThI ak onpe.uemuoTrn no cpopMynaM 

1 <k> (O) (k+/J) i~k+fJ 
ak = r -- e - a . 

ak! a 

16.39. IToKa3aTh, 'ITO np11 A. --+ +oo 

f~ f (x)e ;J.x·' dx - r( ~ }-1/JeiJT/6
• 

16.40. HattTH acHMrITOTH'!ecKoe pa3JIO)Kett11e np11 A. --+ +oo .umr 

HHTerparra 

16.41. llyCTh 

i
l( . , ? 

e'"'cosi cos-t dt 
0 . 

JI/ (x) = 2~ s:J( ei(xsinrp-nrp) drp 

(n 2 0 - uenoe <rncno) ecTh cpym<Ulll EecceJUI uenoro nopMKa. ,[(oKa-

3aTh, 'ITO npH x --++oo cnpaBe)lJlHBO acHMCTTOTWieCKOe npenCTaBJieHHe 

1,,(x) =ff cos( x-
1

; -:J + o(~} 
16.42. ,[(oKa3aTh, qTO .umr cpyHKUHH Eeccem1 uenoro nop5!,UKa 

11 2 0 crrpasenn11so HHTerparrhHOe npencTaBJiett11e 

1,, (x) = _.!.._ f: cos(xsin rp- nrp)drp. 
7r 

16.43. ,[(oKa3aTb, 'ITO )lJl5! cpyttKUHH l11(11x) npH 11 --+ oo, 1l - HaTy­

parrbHOe, cnpasenn11so cneny10mee acHMITTOTH'!ecKoe npe.ucTasne­

H11e rrpH cpHKCHpOBaHHOM x > 1: 

1 ,,(nx) = ~ ~ cos(narccos~-n~x~-1 + Jr)+o(_!_)· 
117r"--1 x 4 12 

KpoMe Toro, nnH 111 (11) rrp11 n --+ oo, n - HaTypaJihHOe, cnpase.un11-

so cneny10mee acHMilTOTHl!eCKOe paBeHCTBO: 

1 ( ) - r(l/ 3) -113 0( -~IJ ) 
11 - o13 I /(J 11 + 11 • 

II 2- 3 'tr 

16.44. ITycTh a, ~ - noJIO)KHTeJihHhie 411cna, y - nocTaTOqHo 

60JlhWOe IlOJlO)KHTeJJbHOe l/HCJ10, Tl 2 2 - HazypaJibHOe l!HCJIO. L(oKa-

3aTb, qTo np11 A. --+ +oo cnpasenn11so ac11MrrTOTHl!eCKOe npencTaBJieH11e: 
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fl y -~(1-.r)-a ( f' (1-1)-a ) 11 12 1 __ COS A 
Jo X e COS Joe dt X ] (11 !2)- I (!U) dx - C0 A_fl+l (In A_) (a+ I)/( 2a) 

r.ue l(n/2)- 1 (h) - cpyttKUIUI Eeccem .upo6Horo rrop5I.!J.Ka (n/2) - 1. 

16.45. IlycTh H,C 1l (x) = _!_ J ei (.rsin :-i·:l dz - rPYHKLfUJl XaHKeJZR 1-ro 
7r y 

po.ua mo6oro .uei:fcrnttreJihHoro (HJIH KOMrrJieKCHoro) rropMKa v. 3.uech 
KOHTyp y rrepexomIT 113 rroJiyrroJiochr { -rr./2 < Re z < rr./2, Im z > 0} 
B rroJiyrroJiocy { rr./2 < Re z < 3rr./2, Im z < 0} qepe3 roqKy z0 = rr./2 . 

.IJ:oKa3aTh, qro rrptt x ---+ +co crrpaBe.UJIMBO acMMIIOT11qecKoe rrpe.u­

craBJieHtte 

H,Cl)(x) = -J;rr /2x ( ei(x-vllt 2-llt 4) + 0(11 x) ). 

16.46 . .UoKa3aTh, qro rrptt A-+ +co 

J ~ e;;··: dx-[:rr(2-..fi.))112e-J.c.fi-1)(2..fi.-2r;. . 
-~ (1 + x- )'' -1 

16.47 . .IJ:oKa3aTh, qro rrptt HarypanhHOM n ---+ +co 

J +~+; --
2 (1 )-"d ( 12 )112

·-11 (2 I )1112 _e - +z z- 7r e L en . 
-00+1 

16.48. IlycTh cpyttKUIDifi:z) attan11rnqHa rrptt Re z:::; a, a> 0, KpOMe 
KOHe'IHOro 'IMCJia oco6hrx roqeK z1, z2, . .. , z,,, Re zk <a, k = 1, 2, ... , n, 

11fi:z) ---+ 0 rrptt z -+co, Re z:::; a . .IJ:oKa3aTh, qTo rrp11 t---+ +co crrpaBe.u­

JIMBO aCMMIITOTHqecKoe rrpe.ucraBJieHMe 

-
1
- _ J'x+i~ e=r f (z)dz - L res[e=r f (z)]. 

2:rrz a-1= 

r.ue BbI'leTbI 6epyrcH rro BCeM oco6hrM ToqKaM, .!l.Jl5I KOTOphrx Re z :::=: 0. 

16.49. Hccne.uoBaTh rrptt t ---+ +co 11 rrptt n ---+ co ac11Mrrror11qecKoe 

rr0Be.uett11e MHTerpana 

1 f a+i= e:' dz 
--_ . , 1 , a> O,Rea > 0. 
2m a-i= z-(z +a)· 

16.50. Haffrn ac11Mmor11qecKoe pa31Io)!{eHtte rrptt t---+ +co MHTerpana 

1 f a+i= e=t .JZ d 
--. . , 1 z, a> 0, co > 0. 
2n1 a-i= z-+ w-

r)le -!;, > 0, ecn11 z > 0. 
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16.51. ,UoKa3aTb, LJTO .nm1 cpyttKu1111 5eccem1 J11(z) uenoro nop5!.UKa 
11 KOMTIJieKCHoro apryMeHTa z cnpaBe.[lJil1BO 11HTerpaJibHOe npe.n-
CTaBJieH11e 

1 -"<~-_!_) 
J ( ) = - r e 2 ~ ):'-11-l d J=_ 

II z 27ri J1~l=l "' "' 

16.52. Mcxo.n51 113 11HTerpanbHOro npe.ncrnsnett115! .nm1 J 11(z) 113 

npe.nhl.Llyw:ew 3a,uaLJ11 .noKa3aTh, LJTO nptt z--> ro, jarg zi ~ n - £, £ > 0, 

l 11 (z) = fnz [ cos(z-nn 12 -n I 4) + o( ~)sin z + o( ~)cos z J 
16.53. c/Jop.Mylla llyaccorw. IIycTh cpyttKUIDI j(x) ttenpepbIBHO .nttcp­

cpepeHU:11pyeMa nptt x E R, a6comorno 11HTerp11pyeMa Ha R, P5I.D: 

L~=-~f(n) cxo.nHTrn 11 P5I.D: L~=-~f'(n+x) CXO.UHTC5! paBHOMeptto 

nptt 0 ~ x ~ 1. ,UoKa3aTb, LJTO cnpase.nnrrsa cne,n:yIOW:a5! cpopMyna 
cyMMttposamrn IIyaccotta: 

"L~=-~f Cn) = "L~=-~f~ e-iZmlX J Cx)dx. 

16.54. HaiiT11 ac11MnTOTttLJecKoe nose.nett11e rrp11 x· --> +ro <J:>yttKU1111 

~ (-1)" 
f (x) = L11=- ..f 122 + x2 

16.55. Hai1:rtt acttMITTOTHLJecKoe nose.nem1e rrptt x --> +oo cpyttKUtttt 

f( x)=""oo e-n2x. 
~n=-oo 

16.56. ,UoKa3aTb, LJTO nptt x --> +ro 

I~ 11 cr 1 Y I 
e- - ln=--lnx+-+O("x). 

ll=I 2 2 
r.ne y - rrocT05!HHa5! 3H:nepa. 

16.57. ,UoKa3aTh, LJTO np11 £--> +O 

I~ -1 -=~-_!__+o[_!__e-J?] 
11 =1 1 + t: 211 2t: 2 E . 
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3JIEMEHThl TEOPHH IIPHliJIH)KEHHH 

IIycTh X - BeIUecrnettttoe 11n11 KOMrrneKcHoe HOpMwposaHHOe 

npocTpattcrno. B 3TOM rnase MhI 6y.n.eM paccMaTPI1BaTh TOJihKO 3a-

.n.aqy o np116JIH)!(ett1111 cj:>HKCHposaHHoro JJieMeHTa x E X cj:>11Kc11po-

saHHhIM MHO)!(eCTBOM F c X . 

Hawryttiuu.M npu6J1u:>1CeHuv.1 3JieMeHTa x E X MHO)!(eCTBOM F Ha-

3hIBaJOT BeJI11q11Hy 

E(x, F) =inf llx - u.11· 
ueF 

3aqaCTyIO MHO)!(ecrna F - no.unpocTpattcrna (KotteqttoMepHbie HJIH 

6ecKOHeqHOMepHbie), a TaIOKe BhmyKJibie 3aMKHYThie MHO)!(eCTBa. 

Ecnu cyll(ecTnyeT 3JieMeHT u 0 E F, peaJIH3YIOIUHH yKa3aHHYIO 

ToqHyIO HH)!(HlOlO rpaHb, T. e. TaKOM, qTo 

llx- u0 11 = E(x, F), 

TO Uo Ha3bJBaeTCH 3JleAieHmOA1 flat/Jlyttiue20 npu6mt:J/CeHUR ,D.JIH x B 

MHO)!(eCTBe F mm 6JIH)!(attunrM K x 3JieMeHTOM B F, wmi: 111emputte­
CKOU npoeKi1ueu 3JieMeHTa x Ha MHO)!(ecrno F. <l>yHKUHOHan E(x, F) 
Ha3bIBaI-OT cjJyHKL/UOHQJlOM HQUJlyttiuew npu6m1:J1Cem1R, a onepaTop 

p F, CTaB5IUIHi1 B COOTBeTCTBHe 3JieMeHTY x ero MeTpwqecKyIO npo-

eKUHIO u0 E F, T. e. Ppx = u0 , Ha3bIBaIOT onepamopoM AtemputtecKo-

20 npoeKmupoeamm HJIH onepamopoM HaUJ1yttu1e20 npu6J1u:J1CeHUR. 

PaccMOTpHM cne.n.yIOIUHe 3a.n.aq11. 

1. Cymecrnosattwe .D.JIH n106oro x E X1 c X s MHO)!(ecrne F ttaw­

nyqrnero 3JieMeHTa. Mtto)!(ecrno F, 06na.ua10mee TeM csoi1crnoM, 

'-ITO .UJI5I 11106oro x E X B F cymecrnyeT ttawnyqumi1 3JieMeHT, Ha3hI­

sa10T MHO:Jtcecmeo.M cyi4ec111eoeaHuR (wnw E-MHO)!(eCTBOM). 

2. E.uwHcrneHHOCTh .UJIH n106oro x E X1 C X B MHO)!(ecrne F HaH­

nyqrnero 3JieMeHTa. Mtto)!(ecrno F, 0611a.ua10mee TeM csoi1crnoM, 
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'-!TO .um1 mo6oro xEX Ha11ny'-lll1Htt .um1 x :rneMeHT 113 F e.u11HcrneHeH, 

Ha3hIBaIOT Jl1HOJ1Cecmeo.111 eouHcmeeHHocmu (11n11 U-MHO)!{ecrnoM). 
3. Ba)!{HhIM sonpocoM .srnm1eTC5! 113y'-!emre xapaKTep11cT11'-!ecK11x 

csoi1crn Ha11ny1m1ero ::ineMeHrn 11 cnoco6 ero nocTpoeH11.si. 
B npocrpaHcrne C[a, b] cpyttKu11i1 J, HenpephIBHbIX Ha orpe3Ke 

[a, b], 6y.lleM paccMaTp11BaTh HOpMy 

l\Jllc =sup If (t) j. 
a$t$b 

B rrpocTpaHcrne Lp[a, b] cpyHKUHtt .f. l1HTerp11pyeMhIX no Jie6ery 
co CTerretthIO p ~ 1, 6y.ueM paccMaTp11saTh ttopMy 

11!1/p =cC11ct)I" dt)'.'". 

Ecm1 cpyttKu1111 2n-rrep110.u11'-!ecK11e, TO paccMarp11saeM coorneT­
crnettHo HOpMbI 

l!Jllc = sup If (t) j, 
0:St:S21l" 

l!JllP =(I:JTlf(t)IP dt)"P,p;?:l. 

ITycTh X - npocrpattcrno C-HerrpephIBHhIX 11n11 rrpocTpattcrno LP 
(p ~ 1) 2n-rrep110,ll11'-!eCKl1X seruecrneHH03HaqHhIX 111111 KOMIIJleKCH0-

3Ha'-!HhIX cpyttKu11i1, a II · II - ttopMa BX. 

Mooylle.M Henpepbl6Hocmu cpyttKl..(1111 f E X B rrpocTpaHcrne X Ha-

3hIBaIOT cpyHKU11!0 

w(f, t) = supjjJ(x+ u)- f(x)llx, t 2': 0. 
iu!S1 

IIycTb X - n11Hei1Hoe HOpM11posattHoe rrpocrpaHCTBO tta.u noneM 

P, P = R 11n11 C, c HOpMoi1 II · II. MHO)!{ecrno ::ineMeHTOB ~c X tta3hr-

sa10T 3aMKHYThIM B X, ecn11 .unR n106oro ::ineMeHrn f E X 11 .un.si n10-

6oro £ > 0 Hai1.uyTc.si cp 1, ••• , cp11 E ~ 11 TaK11e '-!11cna a 1, ••• , a11 E P, '-!TO 

Anze6paul/eCKlW 110.r1uH0Jlto,11 O.llHOtt nepeMeHHOtt z E R (11n11 z E 

C) c .uei1crn11TeJJhHbIM11 (11J111 KOMrrneKCHhIM11) K03cpqmu11eHrnM11 a0, 

ai, ... , all CTefleHH il, all :;z:: 0, Ha3bJBalOT cpyHKUIHO 

P11(z) = a11 z11 + a11-1 z11-' + ... a, z + ao. 



3JIEMEHTbl TEOPl111 f1Pl15Jll1)!{EHl1H 

Tpu20HoMempul/eCKlW noJil1HOMOM tta3bIBalDT QJYHKU111D s11na 

t,,(z) = a0 + a 1 cos x + b 1 sin x + a 2 cos 2.x + b2 sin 2x + ... + 
+ a,, cos nx + b,, sin 1u. 
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Pa71UOHGJlbHOU opo6b10 Ha3bIBalDT cpyHKIJ,11!0, paBHYID OTHOWe­

Hl1lO LJ.BYX aJire6pawreCKl1X Il0Jll1HOMOB 

R(z) = P,, (z) Q111-
1(z), 

P ( ) II 11-1 0 
11 z = a,, z + a11-1 z + ... a 1 z + a0, a11 7= , 

Q ( ) b Ill 111-I b 0 
111 z = 111 z + a111_ 1 z + ... a 1 z + ao, 111 7= • 

TeopeMhI BeH:epurrpacca o np116JI11)1(ett1111 cpyHKU11H noJI11HoMaM11 

COCT05IT B TOM, qTQ aJire6pa11qecK11e (Tp11roHOMeTpWieCK11e) IlOJ111-

HOMhl o6pa3yIOT 3aMKHYTbie MHO)l(eCTBa B npocTpaHCTBax c 11 LP, 
p ~ 1. 

Kp1uep11H: 3aMKttyrocT11 MHO)l(ecrna B JI11HeHHOM HOpMHposaH­

HOM npocTpaHcrne J naeT cJie.UyI01Ua5I TeopeMa. 

TeopeMa. MHo)l(ecrno J 3aMKHYTO B X Torna 11 TOJihKO Tor.ua, 

KOf,Ua BC5IKl1H Jil1HeHHhIH HenpepbIBHhIH cpyHKUl10HaJI <p E X* (X*­

conp5I)l(eHHOe npocTpaHcrno K X), 06par.ua10r.u11H:cH B HYJih Ha· JII0-

6oM seKTOpe y E J, cp(y) = 0, TO)l(LJ.ecrneHHO paseH HYJIIO. 

flpOCTpaHCTBO x• COCTOHT 113 JIHHeHHblX HenpepbIBHhIX QJYHK­

U110HaJIOB <p C HOpMOH 

ll<JJll = sup I <p (x) I· 
llxllx SI 

IIycTh cpyHKU1111 fix) 11 g(x) HenpephIBHhI Ha oTpe3Ke [a, b], cpyHKU11H 

p(x) HMeeT BHLI. 

( ) ( ) 
b,,_,,x"_,. + ... + b,x + b0 ( ) B(x) 

px =sx =sx--
111-p A( ')' a

111
_Px + ... +a1x+a0 x 

0 :S µ :S 111 , 0 :S v :Sn, a0 7= 0, MHOroYJieHhI A(x) 11 B(x) He HMeIOT 

06m11x .ueJI11TeJieH, KpOMe MHoroqJieHOB ttyJiesoH: CTeneH11. IIycTh 

p - MHO)l(eCTBO cpyHKUHH p(x), ,UJ15I KOTOpb!X s(x), 111, 1l cp11KC11pOBa­

Hhl, µ, v, a0 , ai, ... , a111 , a TaK)l(e b0, bi. ... , b,, - npo113BOJihHhie. 

ITycTb 

E(f,P)= inf sup lf(x)-p(x)I 
p(x'JE P aS.r!:b 
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Do meopeMe Lf e6bnUe6a MHO:>KeCTBO p 3a.uaeTC51 MHO:>KeCTBOM cyme­

CTBOBamrn: H e)J,HHCTBeHHOCTH H p *(x) E p 5!BJrneTC5! HaHJI)l1IlllHM 

paBHOMepHbIM rrp1161111:>KemrnM .UJI5! cpyHKUHH fix) E C[a, b] rnr.ua 11 

TOJibKO Tor.ua, Kor.ua ':111CJIO TO':leK N 113 0Tpe3Ka [a, b], B KOTOpbIX 

pa3HOCTb fix) - p"(x) npHHHMaeT c ':lepe.uyIOI.UHMHC5! 3HaKaM11 3Ha­

':leHHe sup If (x)- p ''' (x) I He MeHbrne, ':leM m + n - min(µ, v)+2 

pa3; ern11 )Ke p(x) = 0, TON~ n + 2 11 

E(f , P) = sup I J (x)- p(x) j. 
o5x5b 

Ec1111 s(x) = 1, m = 0, TO rro11y':laeM meopeMy Lfe6bzu1eea o HauJZy'i­
uteM pa6HOMepHOM npu6JZU:JICeHUU Henpepbl6HOU rjJyHKL/UU QJZ2e6pau­
'i€CKU.MU /10JlUHOAW.MU. I1MeHHO, p "(x) 5!BJI5!eTC5! HaHJIY':IIllHM paBHO-

MepHbIM np1161111:>KeHHeM cpyHKUHHfix) E C[a, b] cpe.u11 anre6pa11':le-

CKHX MHOrO':IJieHOB, CTerreHb KOTOpbIX He npeBOCXO.UHT n E N, Tor.ua 

H TOJihKO rnr.ua, Kor.ua pa3HOCTh fix) - p*(x) rrp11H11MaeT c ':lepe.uyro­

w11M11cJI 3IIaI<aMH 3Ha'iCHHC max If (x)- p(x) I ttc MCHbWe, 'ieM B 
a'5x$b 

n + 2 TO':IKax . 

TeopeAta lfe6bzuteea o paeHoA1epHoM npu6JZu:>1ceHuu 2n-nepuo­
Out/eCKLIX rjJyHKLfUU mpu20HoMempu1JecKu.Mu noJZuHOMaAtu BH.Ua 

t11 (x) = a0 +a, cos x + b 1 sin x + ... + a11 cos tlX + b,,sin 1JX, a/+ b,,2 += 0 

cpopMy1111pyeTC5! TaK: TpHrOHOMeTpH':leCKHH IIOJIHHOM t11*(x) 5!BJI51eT­

C5! HaHJIY':IIllHM paBHOMepHhIM np116JIH:>Kem1eM 2rr-rrepHO.UH':leCKOH 

cpyHKUHHfix) Tor.ua H TOJihKO rnr.ua, Kor.ua pa3HOCThfix) - t,,(x) rrpH­

HHMaeT c qepe.uyIOI.UHMHC5! 3HaKaM11 3Ha':leHHe 

sup jf(x)-((x)j 
OS.rS2JT 

He MeHee ':leM B 2n + 2 TO':IKax IIOJIYHHTepBaJia [O, 2rr]. 

K Kpyry 11.ueH: lie6b1llleBa np11Ha.u11e:>KHT 11 npHBO.UHMaH HH:>Ke 

TeopeMa Xaapa. CTycTb A - orpatt11':leHHOe 3aMKHyToe MHO:>Kecrno B 

RN, f 1(P), ... , J,,(P) - mrnei1Ho-He3aBHCHMbJe, Henpeph!BHhie Ha A 
aemecTBeHHbie cpyHKUHH. Ec1111 A cocTOHT 113 KOHe':IHoro q11cna TO­

':leK, TO 11X 60Jibllie 11. lJOJZUH01ll01ll 110 CUC/11€1'1€ rjJyHKL/ULl {f;. (P)}~' Ha-

30BeM cpyHKUHIO 

F(P, A) =a, f 1(P) + a1f2(P) + ... + a11f,1(P). 
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YKJ10Hem1eM rjJyHKL/UU f(P) E C(A) OT rroJrnHoMa F(P, A) Ha3oBeM 

Ben w-urny 

max If (P)- F(P, A) j. 
/1EA 

CrrpaBe.umma meope.Ma Xaapa: e.u1rncTBeHHOCTb ITOJIHHOMa, HaHMe­

Hee YKJIOH5IIOIQeroc5I OT Ka:>K,UOH cpyHKUHH j(P), HenpepbIBHOH Ha A, 

6y.ueT rnr.ua H TOJibKO rnr.ua, Kor.ua Ka:>K,UbIH ITOJIHHOM F(P, x) $. 0 
HMeeT BA He 6onee 11 - lpmn11qHbIX HyneH:. 

3To ycnoBHe, KOTopoe Ha3brnaeTC5I ycJ1oeueA1 Xaapa, 3KBHBa­

JieHTHO ycJIOBHIO 

J; U'i) !2 CI>i) ... f,, CP,,) 

J; (~) !2 (~) ... !,, (~) ;t 0 

rrpH JII06bIX pmmrqHbIX Pi, ... , P11 EA. 
C11cTeMy Bew:ecTBeHHbIX HerrpepbIBHbIX cpyHKUHH f 1(x), Ji(x), .. . , 

J,,(x), y.uoBJieTBOp5IIOW:HX ycnoBHIO Xaapa Ha [a, b], (a, b], (a, b), [a, b) 
Ha3bIBaIOT cucmeA10U lf e6bnueea Ha COOTBeTCTByioIUeM MHO)KeCTBe. 

IIycTb Terrepb F - IIO.UMHO)KeCTBO KOMITJieKCHOH nnocKOCTH C, 

f(z) - cpyHKUH5I KOMIIJieKCHOro rrepeMeHHOro z E £, HerrpepbIBHa5I Ha 

E . .Un5I Toro, qrn6b1 HerrpepbIBHa5I Ha E cpyHKUH5I paBHOMepHo npH-

6Jm)KaJiach Ha E anre6pa11qecKHMH rroJIHHOMaMH, Heo6xo.uttMo H 

.UOCTaTOqHo BbIIIOJIHeHHe CJie.UyIOW:HX ycJIOBHH: 

1) MHO)KeCTBO E He HMeeT BHyrpeHHHX ToqeK; 

2) .uorronHeHHe KE CB5I3HO. 

3rn yTBep)K,UeHtte Ha3bIBaeTC5I meopeMOLt M A. Jlaepe1-1111beea. 

CHHMa5I ycnoBHe 1), T. e. rrepexo.u5I K 111yqeHH5I MHO)KeCTB E, 
11MeIOIU11X BHyTpeHHl1e ToqK11, He06XO.U11MO orpaHHqHTb KJiacc rrpH-

6Jil1)KaeMbIX cpyHKUHH, Harrp11Mep, TeMH, KOTOpbie aHaJIHTHqHbI Ha 

int E. IIonHoe pewem1e 3TOH 1a.z:i:aq11 rronyqeHo C. H. MepreJI5IHOM, 

KOTOpbIH .UOKa3aJI, qTQ .UJI5I Toro, qrnfa1 JII06a5I cpyHKUH5I, Herrpe­

pbIBHa5I Ha KOMrraKTHOM MHO)KeCTBe E 11 aHaJI11T11qecKa5I Ha int E, 
paBHOMepHO rrpH6JIH)KaJiaCb anre6paw-IeCKl1Ml1 MHoroqJieHaM11, He­

o6xo,nHMO 11 .uocTaTO'IHO, 'IT06b1 .uorronHeHHe K E 6hrno CB5I3Ho. 
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ITycTh E - 3aMKHYTaH O.UHOCBH3HaH o6naCTb, orpam1qeHHaH Ky­

coqHo-rna.uKott 3aMKHYTOH Kp11Boi1 E. Ecm1 cpyHKU11Hfiz) amumT11q-

Ha Ha int E 11 HerrpepbIBHa Ha £, TO .UJ1H mo6oi1 ToqK11 z E int E 

f( z ) =-
1 f . J(.;) d.;. 

21li oE ~ - Z 

nOJibWHHCTBO crroco6os rrocTpoeHHH MHoroqneHOB P,,(z), rrp11-

6nm1rn10ru11x cj:>yHKQHIO fiz), OCHOBaHO Ha rrpe.UCTaBJlCHHH .H.Upa 3TO­

ro HHTerpana B BH.Ue 

(.;- zr 1
= L ;=O ak (.;)P., (z), Z E £ , .; E ()£, 

r.ue ak (~) - cpyHKUI111, 11HTerpHpyeMbie Ha 8£ (3aqacTyIO MepOMOpcp­

Hbie B E 11 HerrpepbIBHbie Ha 8£), a Pk(z) - aJire6pa11qecK11e MHOro­

qJieHhI. Tor.ua, ecn11 B03MO)KHO rroqJieHHoe 11HTerp11posaHHe YKa3aH­

Horo pH.ua rro rpaHHUe E, TO 

f ( z) = 
2

1 
.faE f (~) L:;=oak (~)P., ( z) = L:;=ockP., ( z). 

1ll 

Ecm1 qacT11qHbie cyMMbI 3Toro pH.ua xopowo rrp116Jim1<aIOT 

¢YHKUI1f0, TO OHl1 11 HBJlHfOTCH "xopoumM11" anre6pa11qeCKl1Ml1 MHO­

roqJieHaM11 .UJIH cj:>yHKU1111fiz). 

l.f e11oil </Jyr1K4ueu :.JKcnoHem1uaJ1bH020 muna a 2'. 0 Ha3bIBaIOT ue-

JIYIO cj:>yHKU11I-O fiz), KOTOpaH rrp11 Jif060M z E c Y.UOBJieTBOp5leT He­

paBeHCTBy 

lf{z)I ~ AeBlzl, 

r.ue A, B 2'. 0. ToqHaH Hl1)KH5l5l rpaHb Tex B, .UJIH KOTOpbIX 11MeeT Me­

CTO 3TO ttepaBeHCTBO, Ha3brnaeTcH munoA1 a. Mtto)KeCTBO ueJibIX 

cpyHKU11H 3KCITOHeHU11aJlbHOro T11rra, He rrpeBOCXO.U.HIUero CT, o603Ha­

':laeTCH qepe3 Ea. 

17.1. )J,oKa3aTb, qrn JII06oe KOHelJ"HOMepHoe rro.urrpocTpattcrno F 
Jil1HeHHOro HOpM11pOBaHHOro rrpoCTpaHCTBa x HBJIHeTrn MHOJKeCT­

BOM cyruecTBOBaHH5l. 

17.2. I1p11BecT11 np11Mep MHO)!{ecrna F B mrnettHOM HopM11po­

BaHHOM npocTpaHCTBe X, KOTOpoe He HBJIHeTCH MHO)!{eCTBOM cyrue­

CTBOBaHl1H. 

17.3. MH0:>1Cecmeo F ttopM11poBaHttoro npocTpaHcrna tta3bIBaeT­

CH l/OKG.'lbH0-1(0.H/1QKll1HbLll , eCJ111 JII06aH orpaHJ1lieHHaH ITOCJie.UOBa­

TeJibHOCTb 3JieMeHTOB 113 F co.uep)!{I1T cxo.uHruyt0cH rro.urrocJie.UoBa-
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TeJibHOCTb . .UoKa3aTb, 'ITO mo6oe 33MKHYTOe JIOKaJibHO-KOMnaKTHOe 

MHO)Kecrno F mrnei1Horo HOpM11poBaHHoro npocTpaHcTBa X HBmieT­

CH MHO)KeCTBOM cymecTBOB3HH5.!. 

17.4. Hop.My 1111 JIHHettHoro npocTpaHCTBa Ha3bIBaIOT cmpozo Bbl-

nyKlloii, ecn11 paBeHcrno llx + yll = llxll + l[yll, x E X, y E X, B03MO)KHO 

TOr)la 11 TOJihKO Tor)la, KOr)la x = a y HJIH y = Bx, a, B > 0 . 

.UoKa3aTb, <ITO II II cTporo BhmyKJia TOr)la 11 TOJihKO TOr)la, KOr)la 

e)lHHH'IH35.! ccpepa s = {x: llxll = 1} B x He CO)lep)KHT 0Tpe3KOB, T. e. 

ecnw x, y E S, x += y , TO II t x + (1 - t) y II< 1 )lJIH n106oro t, 0 < t < 1. 

17.5. I1p11BeCTH npHMepbI crporo BbinYKJibIX H He crporo BhHTYK-

JlbIX HOpM B npocrpaHCTBax: 1) R11
, 2) C", 3) C[O, l], 4) Lp[O, l] (p ~ 1), 

5) L,.,[O, 1]. 

17 .6 . .UoKa3aTb, '-ITO eCJIH MHO)KeCTBO F 5.IBJI5IeTC5I MHO:>KeCTBOM 

cymecrnoBaHH.sI B JIHHettHOM npocTpattcrne, HOpMa KOTOporo II II 
CTporo BbIIIYKJia, TO MIIO)f(CCTBO F }!BJl}!CTC}! MHO)f{CCTBOM e.ru1HCT­

BCHHOCTH. 

17. 7 . .UoKa3aTb, 'ITO cpyHKUHOHaJI H3HJIY'llliero rrpH6JIH)KCHH5.! 

E(x, F) Herrpepbrnett. 

17 .8 . .UoKa33Tb, <ITO ecn11 F - no)lnpocrpaHCTBO, TO cpymcuwotta.JI 

tta11nyqwero np116JIH)KeHH5I E(x, F) o6na,n:acr cne)ly101u11M11 csoi1CTBaM11: 

1) .UnH n106b1x x1, x 2 EX cnpaBe)lJIHBO HepaBeHCTBO 

E(x1 + h F) E(xi, F) + E(x2, F). 

3To cBoi1crno Ha3bJBaIOT noJ1yaoownueHocmb10. 

2) .Umi n106oro P (P = R, ecn11 X - BemecTBeHHoe, P = C, ecn11 

x - KOMnJieKCHOe JIHHeHHOe npocTpaHCTBO) H )lJI5.! JII06oro x Ex 
cnpaBe)lJIHBO 

E(A.x, F) = lA.I E(x, F). 

Ecnw P = R, To 3To csoifcrn tta3bIBaIOT 110J10:>1cu111eJ1bHou 00Hopoo­
Hocmb10. 

17.9. ITp11BeCTH npttMepbI rrpoCTpattcrna X 11 MHO')!(eCTBa F, Ta­

KHX, <ITO cpyHKUHOHaJI Ha11nyqwero np116JI11)KeH1rn E(x, F) He 5.!BJI5.!­

eTc5! nonya;::uI11THBHblM, IIOJIO)KHTeJibHO O)lHOpO)lHbIM. 
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17.10. IIp1rnecrn np11Mep n11Hei1Horo npocTpaHcrna X 11 nonnpo­

CTpaHCTBa F c X, TaKHX, 1.JTO cpyHKUHOHan Ham1y1.Jrnero np116nm1<e­

Hl15! E(x, F) He 5IBmreTC51 a.ll.lll1Tl1BHbIM. 

17.11. .UoKa3aTb, 'ITO ecn11 F - KOHe'lHOMepHoe no.anpocTpattcT­
BO B n11HeHHOM HOpMHpOBaHHOM npOCTpaHCTBe x, TO oneparnp MeT­
p11qecKoro npoeKT11pOBaHl15I p F 5IBn5IeTC5I HenpepbIBHbIM. 

17 .12 . .UoKa3aTb, 'ITO ecn11 F - rro.urrpocTpaHCTBO HopM11poaatt­
Horo rrpocrpaHCTBa X, To onepaTop MeTpttqecKoro npoeKTttpoBaHtt5I 

PF 5IBn5IeTc5I o.uttopO.llHhIM, T. e . .UJI5I mo6oro A. E P (cM. 3a.uaqy 17.8) 

11 .an5I mo6oro x E X 

17.13. IIycTb F,, c X 5IBn5IeTC5I MHO)l(ecrnoM 3neMeHTOB, Ha11-
nyqll111x .an5I x E X B F . .UoKa3aTh, 1.JTO ec.rm F - BbmyKnoe MHO)l(eCT­
BO, TO .llfl51 mo6oro x E x MHO)l(eCTBO F,, BhmyKno. 

17.14. IIycTb X - npocTpaHcrno, corrp5I)l(eHHoe K aemecrneHHO­
MY mrneiiHOMY HOpMttpoBaHHOMY npocrpaHCTBy, :rneMeHrnMtt X 
51Bfl5IIOTC5I n11HeHHbie orpaHl14eHHbie cpyHKU:MOHMbI f c HOpMOH 

II f II= sup If (x) 1 . 
.\€X.llx!ISI 

E(x,L(xp ... ,x
11

)) = sup f(x), 
feX

0

.llf1iSI 
f(x, );Q.k;l... .. 11 

rne L(xi. ... , x11 ) - n11Hei1Ha5I o6ono'lKa BX, rropO)l(.lleHHa51 BeKTopa-
Ml1 Xi, X2, ... , x,, . .UoKa3aTb TaK)l(e, 'ITO yKa3aHHa5I TO'lHa51 BepXH5I5I 
rpaHb .llOCT11raeTC5I. 

17 .15. IIycTb x 11 x· - semecTBeHHOe n11HeHHOe HOpM11pOBaHHOe 
npOCTpaHCTBO 11 COOTBeTCTBeHHO conp5I)l(eHHOe npocTpaHCTBO . .Uo-

Ka3aTh, 'ITO .llfl5I n106bJXj,f" .. . ,J,, Ex* 

E(f,LC.fw-.f
11

)) = sup f(x) 
-'<=X.!lxl/SI 
J, (x);Q. k;l... .. 11 

(cM. 3a.uaqy 17.14) . .UoKa3aTb, 'ITO YKa3aHHa51 TO'lHa51 aepxH5I5I rpaHb 
.llOCTttraeTC51. 
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17.16. IIycTh X - ymHapHoe npocTpaHcTBo co CKaJrnpHbIM npo­

H3Be)J.em1eM (· ' ·). JJ:oK333Tb, qTQ HOpMa 1~-11. nopO)l()J.eHH35l 3TI1M 

cKaJrnpHblM npo113Be.neH11eM, T. e. llxll = (x, x)
112 

.UJIR mo6oro x E X, 

npeBpamaeT npOCTpaHCTBO x B CTporo HOpMHpOBaHHOe. 

17.17. JJ:oKa3aTh, qrn BCRKoe no)J.npocTpaHCTBO F ytt11rnpHoro 

npocTpaHCTBa x 5lBJI5leTC5l MHO)l(eCTBOM cyruecrnoBaHJrn: 11 e)J.HHCT­

BeHHOCTH. 

17.18. JJ:oKa3aTh, qrn oneparnp Merp11qecKOH npoeKUHH Ha no.n­

npocipaHCTBo F yHttTapHoro npocTpaHCTBa X 5IBJrneTc5I JJHHeHHhIM 

oneparopoM 11 .UJIR mo6oro x EX HaHJiyqwttH: 3JieMeHT PF(x) )J.JIR x B 

no.nnpocrpaHcTBe F TaKOH, qTo seKTOp x - PF(x) oproroHaJieH mo-

6oMy seKTOpy H3 F. 
17.19. JJ:oKa3aTh, qrn ecJJ11 F - 3aMKHyrne BhmyKJioe MHO)l(ecrno 

B YHHTapHOM npocrpaHCTBe X, TO MHO)J(ecrno F 5IBJI5IeTC5l MHO)l(eCT­

BOM cyw:ecTBOBaHHJl H e)J.HHCTBeHHOCTH. 

17.20. IlycTb x 1 • • ••• x,, - BeKTOpbI yHttTapHoro npocipaHCTBa X. 
Mampuiieii I'paMa cttcTeMhI 3THX seKTopos Ha3hrnaerc5l Marpm:w 

G(xr. ... , x,,) = (11 1), rnKaJl, qrn T]I} = (x;, xj), iJ = 1, 2, ... , n. JJ:oKa3aTh, 

qro eCJIH CHCTeMa BeKTOpOB Xr, ... , x,, JIHHeHHO He3aBHCHMa, TO )J.JIJ[ 

mo6oro seKTopa x E X cnpase.nJIHBO 

£( L( _ )) = det G(x, x" ... , x,,) 
x, x, , ... ,.xii . 

det G(xp ... , x,,) 

17.21. JJ:oKa3aTb, qrn ecJIH X - ytt11rapttoe npocrpaHcrno, rn: 

1) CHCTeMa BeKTOpOB Xr, ... , x,, JIHHeHHO He3aBHCHMa TOf)J.a I1 

TOJibKO TOr.na, Kor.na 

det G(x1, . • • , x,,) += O; 

2) )J.JIJ[ mo6oH: CHCTeMhl BeKTOpOB Xr. ... , x,, Ex 

det G(xr. ... , x,,) :'.'.: 0, 

3H3K paBeHCTBa HMeeT MeCTO TOf)J.a I1 TOJibKO Tor.na, KOf)J.a CHCTeMa 

BeKTOpOB x, , ... , x,, JlHHei:IHO 33BHCHMa. 

y K333HHOe HepaBeHCTBO 5lBJrneTC5I 0606iljeHUeJ11 Hepa8e11cmea 

Koiuu-EyHRKOBCK020; 

3) )J.Jl5I mo6oH: JlHHeHHO He33BHCHMOH CHCTeMhI BeKTOpOB 

x,, ... , x" E X tt .UJI5I mo6oro 111, 1 :::; /11 :::; n, 
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det G(x1, ••• , x,,):; det G(x1, ••• , x111 ) det G(x111+1, ... , x,,) 

.[(oKa3aTb, qTo 3HaK paBeHCTBa 3)leCb HMeeT MeCTO TOr)la 11 TOJlbKO 

TOr)la, Kor.na BC5IKl1H BeKTOp Xk, k :; 111, opTOroHaJieH BC5IKOMY BeK-

rnpy x1, m < l :; n; 

4) )lJ15! mo6oH: CHCTeMbI BeKTOpOB Xi, ... , x,, Ex 
det G(xi, ... , x,,) :; (xi, x 1)(x2, x2) ... (x,,, x,,). 

17.22. IlycTb A =(a;) - KBa,uparna5! MaTJJm~a nop5!,uKa n E N c 

KOMnJieKCHbIMH 3JieMeHTaM11 . .[(OKaJaTb, qTo 

I det A 1
2

:::; L~=1 I a,k 1
2 L~=1 I a2k 1

2 ···L~J a,,k 1
2 
· 

.[(oKa3aTb, qTo 3HaK paBeHCTBa 3,UeCb MMeeT MeCTO TOr.ua H TOJlbKO 

Tor.ua, Kor,ua )lJI5I mo6hIX i,j = 1, .. ., n, i :;;e j, 

17 .23. IlycTb a, b - cpttKCHposaHHhie .ueifcrnmeJibHbie q11c11a, nEN. 

Cpe.n11 scex TJJl1rDHOMeTp11qecK11x noJIHHOMOB 

T,, (x) = a,, cos 1zx + b,, sin nx + a,,_ 1 cos (11 - l)x + b,, _ 1 sin (n - l)x + 
... +a1cosx+b1sinx+a0 

Hai1Ttt TOT, .UJI5! KOToporo HHTerpaJI f:JT IT,, (x) IP dx, p ~ 1, npHHttMa­

eT Ha11MeHblllee 3HaqeHHe . 

.[(pyrnM11 c110BaMM 3TY 3a,uaqy MO)KHO ccpopMy11ttpoBaTb TaK. Hai1TM 

H311JIYqllJee npH6JIH)KeH11e ¢YHKUH11 a cos 11.X + b sin llX cpyHKUM5IMH H3 

rro,unpOCTJJ3HCTB3 TJJl1fOHOMeTJJ11qeCK11X IlOJIMHOMOB BH)la 

t,,_1(x) = a,,_1cos (n - l)x + b,,_1sin (n - l)x + ... + a 1cos x + b1sin x + a0 

B MeTpHKe Lp[O, 2n], p :'.'.: l. 

17.24. IlycTb q, pi, .. , p,, -pa3JIHqHbie KOMnJieKCHbie lJHCJia, 

Re q > - V2, Re Pk > - Y2, k = l, ... , n. Hai1TH 

inf flt"- (a/''+ ... + a,,t"") 1
2 
dt . 

t1 1 •.••• a,,eC 0 

CcpopMym1posaTb 3TY 3a_naqy KaK 3a,uaqy on1cKaH115! Ha1111y<Jllle­

ro rrp1161111)KeHH5!. 

17.25 . .[(OKa33Tb, •no w(j, t)x - MOJJ:YJlb HenpepbIBHOCTH cpyHKUHM 

f EX (cM. sse,neH11e) 0611a.naeT c11e,nyIOllJMMM csoH:crnaM11: 
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1) m(j, O)x = O; 

2) m(j, t)x, t 2: 0, He y6hmaeT; 

3) MOLlYJib Henpepb!BHOCTH eCTb IIOJiyaL(L(I-ITHBHaH cpyHKUHH, 

T. e. L(JIH mo6h1x ti, t2 2: 0 

w(j, t 1 + t2) x :S w(j, t 1) x + w(j, t2)x; 

4) w(j, t)x, t 2: 0, - HenpepbIBHaH cpyHKUHH. 

17.26 . .UoKa3aTh, qrn m(j, t)x = w(j, n:)x L(JIH mo6oro t 2: n:. 

B qacTHOCTH, 0Tc10na CJienyeT, qTo MOLlYJih ttenpepbIBHOCTH 

w(j, t)x npH t 2: n B03paCTaTb He MOJKeT. 

17.27. IIycTh X = C[O, 2n:] . .UoKa3aTh, qrn L(JUI JII06ow cpyHKUHH 

w(t), t 2: 0, o6JiaL(aIOmew CBOMCTBaMH 1 )-4) (CM. 3aL(aqy 17.25) H Ta-

KOM, qm m(t) = w(n) npH t 2: n, HaML!eTcH <l>YHKUHRf E 2n], TaKaH, qrn 

w(j, t)c = w(t). 

TaKHe cpyHKU:HH Ha3hIBaIOT 111ooy;15/Mu Henpepbl6Hocmu. 

17.28 . .UoKa3aTh, '-I.TO eCJIH cpyHKU:HH w(t) TaKOBa, qTQ cpyttKUHH 

r 1w(t), t > 0, He B03pacTaeT, TO w(t) - noJiya)l)(HTHBHaH cpyHKU:HH. 

17.29. <l>yHKUHIO w(t), t 2: 0, Ha3h!BaIOT 6bl11YKllOU eeepx, eCJIH L(JIH 

JI106h1x ti, t2 2: 0 H JII06oro a E [O, 1] 

aw(t1) + (1 - a) w(t2) :S m(a t 1 + (l - a) t2) . 

.UoKa3aTb, qTo BCHKaH HenpepbIBHaH ttey6hrna10maH BbIIIYKJiaH BBepx 

Ha [O, +co) <l>YHKU:HH w(t), w(O) = 0, w(t) = w(n:), IIpH t 2: n: HBJIHeTCH MO-

cyJieM HenpepbIBHOCTH. 

17.30 . .UoKa3aTb, qTQ cpyHKUHH 

1) w(t) =Kt, t2: 0, 0 <a :S 1, K>O; 

2) UJ(t) = , 
{ 

Kta 

Kc5a, 

0:::; t:::; c5,0<a:::;1, K > 0, 

t > c5 

HBJIHIOTCH MOL!YJIHMH ttenpephIBHOCTH. EcJIH cpyttKUHH f(x) TaKOBa, 

'ITO w(j, t) = Kta, 0 <a :S 1, K> 0, TO roBopHT, qmj{x) E LipKa 

17.31. .UoKa3aTb, qTQ eCJIH w(t) - BhIIIYKJib!H BBepx MOllYJib He­

npepbIBHOCTH, TO: 

1) L!JIH n106oro t > 0 cymecrnyIOT HeBo3pacrn10mHe HeoTpHua­

TeJibHbie IIpOH3BOL(Hhie m'_(t), w'+(t), IIpH'IeM w'+(t) :S w'_(t); 
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2) w(t) - a6comorno HenpepbIBHa51 cpyHKUH51 Ha (0, oo ). 

17.32 . .LI:oKa3aTb, '-ITO .UJUI mo6oro MO.UYJI51 Henpepb!BHOCTH w(t), 
OTJIHY:HOfO OT TO)K.lJ.eCTBeHHOfO HYJI51, cyruecrnyeT BbinYKJiblH BBepx 

MO.UYJib ttenpepb!BHOCTH w.(t), TaKOH, '-ITO mm mo6oro t :::: 0 

w(t) ::; w.(t) < 2 w(t) . 

.IJ:oKa3aTb, '-ITO IlOCTO.iIHHYIO 2 B 110CJie.utteM ttepaBeHCTBe yMeHb­

ll111Tb tteJih3.si:. TaK11e MO.UyJI11 tterrpepbIBHOCTl1 w.(t) tta3bIBaIOT Bbl-- -ny1owu Ma:J1Copw1.1nou. 

17 .33. ITycTb w(t) = w(j, t) . .LI:oKa3aTb, '-ITO .UJI.sI mo6oro A. > 0 11 

.UJI51 JII06oro t > 0 

w(A.t) ::; (A.+ 1) w(t). 

17.34 . .LI:oKa3aTb, '-ITO eCJil1 

Jim w(f ,t) = O 
t-->+0 t ' 

TO cpyHKU115If(x) eCTb 110CT05IHHa51 BeJil1'-ll1Ha. 

17.35. ITycTh 

. I (x, + x, JI OJ (f ,t) = sup< f(x1) + f(x2 )-2f --- . 
1.1,-.,,1_1 2 

EcJIH w'(t) ::; Mt, M > 0, t > 0, TO rosop.si:T, '-ITO f EA·; ecJIH )Ke 

lim o/(f,t) =0, TO fOBOp51T, Y:TOfE A.*. 
1-->+0 t 

.IJ:oKa3aTb, '-ITO ecJIH f(x) E Lip 1, TO f(x) E A•. ilp11secrn rrp11Mep, 

flOKa3bJBaIOIU.HH, '-ITO o6paTHOe yrnep)f(.Uett11e tteseptto. 

17.36. ilyCTb cpyHKUI151 f(x) paBHOMeptto HerrpepbIBHa .UJI51 x:::: a 11 

pacTeT Ha 6eCKOHeY:HOCTl1 He 6h1crpee, Y:eM 1x1 . .IJ:oKa3aTb, '-ITO 

I f(x) - f(a)I :S Clx - al + 1) w(j, t) 

17.37. ITycTb f(x) - rjJyHKLfUfl Beilepuunpacca 

f (x) = 2..:;;
1 
ak cos( bk x), 

r.ue 0 <a< 1, b - ttelfeTHOe 411CJIO, 6oJihillee 1. 
)loKa3aTb, '-ITO: 

1) f(x) - tterrpepbIBHa51 27!-nep110.u11qecKa5! cpyHKU115!; 
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2) rrptt ab> 1 .fCx) E Lip a, a= ln(l/a)/lnb; 

3) rrptt ab= 1 w(j, t) :S Kt ln(llt), 0 < t :S Yi; 

4) rrptt ab= 1 f(x) E A*,f(x) ri Lip 1. 

17.38. Ilycn, cpyHKUH5If(x), x ER, l1HTerp11pyeMa Ha Ka:>K,llOM KO­

He'IHOM HHTepBaJie. <PyHKUHIO 

1 f''/2 J, (x) =- f(x+t)dt, h >0, 
I h -/i / 2 

Ha3hIBaIOT rjJyHKl{ueii CmeKJZoea. 

,z:i:oKa3aTb, 'ITO: 

1) ecnttf(x) pasHoMeptto tterrpepbIBHa Ha R, TO 

suplf(x)-f,,(x)l~w(f,h/2), h>O; 
.rER 

suplJ,;(x)l~_!_w(f,h), h>O; 
xER h 

2) ec1rnf(x) E Lp(R), p 2: 1, 11n11f(x) - 2n:-rrep110.z1y1qecKa5I 11.f(x) 

E Lp[O, 2n:), p 2: 1, TO 

(Li f (x) - J,, (x) IP dx tP ~ w,, (f ,h/2), h > 0; 

(J I 1,; (x) IP dx)
11 

P ~ _!_w , (f, h), h > O; 
R fi I 

11 COOTBeTCTBeHHO 

( 

? :r )! / JJ J; lf(x)-f,,(x )l"dx ~ wP(f,h/2),h>O; 

(f:" 11,;cx) IJJdx f JJ ~ iw,, (f ,h), 1z > o. 

17.39. IlycTb ft,.1,(x) - cpyHKUl15I CTeKJJOBa .z:imr cPYHKUl111 Jl,(x), 
h > 0, T. e. 

1 f"l2 J,,, , (x)=- f,1,(x+t)dt. 
• I h -/i f ~ 

,z:i:oKa3aTb, 'ITO: 

1) EcJJttj(x) paBHOMeptto ttenpepbrnHa Ha R, TO 

sup If (x) - J,i.1, (x) I~ .!..w· (f, 2h), h > 0; 
xE R 2 
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~up If,,",,( r) I ::S: ~w (j,2h), h > 0; 
1E R 17 -

0npetteJJeHHe MoJJ,ym1 w if, t) CM. B 3aJJ,aYe 17.35. 

2) Ern11 flx) E l 1,(R). p 2'. I, 11JJ11 f(x) - 2rr-nep110JJ,11YecKasi 

qiyHKLJ,11SI 11/(x) E L"[O, 2rr), p 2'. I, TO 

( f I f(x)-f, (x)l 1
' dx)

1111

::S: JR . h.!1 

::S: ~sup ( l 1 J (x-t) + J (x+ !)- 2f (x) I'' dx )
1111

, 

2 osrs11 

::S: ~sup ( 11 f(x-t) + f(x+t)- 2f(x) II' dx f '' 
h 051<;/1 

BepxHIOIO rpaHb B npaBblX Yacrnx 3Tl1X HepaBeHCTB o6o3Ha4alOT 
4epe3 wl'(f, 2h ), h > 0, p 2': I ( cp. c 3aJJ,aYei1 17 .35). CoorneTcTBeHHO 

( J;1'1 .f(x)- fi
1
.1

1
(x) I" dx )"

1
':::;, 

::S: ~sup ( { ''1 f (x -!) + f (x + t)- 2f (x) 11' dx )
11

/1, 

2 OStSII 

(£2
!T lf(x)-lr,_"(x)l l' d.xf''~ 

I ( O;r )I / fl 
::S:1sup I lj(x-t)+f(x+l)-2f(x)ll'dx , 

h OStS/J 

17.40. nycTb JJ,aHO npocTpaHCTBO x = C[a, b]. nycTb f E X, 

l!fllc= max If (t) I, MHO)l(ecrno F =Fil - noJJ,npocTpattcrno anre6pa11-
0'5:r~" 

yecK11x noJJ11HoMoB, cTeneHb KOTOpblX He npeBocxoJJ,11T 11 E N. ,Qo­

Ka3aTb, 4TO MHm1<eCTBO F S1BJJS1eTcsi MHO)!<ecTBOM cyuteCTBOBaH11S1 
(cM. BBeJJ,eH11e). ,QoKa3aTb meope.wy BeuepUlmpacca, T. e. ecJJ11 f(x) 
HenpepblBHa Ha 0Tpe31<e [a , b] , TO )J,JlSI Jll06oro £ > 0 H3HJJ,eTCSI an-

re6pa11YeCKl1H noJJ11HOM p(x) E Fil, rn1<oi1 , YTO l!f(x) - p(x)llc :S £. 

17.41. nycTb JJ,aHO npocTpaHCTBO x = C[O, 2rr]. nycTb f E X, 

l!f(x)ll = max I j(t) I, MHm1<ecrno F =Fil - no.D,npocTpaHcTBo Tp11ro-
o::;,::;2n-

HOMeTp114eCKl1X nOJl11HOMOB Bl1)J,3 
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a0+ L~ 1(a. coskx+b. sinkx). 

)J,oKa3aTb, LJTO MHO)l<eCTBO F HBJrneTcH MHO)l(eCTBOM cyUlecrno­

C1aH115I (cM. onpe.ue11eH11e B HaLJaJle rnaBbl). 

• )J,oKa3aTb TeopeMy Bei.:tepwTpacca, T. e. ec1111 j(x) - Henpepb1B­

HaH, 2n-nep110.U114eCKa51 qiyHKUl151, TO .UJl51 mo6oro £ > 0 Hai.:t.ueTC51 

Tp11roH0MeTp114ecK11i.:t no1111HOM t(x) E F11 , TaKOH, LJTO 

l)/(x) - t(x)llc :s; £. 

17.42. cqiopMy1111poBaTb 11 .il.OKa3aTb YTBep)l(,UeHl151, aH8Jl0rl14Hble 

TeM, l<OTOpbte ccliopMy11 11poBaHbl B 3a,UaLJax 17.25 11 17.26 , HO LlJl51 

X = L1,[a, b], p ~I, 11 X = L1,[0. 2n], p ~ I. 

17.43. nycTb x = C[O, I] 111111 x = L2[0, I] COOTBeTCTBeHHO c 

HOpMaMl1 

fE C[O, I], l!fllc= suplf(t)I, 
OStSI 

f E L2[0, I], 1)/112 = ( .f'.1 f (I) f dt (
2 

nycTbp1.p2, .. .,p,>-1/2, )imp, =oo. 
•-+~ 

Hai.:tT11 yc110B115I Ha noc11enoBaTeJl bHOCTb {pd, np11 KOTOpb1X c11c­

TeMa cliYHKU11H 

3aMKHYTa B C[O, I] 111111 [I LJO. I]. 

17.44. nycTb 

T,,(x)= ~" {(x+.Jx 2 -I)" +(x-.Jx2 
-I) "}. 

)J,OKa3aTb, 4TO 

I) T,, 51BJl.sieTc.si 8Jlre6pa11LJeCKl1M no1111HOMOM CTeneH1111 ; 

2) T11(x) = r <n- I >cos n(arc cos x), Lxl ::; I; 

3) max IT
11
(x)I = r<n- i 1; 

- IS\SI 

4) T,,(x) Ha11MeHee YKJlOH51eTC51 OT HYJlH Ha oTpe3Ke [-I, I] B 

HOpMe C. 

)TOT a11re6pa11LJeCKl1H ' nOJll1HOM H83btBaeTC51 no/IW/0.\10.'11 lfe6b1-

U1eaa cTeneH1111 nepBoro po.ua, Ha11MeHee YK1lOH.51JOUll1MC51 OT HY1151. 
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17.45. Halim Ha1·rnyqruee pasHoMepHoe rrp116mnKemre cpyHKU1111 

(X - ar1
Ha OTIJe3Ke (-1, l] aJire6pattqeCKl1Ml1 ITOJil1HOMaMl1 CTerreHl1 Tl, 

17.46. HaH:T11 Ha1111yqruee paBHOMepHoe rrp116nmKeH11e cpyHKu:1111 

(1 - k2xr 112 
Ha 0Tpe3Ke 0 < k < 1 pau:110HaJJhHhIMl1 cpyHKU:11HMH, q11c­

Jll1TeJJh H 3HaMeHaTeJJh KOTOphIX 11MeIOT CTerreHh n. 
17.47. IlycTh a H b - cp11Kc11posaHHhie ,z::i:eH:crnHTeJihHhie qJ1c11a H 

n E N. Cpe,z::i:11 TpHroH0MeTIJHqecK11x rronHHOMOB s11,z::i:a 

t11 _, (x) = a0 +I~:: (ak cos kx +bk sin kx) 

HaHTH ITOJJHHOM HaHJJyqruero paBHOMepHoro rrpH6JJmKeHHH cpyHK­

U11H a11 cos nx + b11 sin nx. 
17 .48. IlycTh 0 < a < 1, b - Heqernoe qJ1cno. /J:JJH cpyHKU:H11 BeH:-

epwTpacca f (x) = I:=0 a
111 cosb 111 x HattT11 HaHnyqruee paBHOMepHoe 

rrpH6JimKeHHe cpe,UH TpHroHOMeTIJHqecKHX ITOJil1HOMOB Bl1,Ua 

t11 (x) = a0 + I~=o (ak cos kx +bk sin kx). 

17.49. IlycTh cpyHKI.U111 fi(x), ... , f,,(x) o6pa3yIOT Cl1CTeMy qe6h1-

wesa Ha OTpe3Ke [a. b]. Xi • ..•• x,,_1 - pa3m1qHhie ToqK11 3Toro orpe3-

Ka. )J:oKa3aTh, qTo cyr.uecrnyeT, 11 c ToqHQCThIO ,UO ITOCTOHHHOfO 

MHO)KHTeJJH e,UHHCTBeHeH, HeTpHBHaJihHhIH ITOJIHHOM 

F(x, A.)= A.J,(x) + A.2f2(x) + ... + A.,J,,(x), 
KOTOphIH 11MeeT CB011Ml1 HYJIHMH 3Tl1 TOqKJI, 11 ,z::i:pyr11x HyJieH y 3TOro 

rron11H0Ma HeT. Ecn11 ToqKa xk E (a, b), TO rrp11 rrepexo.ne 3Haqemrn 

apryMeHTa qepe3 3TY rnqKy rro1111HOM F(x, A.) MeHHeT 3HaK. 

17.50. IlycTh cpyHKU:Hl1 j,(x), ... , f,,(x) o6pa3yIOT CHCTeMy qe6hr-

wesa Ha OTIJe3Ke [a, b],j(x) E C[a, b]. )J:oKa3aTh, qTQ ITOJJHHOM 

F(x, a)= aJ,(x) + aif2(x) + ... + a,J,,(x) 
HBJIHeTCH TIOJJHHOMOM HaHJJyqruero paBHOMepHoro rrpH6JIH)KeHHH 

cpyHKU:1111 fix) Ha 0Tpe3Ke [a, b] cpe,UH Bcex I10Jil1HOMOB no CHCTeMe 

Ji(x), .. . ,j,,(x) TOr,Ua H TOJihKO TOr,Ua, KOr,Ua pa3HOCThj(x) - F(x, a) npH­

Hl1MaeT 3HaqeH11e sup If (x)- F(x,a) I c qepe,z::i:yIOI.UHMl1CH 3HaKaM11 

ITO Kpal1Hei1: Mepe B 11 + 1 norne,UOBaTeJihHOH TQqKe OTIJe3Ka [a, b]. 
3To yTsep)K.nem1e HBJIHeTCH 0606u1eHueJ11 meopeMbI Lfe6bzweea 

Ha qe6bJIIleBCKl1e CHCTeMbl cpyHKUHH. 

17.51. IlycTh A - orpaH11qeHHoe 3aMKHyTOe MHO)Kecrno B CN, 

cpyHKUl1l1 j,(P), .. ., j,,(P), p E A, - HerrpepbIBHbie KOMTIJJeKCH03Haq-
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Hb!e H o6pa3yIOT JlHHeHHO-He3aBHCHMYIO CHCTeMy. EcJJH MHO)!(eCTBO 

A KOtteqtto, TO BA 6oJJbll!e qeM n TOl!eK. 

Yc!lo6ue A. IlycTb Ax CA, TaKoe, qrn .um1 JJI06oi1:: TOl!KH PE A 

If (P)- F(P,x) I= sup I f(Q)- F(Q,x) I; 
QEA 

Tor.ua .umi JJI06oro IIOJJHHOMa F(P, y) crrpaBe.UJJHBO ttepaBettcrno 

inf ReF(P, y)[F(P,x)- f(P)] ~ 0. 
PEA,. 

,n:oKa3aTh, qTO IIOJlHHOM 

F(P, x) = xtf1(P) + ... +x,f,,(P), xk E C (k = 1, ... , n) 

5IBmieTC5l HaHJJYlllllHM IIOJlHHOMOM paBHOMepttoro rrpH6J1H)!(eHH5I 

tterrpepbIBHOH Ha A cpyttKU:HH ft.P) cpe.u11 BCex IIOJlHHOMOB ITO CHCTe­

Me fz(P), .. . ,j,,(P) rnr.ua H TOJlbKO rnr.ua, KOf,lla BbIIIOJlHeHO ycJJOBHe A. 
3rn yrnep)!(,lleHHe Ha3bIBaeTC5I meopeMoit A. H KoJ1.Aw2opoea, 

0606ll.l,aIOll.l,ei1:: TeopeMy qe6bill!eBa Ha KOMIIJleKCH03Ha'llfbie cpyHKu:HH. 

17 .52. IIycTb BhrnontteHbI ITpe.uITOJJO)!(eHHJI 3a.uaq11 17 .51. .D:oKa-

3aTb, ~1To .u1rn mo6oH cpyttKUHH, tterrpepbIBHOH Ha A, IIOJIHHOM HaH­

JJyqllJero paBHOMepttoro ITpH6JIH)!(eHH5I 3Toi1: cpyHKUHH Ha A ITO c11c­

TeMe j,(P), ... , f,,(P) e,llHHCTBeHeH rnr.ua H TOJlbKO rnr.ua, KOf,lla BC5I­

KHH tteTpHBHaJJbHhTH ITOJIHHOM 

F(P, x) = xtf1(P) + ... +x,f,,(P), xk EC (k = 1, ... , 11) 

o6pall.l,aeTc5I B HYJJh He 6oJJee l!eM B n - 1 TOl!Ke MHO)!(ecrna A. 
3rn yrnep)!(.ueHHe Ha3bIBaeTc5I meope.Moit A. H KoJ1.A102opo6a, 

0606ll.l,aIOll.l,ei1 TeopeMy Xaapa Ha KOMIIJleKCH03Ha'llfb1e cpyttKU:HH. 

17.53. IlyCTh f 1(x), ... , f,,(x) - HerrpepbIBHhie Ha OTpe3Ke [a, b] 

.uei1::CTBHTeJibHbie cpyttKU:HH, TaKHe, lJTO .UJI5I JJI06oro k E n CHCTeMa 

j,(x), ... , fk(x) 5IBJl5IeTC5I CHCTeMOH qe6bill!eBa Ha HHTepBane (a, b) . 
.D:oKa3aTh, 'iTO eCJlH IIOJlHHOM 

F(x) = atfi(x) + ... + ak_Jk_,(x) + fk(P), 

TaKOH, 'iTO J" f (x)sign F(x)dx = 0 (r = 1, ... , k-1), TO F(x) HaHMe-a I "-' 

ttee yKJJOH5IeTC5I OT HYJJJI B MeTp11Ke L 1(a, b) cpe.u11 Bcex IIOJIHHOMOB 

BH.Ua ~,L,(x) + ... + ~k-Jk-i(x) + fk(x). 

17.54. IlycTh T,,(x) = a0 12+ 'L~=0 (ak coskx+bk sinkx) - Tp11ro­

HOMeTp11qecK11i1:: IIOJlHHOM . .D:oKa3aTh, 'iTO: 
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COS /IX'\'," k X - Xk 
1) T,, (x) =a,, cosnx +--L..~;1 (-1) ctg--T,, (x,), 

211 2 
r)J,e x" k = 1, ... , 2n - ttyJrn rroJrnttoMa 

cos nx = AfI~: 1 sin ( (x - xk) I 2) ; 

2) T '(O) 1 '\'2" ( )'+1 1 ,, = - L..k;J -1 T,, (xk) , xk - ttym1 cos nx; 
47r · 2 xk sm -

2 

3) '( 1 '\'"" k+I T,, x) = -L..~;1 (-1) ---T,, (x+x,), x.- ttym1 cos nx 
47r . , xk 

sm--
2 

(:ny cpopMyny tta3bIBaIOT uT-tmepnoJ1RL/UOH1toil ¢op.MyJ1ou M Pucca); 

4) =-1 '\'" 1 n L..k;J , x, - ttyn11 cos 1i.x. 
47r . 2 xk 

sm -
2 

17.55 . .D:oKa3aTb (cM. o6o3HaY:ettm1 B 3a)J,aY:e 17.54), Y:TO: 

1) sup IT,; (x) I~ sup IT,, (x) I 
xE(0.27r) 

.IJ:or<a3aTb, Y:TO 3TH ttepaBeHCTBa TOY:Hbie. 3TH ttepaseHCTBa Ha3bl­
BaIOTC51 Hepa6eHcm6a.111u EepHutmeuHa. 

17.56 . .D:oKa3aTh, Y:TO )J,1151 mo6oro anre6pa11qecKoro rroJIHHOMa 

P ( ) II 11-J 0 
11 x = a,,x + a11_ 1x + ... a.1x + a.0, a.11 -:;e. , BbIITOJIH51eTC51 HepaseH-

crno sup IP,; (x) I~ n 2 
sup IP,, (x) I· )J;oKa3aTb, Y:TO 3TO ttepaBettcrno 

-1,;x,;1 

TOY:Hoe. 3To ttepaBettcrno Ha3brnaeTC51 Hepa6e1tcm60.i1 A. A. MapKoea. 

17 .57. IT ycTb £ 11 ( cp) - HaHJIYY:lllee pasttoMepttoe rrp1161111)Kett11e 
tterrpepbIBHOtt nep11o)J,11Y:ecKoii cpyHKUHH cp(x) TpHrottoMeTpHY:eCKH­
MH IlOJIHHOMal\rn BH)J,a 

T(x) = a0 + L~;Ja, cos kx + b, sin kx), 

co(cp, t) - MO,ll,YJib HerrpepbIBHOCTH cpyHKUHH <p(x). )J;oKa3aTh, Y:TO: 

1) Hai1)J.eTc51 TaKa51 KOHCTaHTa k, Y:TO )J.JI51 mo6oro n E N 

£
11 
(j) ~ k{J)(j, 1/ n) ; 

r 
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2) ecm1 fix) E C'[O, 2n:], r = 1, 2, ... , TO Hatt.neTC.fl TaKa.fl KOH­

CTaHTa K,, 'HO mm mo6oro n E N 

Ell (f) ~ K; {J)(j <r>, 1/ n) . 
Tl 

3TH HepaBeHCTBa Ha3hIBaIOTC5I HepaeeHC!n8GMU ,aJ/CeKCOHQ. 

17.58. IIycTb E,,(cp) - Ham1yqruee paBHOMepHoe npH6Jrn)l(eHHe 

HenpepbIBHOH Ha OTPe3Ke [a, b] cPYHKUHH cp anre6paHqecKHMH MHO-

fOiffieHaMH CTeneHH, He npeBOCXO.ll5Illldi n E N. ,[(oKa3aTh, qro ro(cp, t) -

MO.llYJih HerrpepbIBHOCTH cpyHKUHH cp. ,[(oKa3aTb, qTo: 

b-a 
1) .llJI.fl mo6oro n E N crrpase.nnHBO E

11 
(f) ~ 2{J)(j ,--) ; 

n+l 

2) eCJIH fix) E C'[a, b], TO cy~ecrnyeT KOHCTaHTa K TaKa.fl, qTQ 

.an.fl nro6oro n E N 

E,. (f) ~ ~' w(J<r>, b-a). 
n n+l 

3TH HepaBeHCTBa TaK)l(e Ha3bIBaIOTC5I HepaeeHCln6GMU ,aJ/CeKCOHQ. 

17.59. IIycTb cpyHKUH.fl fix) y.noBnernopHeT ycnoBHIO JlHnurnua c 

KOHCTaHTOH L, T. e. jf(x1) - j(x2)J ::::;; L~1 - x2J .[(Jij{ n106b1x Xi, x2 E [a, b]. 

b-a 
,[(oKa3aTh, qrn Ell (f) ~ 2L-- (CM. o6o3HaqeHH.fl B 3a.naqe 17.58). 

n+l 

17.60. ,[(oKa3aTb, qTo ecnH MHO)l(ecrno F c C He co.nep)l(IH 6ec­

KOHeqtto y.naneHHOH ToqKH, TO npe.nen paBHOMepHO cxo.nmuer1:C5I Ha 

E nocne.nosaTeJihHOCTH anre6paHqecKHX MHoroqneHOB .fIBJI.fleTc.fl 

cPYHKUHett, HerrpepbIBHOH Ha E H aHaJIHTHqecKott Ha int E. 

17 .61. ,[(oKa3aTb, qrn ecnH nocne.nosaTeJibHOCTh anre6paHqecKHX 

MHOfOqJieHOB CXO,llHTC.fl paBHOMepHO Ha E, TO :na nocne,uoBaTeJib­

HOCTb cxo,n:HTC.fl paBHOMepHo Ha 3aMbIKaHHH E K cpyHKUHH, Henpe­

pbrnHoH Ha E H aHaJIHTHqecKoH Ha int E. 

17.62. IIpHBeCTH rrpHMep HeorpaHHqeHHoro MHO)l(ecrna E, TaKo­

ro, qrn C\E :;:z'.: 0, H npHMep cPYHKUHHj(z), aHaJIHTHqecKOH Ha int E, 

HenpepbIBHOH Ha E, KOTOpa5I He 5IBJI5IeTC5I paBHOMepHbIM npe,ueJIOM 

nocne.uosaTeJibHOCTH anre6paHqecKHX MHoroqneHoB. 
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17.63. I1p1rneCTI1 np11Mep 3aMKHyTOro orpaHH'IeHHOfO HeO.[(HO­

CB5!3HOfO MHO)l(ecrna E 11 cpyHKUI1I1 f(z), atta.n11Tw1ecKoi1 Ha int E, 
HenpepbIBHOH Ha E, KOTopa5! He 5!BJrneTc5! paBHOMepHhIM npe.ueJIOM 

noCJie.[(OBaTeJibHOCTH ame6pa11qecKHX MHOroqJieHOB. 

17 .64. JJ:oKa3aTh, qTo ecJI11 ToqKa z Haxo.u11TC5! BHYTPI1 3Jimmca, 

npOX0.[(5l!llero qepe3 TO~y ( H HMeIOmero TQqKJ1 ± 1 CBOHMH cpoKy­

caMl1, TO 11MeeT MeCTO paBeHCTBO 

r.ue Pk(z) - MttoroqJietthI Jle)l(aH.n:pa, a Qk(() - cpyHKU1111 Jle)l(aH.n:pa 

BToporo po.ua: 

dk 
P. ( ) ( 2 l)k k z =ak dl z - ; 

Qk (S-) =bk :;k ( Cs-2 -1) J; (o/ -1)-k-i d(J)). 
17.65. TiycTh E - 3aMKttyra5! orpaH11qeHHa5! O.D:HOCB5!3Ha5! 06-

nacTh, rpaH11ua KoTopoH: 8£ - 3aMKttyra5! KycoqHo-rna.n:Ka5! KpHBa5I, 

~ E 8£, z E int E 11 Zo, Zi, ... , z,, - pa3n11qHhie TO'IKl1 113 int E. JJ:oKa-

3aTh, qTo 

(
;: _ )-t __ l _ Z - Z0 
':> z - + + ... 

i; - Z0 ( i; - Z0 )( i; - Z1 ) 

+ (z-z0 )(z-z1) ••• (z-z,,_1) + (z-z) ... (z-z) 1 

(i;- Zo)(i;- Z1 ) ... (i;- Z,.) (i;- Zo) ... (i;- Z,,) i;- Z 

17 .66. TiycTh E - 3aMKHyroe CB5!3HOe MHO)l(ecrno c O.D:HOCB5!3HhIM 

.uonOJIHem1eM. JJ:oKa3aTh, 'ITO cymecrnyeT e.n:11HcrneHtta5! cpyHKU115! 

<D(z), KOTOpa5! KOHcpOpMHO 11 0.[(HOJil1CTHO orn6pa)l(aeT BHellIHOCTh E 
Ha BHellIHOCTh e.u11H11qttoro Kpyra 11 HOpM11pOBaHa ycJIOBl1eM 

. <P(z) 
O<hm--<=. 

z 
17.67. TiycTh BhinOJIHeHhI npe.unoJIO)l(ett115! 3a.z:i:aq11 17.66. Mrto20-

LJ1?eHOM c/Ja6epa nop5!.D:Ka /1 = 0, 1, ... .D:JI5! MHO)l(eCTBa E tta3hIBaeTC5! 

MHOfO':IJieH F,,(z), KOTOpb!H COCTOl1T 113 COBOKynHOCTl1 'IJieHOB c He­

OTp11uaTeJibHhIMl1 CTerreH5!Ml1 B JIOpaHOBCKOM pa3JIO)l(eHHI1 cpyHKUI111 
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(<D(z))" B oKpecrnocrn: TO'IKH z = oo. ITycTh E = {z: iz-Zoi < r}; no­

CTpOHTh MHOfOtJJieH <Da6epa .n:m1 E. 

17.68. Jle.AtHUCKamoii nopJI,n:Ka k = 0, 1, ... pa,n:11yca r 2'. 0 Ha3bI­

BaeTcJI MHO)!(eCTBO TO'IeK { z: IPk(z)i = r, Pk(z) = (z- z1) ... (z- zk)}. ITycTh 
E - MHO)!(eCTBO TO'IeK, rpaH11uei1 KOTOporo JIBJIJieTCJI CBJ13HaJI JieM­
HYICKaTa. I1oCTpOYITb MHOfOlJJieHbI <Da6epa .D:JIJI MHO)!(eCTBa E. 

17 .69. IloCTpo11Tb MHOro'IJieHbI <Da6epa MJI MHO)l(eCTBa E = [-1, 1]. 

17.70. Ll:oKa3aTb, 'ITO BO BHYTPeHHHX TO'IKax MHO)!(eCTBa E c .n:oc­

TaTO'IHO rna,n:KOH rpaH11ueJ:i: 8£ HMeeT MeCTO paBeHCTBO 

r.n:e Fk(z) - MHOrotJJieHbI <Da6epa ,n:JIJI E, onpe,n:eJieH11e cpyttKUHYI <D(0 

,n:aHo B 3a,n:aqe 17.66. 

17.71. .[(oKa3aTJ>, qTQ nm QeJIOM cpyHKQHH f(z) BJ>lqHCJI.sieTC.sI no 

cpopMyJie (CM. BBe,n:eHYie) 

a= lim ln I f(z) 1. 
1 : 1--+~ I z I 

17. 72. Onpe,n:eJIYITh THn uenbIX cpyttKu11i1: 

1) P(z) e0 z; 2) ea: - l P(z); 
z 

3)P(z)cos(crz+a); 4) P(z)cos(a.Jz 2 +a) 

r.n:e P(z) - anre6pa11qecK11i1 non11HOM. 

17.73. ITycTh uenaJI cpyHKUHJI.flz) TaKOBa, 'ITO 

.flz) =Co+ C1Z + .... 

1) Ll:oKa3aTb cne.n:y10rrme HepaBeHcTBa: 

-
1
.-ln I f(z) I< 
lffi _ (J", 

1 : 1--+~ I z I 
-n,,11:1 -
lim -\II c,, I= lim" n!j c,, I~ a 
1n1-.~ e n--+~ 

3KBH:BaJieHTHbI. 
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2) .IJ:oKa:mTh, qTo THII cpyttKUHHj(z) EE paBeH CJ Tor.ua H TOJihKO 

Tor.ua,Kor.ua 

lim~n!I c,, I= CJ. 
n-?oo 

17.74. ITycTh j(z) E Ea H sup If (x) I< 00 • )loKa3aTh, qTo rrp11 mo-
.rER 

6oM HaTypa.rrhHOM k 

sup I !<kl (x) I~ cl sup If (x) I-
.rER .rER 

3To ttepaBeHCTBO tta3hIBaeTc5I 11.epa6e11.cm60J11 Eepmumeu11.a. 

17.75. ITycTh cpyHKU115I j(x), x E R, 6ecKotteqtto .z:i:11cpcpepeHUH­

pyeMa 11 

sup I f<k>(x) l~M d, k = 0,1,2, .... 
.rER 

)loKa3aTh, qrn cyruecrnyeT ¢YHKUH5I F(z) E Ea. KOTOpa5I coBrra­

.z:i:aeT cj(x) rrpH z = x ER. 

17.76 . .IJ:oKa3aTh, qTO eCJil1 ¢YHKU115I <D(z) HMeeT rrepHO)J; l > 0 H 

cD(z) E ET, TO 

""" 2:rik:/I <D(z) = .t...,k=-,,cke , r.z:i:e n:::; [Tl/(2n)]. 

17.77 . .D:oKa3aTh, qTo ecJIH ¢yttKUirnf(x), x ER, - tterrpephrn­

Ha5I ¢YHKUH5I c rrep110.l(OM l > 0, 11 eCJIH cyruecrnyeT ¢YHKUH5I 
'l'(z) 3KcrrotteHuHaJihHoro T11rra, MeHhlllero qeM T, TaKa5I, qTo 

sup If (x)-lf/(x) I~ CJ, TO cyruecrnyeT TPiffOHOMeTpHqecK11i1 nonH-
.rER 

HOM 
':rikxll 

<D(x) = L~=-ll c"e- , n :::; Tl/(2n), 

TaKOH, YTO sup If (x)-<I>(x) I~ CJ . 
.rER 
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Diana I 
1.2. 

1) Re w = 0, Im w = 1; 
2) rrp11n=2k+l : Rew= 0, Im w = (-1)\ 

rrp11 n = 2k: Rew= (-1/, Im w = O; 

3)Rew= 2°"r"' 21 C2111 (-l)111 Imw=O· ~m=O /1 ' ' 

4) rrp11 n = 2k + 1: Rew= 0, Im w = (-l)k+I; 
rrp11 n = 2k: Rew= (-1/, Im w = O; 

5) Rew= 114, Im w=O; 6) Rew= -413, Im w=O; 

7) Re w = ""'"' 21 (-1)"' C2"' x"-2"' i,,, ~1n=O n Y ' 
11-I 

Im w = ~ 121 
c2,,,+1 (- l)m x"-2111-1 2,,,+1 . 

L..Jm=O 11 y ' 
8) Re w = cos (2n a), Im w =-sin (2n a); 

9) Re w = 2" ( cos rp )" cos nrp Im w = 2" (cos rp )" sin nrp ; 
2 2 , 2 2 

10) Rew= 2" (sin rp)" (-1)" cos nrp, 
2 2 

I ')" ( . rp )" ( l)"+I . llfP mw= _ sm- - sm-. 
2 2 

1.4. 

1) lwl = J2i5, arg w = arctg 3; 2) lwl = 8, arg w = n; 

3) lwl = 2 12
, arg w = O; 4) lwl = 14, arg w = 0; 

n=4k, 

{ 

0, 

-n/2, n=4k+l, 
5) argw= kE Z; 

n , 11=4k + 2, 

n/2, n=4k+3, 

6) lwl = 1, arg w = 5rr./6; 7) lwl = 1, arg w = -n I 4; 

8) lwl = 2lcos a!2J, arg w = a/2; 

9) lwl = 1, arg iv= a+ 2nn E (-rr., n], 11 E Z; 

10) lwl = 2 cos cp/2, r.D,e cp = arg z E [-n, n], 

{ 

3rp I 2, I rp I:.,:; 2JZ" I 3; 

arg w = - 2JZ" + 3rp I 2, 27r I 3 < rp :.,:; Jr; 

2Jr + 3rp I 2, -Jr < rp < - 2Jr I 3. 
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1.5. 

1) z = i~, cp = n/4 + nn, 11 E Z; 2) z = i(l - '12); 

3) z = x +iv x = ±-
1
-y x < o· . , .J3 , - , 4)z=3/2-2i; 

5) ecnH n = 2, TO z = x, x E R; ecnH n f. 2, TO z = e;~, 
r.n:e cp = 2knln, k = 0, ±1, , ±[n/2], npH mo6oM /1 EN, z = 0; 

6) ecnH /1 = 1, TO z = x, x ER; ecnH /1 f. 1, TO z = e;~, 
r.n:e cp = 2krrl(11+ 1), k = 0,±1, , ±[(n+ 1)/2), npH mo6oM n EN, z = 0. 

1.11. 

r"+2cos (x+na)-r"+ 1cos (x+(n+l)a)-rcos (x-a) +cos x 
!)~~~~~~~~~~~~~~~~~~ 

r2 -2rcosa+l 

r"+ 2sin(x+ 11a)- r"+1sin(x+ (n + l)a)- rsin(x-a) +sin x 
2)~~~~~~~~'------'---'----'-~~-'---'~~ 

r2 -2rcosa+l 

3
) cosx-rcos(x-a) 

4
) sinx-rsin(x-a) . 

r2 -2rcosa+I r1 -2rcosa+I' 
sin( (n+l/2)a)-sin( a/2) 

5) 2:7=1 cos(ia) .a-::e2'ITk,kEZ: 
2sin(a/2) ' ' 

cos(a/2)-cos((n+l/2)a) 
6) 2:~1= 1 sin(ia) ,a-::e2T1k,kEZ. 

2sin(a/2) 

1.13. 

1) IlpH r1 = 0 - OTKpblTbIM map c l..(eHTPOM B T04Ke Zo 6e3 T04Kl1 zo; 
npH r1 > 0 - KOHI..(eHTpH4eCKOe KOJlbl..(0 c l..(eHTPOM B T04Ke Zo 11 pa.n:11ycaM11 

r1 11 r1; 

2) 4aCTb nJIOCKOCTH, orpam14eHHal! yrnoM paCTsopa <r2 - <r1 B T04Ke 
z = 0, KOTOp&1i1 o6pa3osaH ny4al\!H arg z = cp2 11 arg z = cp 1; 

3) npH c = 0 - MHl1Mal! OCb c Bb!KOJIOTOM T04KOM y = O; np11 c j:. 0 -
OKPY)!{HOCTb c l..(eIHpOM B T04Ke (l/(2C), 0) H pa.n:11ycoM l/(2ICI); 

4) np11 C = 0 - nei1crn11TeJibHal! ocb c BbJKOJIOToi1 T04Koi1 x = O; np11 
c j:. 0 - OKpy)!{HOCTb c ueHTpOM B T04Ke (0, -l/(2C)) 11 pan11ycoM 1/(2/CI); 

5) ceMe11cTBO nyr OKpy)!{HOCTefi, npoXOlllllllHX 4epe3 T04KH Z1 H Z2 

(BKJII04al! npl!MOJJHHei1Hble 0Tpe3KH, COelll1HlllO!lll1e T04KH z, 11 Z2); 

6) 3JIJIHTIC c cjloKycaMl1 B T04Kax z, H Z2 c 6oJJblllOM nonyocb!O, paBHOM a; 

7) rnnep6ona c cjloKycal\rn B T04Kax z1 11 z2 11 nei1crn11TeJibHOi1 nony­
OCblO, paBHOM a; 



OTBETbl K 3A)J.A 4AM 263 

' 8) KOMrnreKCHall nnocKOCTb 6e3 napa60Jibl x = -1 + y-14 H 'laCTH KOM-

nneKCHOH nJIOCKOCTH, Jie)f(all.(eH BbIWe 3TOH napa60JibI; 

9) 06oe.rurneH11e OTKpbIThIX Kpyros { z: lz-il<-V2}, lz+il<-V2} 6e3 HX 

o6meH: qacrn; 

10) OrKpbITal! o6nacTb, orpaHH'leHHM Kp!IBOH lz-zdlz-z2l=R2
, r.ne z1 11 z2 -

' Kopm1 ypasHemrn z- + az + b = 0. 3rn Kp11saJI npe.ncrnsnJieT fMT, npo113-

se,neH11e paccTOJIHHH KOTOpbIX OT z 1 11 z2 nocroJIHHO 11 paBHO R2
. 

1.14. ITp11 k i- 1 - OKp~HOCTh c ueHrpoM s TO'IKe 

e i k 
z0 = -?-- z, - - ?-- z1 11 pam:1ycoM r = - 2-- I z1 - z2 I ; lk--11 - lk--11 lk -11 

np11 k = 1 - npJIMaJI, npoxo,nJimaJI qepe3 cepe,n11Hy orpe3Ka [z" z2] 11 nep­

neH.nHKYJIJipHall npJIMoH:, npoxo,nJimeH: qepe3 TO'IKH z" z2. 

1.15. 

a) l) BttyrpeHHOCTb e,nHHH'IHOro Kpyra c ueHrpoM s TO'IKe z = 0; 
2) e,nHHH'IHaJI OKp)"'A<HOCTb c ueHrpoM s TO'IKe z = O; 
3) BHeWHOCTb e,nHHH"IHOfO Kpyra c uempoM B TO'IKe z = 0. 

6) He Jie)f(HT. 

1.16. 1) UeH'I]J OKPY2!<HOCTH s TO'IKe -bla. pamryc paseH J(b 2-ac)/ a2 
; 

3) ypasHeHHe rrpJIMOH: 

[
Z1 Z2 -Z1 Z2 l 

z- e'"z-e'" = 0, tp = 2arg(z1 - z2 ); 
z1 - z2 

5) IIJIOll.(a,nb TpeyrOJibHHKa 

lz3-z1I· lz2- z,I 
S = 

2 
sin ltpl,ltpl=larg(z3- z1)- arg(z2- z1)I; 

1 l22-21llz,-z3llzJ-z2I 
6) pa,n11yc R=- . 

2 IIm(z1z3+z3z2+z2Zi)I ' 

i lzl(z3-z2 ) +lzl(z1 -z3 )+1z3'2(z2-z1~ 
ueHTp z0 =---------------

2 Im(z1z3+ z3z2+z2zJ 
1.19. IIp11 nosopoTe ccpepbI Ha 180° BOKpyr ,n1rnMeTpa, napannenbHoro 

.neikTBHTeJibHOH OCH KOMIIJieKCHOH nJIOCKOCTH. 

1.20. CeMeHcrno oKpy)!{Hocrei1, Kaca10m11xc}l .upyr .upyra B no1110ce 
P(O, 0, l); rrpllMOH, npoxo,nllll.(eH qepe3 Ha'laJJO Koop,n11HaT, COOTBeTcrnyeT 

60JibWall OKPY)f(HOCTb, a IIpllMOH, napanneJlbHOH ei1 H OTCTOllll.(eH OT Ha'la-
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na Koop;:u-rnaT Ha pacCTO}IHJ-!e p > 0, - oKpy)!(HOCTh, Jie)!(all.la}l s nnocKOCT11, 
HaKJIOHeHHOH non yrnoM arctg p K Mep11n11aHaJibHOH nJIOCKOCTl1. 

1.24. 
1) BHyrpeHHOCTh Kpyra c ueHTµOM s T04Ke z = 0 11 pan11ycoM 

R2!-./l-R2
; 

2) sHewHoCTh Kpyra c ueHTµOM s T04Ke z = 0 11 pan11ycoM -./1 - R 2 IR; 
3) OTKpbITaR Hl1)!(HRR nonynnocKOCTh nJIOCKOCTl1 C; 
4) rrpaBaR OTKpbITaR 110JIYI1JIOCKOCTb, 3a 11CKJll04eH11eM 3aMKHyroro 

Kpyra pan11yca '13 c ueHTµOM s T04Ke (2, 0). 

1.25. 
1) ('13 + i)/2, (-'13 + i)/2, i; 2) e -i(x!S+krrl2J. k = 0, 1, 2, 3; 

3) ±efi. (cos n/8 - i sin n/8); 

4) if5 e iCaJ5+2nrrl5J, n = 0, 1, 2, 3, 4, a= n:- arc sin 3/5; 

5) e-irrJ
3

; 6) ±'12,±i'16; 7) ~2cos~e;"'14 ; 

8) ±'12 Jcos(<p/2) + sin(<p/2)J e ia, r,[(e a= ..!..arctg 1 + tg(rp/ 2) , 
2 1-tg(rp/2) 

9)±'15e;'l'12,r.ue<p=-arctg2; 10)2' 1116 ei<rrJ32+inrrl4J,n=O, 1, ... , 7; 
11) e -iCrrll 4+2

"''
17>, n = 0, 1, ... , 6. 

1.37. 
1) .LJ:ei1crn11TeJihHbIM11; 2) q11crn MHl1MhIM11. 

I'Jla6a 2 
2.3. 113 ycnos11R 3a,[(aq11 cne.uyeT TOJihKO, 4TO Jim lz,,I = lim lz~,J. 

11-400 11-too 

2.5. Yrnep)!(.ueH11e HesepHo. 

2.8. Ilp11 ycnos1111, 4TO Jim z,, = 0, mm Jim z,, = = , 11n11 Kor.ua z11 ~ 0, 
11--+oo 11-too 

n ~ no. 

2.18. He cne.D:yer. 

2.21. Jim z,, = (z1 + 2z2 ) I 3. 
11--+oo 

2.22 . .D:nR scex z, He RBRR!Ollll1XCR 'll1CTO MHl1Mb!Ml1 q11cnaM11. Ilpe.uen 

paseH 1, ecn11 Re z1 > 0, 11 paseH -1, ecn11 Re z1 < 0. I1p11 z1 =Ci, r.ue CE R, 
npe.uena He CYlllecrnyeT. 

2.23. 
l)lzl<l,z=l; 2)lzl<l; 

3) ecn11 k > 0, TO lzJ < l; ecn11k<0, TO lzl :S l; 

4) JzJ < oo ; 5) JzJ :S 1. 
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2.26. <p = 2kn, k = 0, ±1, .... 

2.29. 

265 

1) Ecn11 z = i", <p = nQ, r,L\e Q - 11ppau:11ottarrbttoe q11cno, MHOJKecrno 
rrpe.L1eJibHhIX ToqeK ecTb OKPYlKHOCTh lzl = 1; ecm1 <p = rrQ, Q - pau:110HaJJh­
Hoe q11cno, TO q11cJIO rrpe,L\eJibHbIX ToqeK KOHeqHo. EcJIH izl < 1, TO rrpe­
,L\eJibH351 TOqKa z0 = 0. Ecn11 jzj > 1, TO rrpe,L\eJihttaa TOqKa z0 = oo; 

2) 33MKHyr&IH Kpyr izl ::; l; 
3) ecn11 const = 0, TO MHO)l{ecrno rrpe,L1eJI&HhIX TOqeK Re z = O; ecn11 

const t- 0, TO MHO)l{eCTBO rrpe.neJibHbIX ToqeK - OKpy)l{HOCTb (x - c/2)2 + y2 = 
l/(4c2

); 

4) ecn11 const = 0, TO MHO)l{eCTBO rrpe,L1eJI&H&IX TOt.JeK Im z = O; ecn11 
const t 0, TO MHO)l{eCTBO rrpe,neJibHbIX TOqeK - OKpy)l{HOCTb x2 + (y + 
l/(2c))

2 = 1/( 4c) 2; 

5) 33MKHyrbIH Kpyr (x - 1/2)2 + y2 ::; 1/4; 

6) MHO)l{eCTBO (x - 1/2)2 + y2 :'.:': 114; 

7) 33MKHyrhIH Kpyr x2 + (y + 1/2)2 
::; 1/4; 

8) MHO)l{eCTBO x2 + (y + 112)2 
:'.:': 114; 

9) MHOlKeCTBO a ::; arg z ::; (3. 

2.35. Boo6me roBopa, HesepHo. 

2.42. He cne.nyeT. 

2.55. Cxo,n11Tca rrp11 a> 0, ~ > 1. A6comorno cxo,n11TCH rrp11 min( a,~)> 1. 

2.56.l)a<O; 2)a<0; 3) a<O; 4)a>l. 
e111nQi 

2.57. Harrp11Mep, z11 = , Q - 11ppau110HaJibHOe q11cno. 
ln(n+l) 

2.58. 
1) Cxo,n11Tca rrp11 z = 0, z = -1, Re z < -1; 

2) cxo,L111Tca rrp11 izl < 1, a - mo6oe; rrp11 jzj > l pacxo,L111Tca rrp11 mo-
6oM a< O; rrp11 lzl = 1, ecn11 z = eicp , TO rrp11 <pi- 2kn cxo,n11Tca rrp11 a< O; 
rrpH <p = 2kn CXO.UHTC51 rrp11 a< -1, k = 0, ± 1, ... ; 

3) CXO.UHTCH rrpH izl < e; 4) CXO.U11TCH rrp11 lzl ::; 114. 

2.59. 1) z-::/- n, nEN; 2) z = -n, nEN; 3) z-::/- nn:, nEN; 4) z-::/- ±nn:, nEN. 

2.67. He cne,L\yeT. 

2.68. He cne,L1yeT. 

2.69. l) Cxo,L\HTca; 2) MO)l{eT KaK CXO.L\HThCH, TaK 11 pacXO.L\11ThCH; 
3) CXO,L\HTC51. 
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2.74. 1) Cxo;:iJnci:i a6comorno; 2) cxon11Tci:i a6comorno; 3) a6comorno 

paCXO.llHTCH; 4) a6COJIIOTHO paCXO,llHTCH; 5) a6COJIIOTHO cxo.UttTCR; 

6) a6COJIIOTHO CXO.llHTCH. 

2.75. 1) ,[{JIR lzl < 1 CXO,llHTCH nptt JII060M a, nptt lzl > 1 paCXO,llHTCR nptt 

JII06oM a; np11 z = e;'P cxon11TCR np11 cp = 2kn, k E Z, ecJitt a < -1; ern11 

cp f. 2kn , TO CXO,llHTCR np11 a < -112; 2) CXO.llHTCR nptt z f. n, n E N; 

3) cxonttTCR np11 z f. ±1m, n EN; 4) cxon11Tci:i np11 z f. ±inn, n EN; 5) cxo­

JlHTCR np11 lzl < l; 6) CXO,llHTCH np11 lzl < 2; 7) CXOJJ;HTCR nptt z f. ±JI, II EN. 

2.76. EcJI11 pR.a; :L~J c,,1 2 
cxo.a;11TCH, TO 6ecKoHe .. rnoe npomBenrn11e 

np11 lzl < oo cxon11Tci:i; ecJitt )f(e 3TOT pR.ll pacxonttTCR, TO 6ecKOHe4Hoe 

np0113Be,lleHtte MO)f(eT CXO,llHTbCH TOJlbKO nptt z = 0. 

3.5. He cJienyeT. 

3.6. He rnenyeT. 

3.8. He cJienyeT. 

3.16. He rnenyeT. 

Fnaea 3 

3.17. <l>yHKUHR He o6R3aTeJibHO 6yneT paBHOMepHO Herrpepb!BHOH Ha 

MHO)f(eCTBe z = Z1 u Z2. 

3.18. <l>yHKUHR 6yneT paBHOMepHO HenpepbIBHOH. 

3.19. ,[{a, BepHO. 

3.21. He rnenyeT. 

3.22. He rnenyeT. 

3.26. 
11) ,[{AA cPYHI<Ulm sin z - 3TO MHOJKeCTBO T04eK z = X, z = (2k + 1)7T./2 + iy, 

k E Z, .llJIH cPYHKUHH cos z - 3TO MHO)f(ecrno TO'feK z = kn: + iy, k = 0, ±I , 

±2, ... ; 
12) ,llJIH cPYHKUHH sin z - 3TO MHO)f(eCTBO T04eK z =kn:+ iy, k = 0, ±1, 

±2, ... , ,llJIH cPYHKUHH cos z - 3TO MHO)f(eCTBO T04eK z = x, z = (2k + l)n/2 + iy, 
k = 0, ±1, .... 

3.27. 10) Il:JIH cPYHKUHH tg z - 3TO MHO)KeCTBO T04eK z = x + ikn/2, 

xER, k EZ, k f. O; z = x, x f. (2n+l)rr/2, m E Z; nni:i ctg z - 3TO MHO)Kecrno 

T04eK z = .r + kn:i/2, xER, k EZ, k f. 0; z = x, x :f. rrm, /11 E Z; 

11) z = nrr/2 + iy, 11 E Z, y :f. 0. 

3.28. 
12 a) Il:JIH cPYHKUHH sh z - 3TO MHO)KeCTBO T04eK z = x + ikrr, .llJlH 

cPYHKUHH ch z - 3TO MHO)Kecrno T04eK z = iy, .: = x + ikn:, k = 0, . ±I, ±2, ... ; 
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12 6) nm1 cpyHKUHH sh z (ch z) - :no MHO)J(eCTBO TO'-IeK 
z = iy, z = x + i(2k + l)7t/2 (z = x+ i(2k + l)7t/2), k = 0, ±1, ±2, ... 

3.33. 4) PasttoMeptto ttenpephrnHa B n. n. 4), 5), 7) 11 9). 

3.34. I) Ilp11 mo6hIX a; 2) a < 7t/2. 

3.35. 1) Ilp11 mo6h1x a; 2) a< 7t/4. 
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3.36. 3) PaBHOMepHO HerrpepbIBtta; 5) paBHOMepHo Henpephrntta; 
6) paBHOMepHO Henpeph!BHa; 7) paBHOMepHO HenpephIBHa; 8) paBHOMepHO 
HenpephIBHa. 

3.44. Yrnep)J(neH11e HeBeptto. 

I'naaa 4 

4.7. I) Cxon11Tc.ii pasHoMeptto rrp11 lzl :Sr< 1 11 np11 lzl2: R > l; 

2) cxon11Tc.si paBHOMepHo np11 lzl :S r < 1 11 np11 lzl2: R > 1; 

3) cxonHTC.s! paBHOMepHO Ha neH:CTBHTeJJbHOH OCH R. 

4.8. 1) Ecmr Re z >0, TO {f,,(z)} cxon11Tc.si np11 mo6oM a; ecJJH Re z;:: 0, 

TO cxon11Tc.ii np11 a :S O; cc1111 Re z < 0, TO {f,,(z)} pacxomnc.ii np11 mo6oM a; 

2) cxon11Tc.si pasHoMepHo Ha 0611acTH Re z ;:: i:, i: > 0, np11 mo6oM a; cxo­

n11Tc.si paBHOMeptto Ha 0611acT11 Re z ;:: 0 np11 a < 0. 

4.11. 1) Im z = O; 2) Im z = 0, xi= 2k7t, k = 0, ±1, ±2, ... ; 3) Re z = O; 
4) Re z = O, yi=2k7t, k=O, ±1, ±2, ... ; 5) lzl < l; 6) lzl > l; 
7) z = -1, -2, ... ; 8) Bc10ny cxon11Tc.ii; 9) cxon1nc.ii np11 lzl = 1, z i= l; 
10) Re z > O; 11) Re z > O; 12) Re z < -1. 

4.20. 1) A6co1110rno cxon11Tc.si np11 z = krr., k = 0, ±1, ±2, ... ; 
2) a6co1110rno pacxon11Tc.si seJne; 
3) ecmr z = krr., k = 0, ±1, ±2, ... , TO a6COJllOTHO cxonHTC.s! npH JJI060M 

p; ecmr z i= kn, TO a6co1110rno cxon11Tc.ii np11 p > l; 

4) a6co1110rno cxon11Tc.si np11 p > I nm1 mo6oro z, rrp11 p :S 1 a6co-

JJIOTHO pacxon11Tc.si seJne; 
5) a6co1110rno pacxon11Tc.ii seJne; 
6) a6COJllOTHO cxonHTC.ll rrpH z = ik1t, k = 0, ±1, ±2, ... ; 
7)lzl<l; 8)lzl>l; 9)lzl=l; IO)Rez<-1; 

11) np11 z = irr.k, kEZ, cxon11Tc.si a6comorno np11111060M pE R; np11 z = 
iy, y i= nk, cxonHTCll a6COJll-OTHO npH p > l; 

12) ecn11 z = iy, TO a6comorno cxon11TCll np11 p > l ; B 111060M npyroM 
CJJ)"1ae a6co1110THO pacxon11Tcll; 13) Re z < 0. 

4.21. 
I) Cxon11Tc.si paBHOMeptto Ha oTpe3Kax nei1crn11TeJ1hHOH npl!MOH s11na 

2rr.(n - 1) + s :S x :S 2nn - s, 0 < s < rr., 11 = 0, ± 1, ±2, ... ; 
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2) CXO.ZU!TCl! paBHOMepHO Ha 0Tpe3Kax neiiCTBHTeJibHOH npl!MOH BHlla 

2n(n - 1) + i: S x S 2mr - i:, 0 < i: < n, n = 0, ± 1, ±2, ... ; 

3) CXOJlHTCl! paBHOMepHO Ha neiiCTBHTeJibHOH OCH; 

4)Rez2:e,i: >0; S)lzl=l; 

6) pllll cxonHTCl! paBHOMepHo Ha Bceii KOMnneKcHoii nnocKOCTH C, H3 

KOTOpoii ynaneHbI Kpyrn c uempaMH B TO'!Kax z = -1, -2, ... , panHyca e > O; 

7) lzl ~ R > l; 8) lzl S r < 1; 9) lzl S 1/2 - £, 0 < e < 112; 

10) Re z 2: i::, i:: > O; 

11) CXOllHTCl! paBHOMepHO Ha OTPe3Kax MHHMOH OCH 

2n:(n - l) + e S y S 2mr - e, 0 < i:: < n, 0 < p < 1, 

npH p > 1 CXOJlHTCll Ha Bceii MHHMOH OCH Re z = 0; 

12) npH 0 < p S l cxonHTCll paBHOMepHo Ha OTPe3Kax MHHMoii ocH 

2n:(n - l) + i:: S y S 2mr - i:, 0 < i: < n, 
rrpH p > 1 CXOllHTCll paBHOMepHO Ha BCeii MHHMOH OCH Re z = 0. 

4.22. He cnenyeT. 

4.23. He cnenyeT. 
4.27. <I>yHKUHllj(Z) onpeneneHa Ha MHO)l(eCTBe iz + ll > l H l!BJil!eTCl! Ha 

HeM Herrpepb!BHOH. 

4.29. <DyHKUHll j(z) onpeneneHa Ha BCeii KOMnJieKCHOH nJIOCKOCTH C, 

KpOMe TO'IeK z =±in, 11 EN, H Ha o6nacTH cyJ.UeCTBOBaHHll HerrpepbrnHa. 

4.30. Pl!ll cxonHTC51 npH z = 0 H Re z > O; Ha o6nacTH cxonHMOCTH cyM-

Ma p51na paBHa 0. 
4.31. 06nacTb onpeneneHHll 9-cjlyHKUHH Re z > 0. 
4.32. 06nacTb cymecrnosaHHll cyMMbI pllna !Im zl < In 2. 
4.37. Yrnep)l(lleHHe HeBepHo. 

4.38. 1) .[(a, cnenyeT; 2) HeT, He cnenyeT. 

4.41. IlpH z * 0 6ecKOHe'IHOe rrpOH3BeneHHe MO)l(eT KaK CXOllHTbCll, TaK 
H paCXOJlHTbC51. 

4.44. 1) jzj < l ; 2) z EC, z # ± 11, 11 EN; 3) z EC, z #-n, n EN; 

4) z EC, z # (2k+l)mr/2, 11 EN, k = 0, ±1 , ±2, ... ; 

5) z E C, z =kn:, k = 0, ±1, ±2, ... ; 6) jzj < 1. 

4.53. He cnenyeT. 
4.54. He cnenyeT. 

I'naea 5 

5.1. 1) HeT; 2) HeT; 4) (0, O); 6) {Re z = 0) U (Im z = O}; 

7) reoMeTpH'IeCKOe MHO)l(eCTBO TO'IeK z = x + iy, TaKHX, 'ITO x = y; 
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8) HeT; 9) C; 10) z =x + i/2,x ER; 11) C \{0}; 12) 0; 13) 0; 

14) C \ {-die}. 
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5.2. 1) nz"-1
; 2) (P'Q - Q'P)/Q2

; 3) ez; 4) ie;z; 5) cos z; 6) -sin z; 
7) sh z; 8) ch z; 9) cos-2z; IO) -sin-2z; 11) ch-2z; 
12) -sh-2z; 13) ez cos ez; 14) e-z (nz"-1 - z"); 15) (l-l/z2)/2. 

5.7. HeT. 

5.22. 

1) !El. 2) E.u. P 

'

zl 2Z-a-b 
3)-epl:I _. 4)-======= 

2 z , 2 z ' 2 z , 2~1 z - a 12 + I z - b 12 

5) _I . 
2z' 

5.25. 

6) 
Ilz-al a-b 

2 I z-bl (z-a)(z-b) 

l)arccosz= ~ln(z+~z 2-l); 
I 

2)arcsinz= !1n(iz+.J1-z 2
); 

l 

3)arctgz= _.!_ln(l-z)/(i+z). 
2i 

7) _!_Ej_I_2. 
2 z l+ I z I 

5.26. Y cn0Bm1 Kourn-P11MaHa BbmOJIHeHbI. 

5.27. l) O; 2) n/2 +kn, k = 0, ±1, ±2, ... ; 3) Her; 4) O; 5) ±1. 

5.28. l) z E C: z = x, x E (0, + oo)}; 

2) {z: Z = X, XE u~_ (-Jr+ 2n7r, Jr+ 2nrr)}; ,,__ 2 2 

{ 
ad - be ad - be } 

3) z : Re , > 0, Im 2 = 0 ; 
(ez + d)- (ez + d) 

4) JI)"IH, BbIXOMIUHe 113 TO'-IKH 0 no.n yrJIOM 2krc/(n-l), k = 0, l , ... 'n-2; 

5) {z: z = iy, y E R\{O} }. 

6.5. l) i; 2) 2i. 
6.6. -Si/3. 

6.11. 27rp !(I p 1
- I a 121). 

I'naea 6 

11+! 

6.12. l) !!__ [(-lyi+1-l],11E N; 2) O; 3) 0. 
n+l 

6.33. 
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l) PaBHOMepHa51 cxo)lHMOCTb Ha MHO)!(ecrne 0 < p < Re z ::::; a< oo; 

2) paBHOMepHa51 CXO)lHMOCTb Ha MHO)!(eCTBe 0 < £ ::::: Re z :::::2 - £; 

3) paBHOMepHa51 CXO)lHMOCTb Ha MHO)!(eCTBe 0 < £ ::::: Re z ::::: l - s; 

4) paBHOMepHa51 cxo)lHMOCTb Ha mo6oM OTpe3Ke [a, PJ aeHCTBHTeJib­

HOH ocH, 0 E [a, PJ; 
5) paBHOMepHa.11 cxo)lHMOCTb Ha MHO)!(ecrne {Im z 2 0, 0 < r ::::; !zl ::::; R}. 

6.36. 

l) BC51 ITJIOCKOCTb c pa3pe30M ITO OTpm.(aTeJibHOH qacrn )leHCTBHTeJib­

HOH ocH; 

2) BC51 ITJIOCKOCTb c pmpe30M no )leHCTBHTeJlbHOH OCH (-oo, -1] H [l, +oo); 

3) BC.H rrnocKOCTb c pa3pe30M no OTPHUaTeJibHOH 'IaCTH aeHCTBHTeJib­

HOH ocH; 

4) BC51 nJIOCKOCTb c pa3pe30M no nyqy arg z = 7r +a; 

5) BC51 ITJIOCKOCTb c pa3pe30M no BepxHeH ITOJIOBHHe 0Kp)0KHOCTH lzl = l. 

6.37. 

1) Re z > 0; 2) Re z > 0; 3) Re (z - a)> O; 4) Re z > 0; 5) Re z > O; 

6) Re z >Re lool; 7) Re z > Re jooj; 8) Re (z - a) > O; 9) Re (z - a)> 0. 

cosaz 
6.38. 1) ---; 

a 

sm az 
2)--; 

a 

ea: 

3)-; 
a 

shaz 
4)-; 

a 

chaz 
5)-; 

a 

6.49. 

ea: 
6) -,--

2 
(asinbz-bcosbz); 

a- +b 
ea: 

8) -
2
--

2 
(achbz-bshbz); 

a -b 

Jii -b' -e 
2 

e":. 
7) -,--

2 
(bsin bz + acosbz); 

a- +b 

e"= 
9) -,--

2 
(ashbz-bchbz). 

a- -b 

J+= ? 1- . ? Jii 6.50. cos x-dx = sm x-dx = r;;. 
0 0 2v2 

6.51. n/2. 
6.52. 

+=Sin 2"+! (-1)" Jr 
f --dx=--X Jo ~ ?:!11+1 

,\ -

[ 

(211+1)211 (-1)" (211+1)211 ... (11+2] 
x 1- (211 + !) + + ... + . 

l · 2 II! 
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r-sin
2
"ax-sin

2
" /Jx dx = (2n-l)!! lnl/31-

6.53. J, 
o x (211)!! a 

f
-sinx ;r 

6.54. I1p11 n = 1: --dx = -; rrp11 n 2. 2 : 
0 x 2 

f:(sinx)"dx = " 1l L (-l)k c,: (n-2k)"-i_ 
x 2 (n-l)!k<1112 

6.58. 1-cos2" ax-cos2" /Jx dx=[l (2n-l)!!lnl/31]-
o x (2n)!! a 

6.59. In(~ I a). 

1 ea + 1 1 
6.64. ------. 

4 e" -1 2a 
6.65. n:(e" - 1) I 2. 

7.4. 1) n: I 3; 2) -n: /3; 3) 0. 

FnaBa 7 

271 

7.5. EcJIH I<JJHBaH y co,.a;ep)!(HT BIIyrpH cefo TO'-IY 0 H He co,.a;ep)!(HT 1 H -1, 
TO HHTerpaJI paBeH -2n: i; eCJil1 y co,.a;ep)!(HT TOJihKO o..a;Hy 113 TO'-!eK -1 HJIH 1 
H He co,.a;ep)!(HT TO'-IKY 0, TO HHTerpaJI paBeH n:i. 3tta'-!HT, 11HTerpaJI MO)!(eT 

rrpHHHMaTh TaKHe 3Ha'-!eHHH: -2n: i, -n: i, 0, n: i, 2n: i. 

7.6. 1) n: (e - e-1
); 2) 0; 3) n: i (e - e-1

); 4) O; 5) -n:i/4; 

6) (-1r12n: i(a - bf"; 7) -n:i cos i; 8) n: i/2; 9) 2n:ie"(l + a/2). 

7.7. 1) O; 2) a-1 sin a. 

7.8. n:i(l + i)/(2°'12). 

7.11. EcJI11 n = 1, TO He 6oJiee 2; ecJI11 n > 1, TO He 6oJiee 2" - 1. 

7.14. 1) 2/3; 2) l - 2i/3. 

7.17. ECJIH a* b , TO HHTerpaJI paBeH 2n:ilf(a) - f(b))/(a - b). 

7.24. n: (R2 
- r2)f(O). 

1 z-1 + 1 1-z l 
7.50. F(z) =-in-; F-(z) =-In-±-; 

2Jri z + 1 2Jri 1 + z 2 

1 1- z 
F(z) =-in-, ZE (-1,1). 

2;ri 1 + z 

7.53. l)-x2 +x-7/2; 2) .!_(1n~)
2

; 3) .!_(1n-z-)2

-;r
2

. 
2 z-1 2 1-z 2 

7.54. EcJIH jzj > I 11 z rt y, TO HHTerpaJI paBeH 



272 OTBETbl K 3A}J,A l.JAM 

1 z R+z 
-ln-Ln--+ F(z), 
2ni z-1 R- z 

r.[(e F(z) - aHanHrntJecKa.SI cpyHKUH$1 np11 JzJ > 1, 

R+z IR+zl . Ln -- = In -- + u:lr { arg(s- - z) - arg S-} 
R-z R-z 

0,[(H03H3lJH3$1 BeTBh B z-nJIOCKOCTH c pa3pe30M B,[(OJlh y, onpe.[(eJI$1eMaS! 3Ha-
1.femieM Ln I = 0. 

Diana 8 
8.2. l)R= I; 2)R=oo; 3)R=e; 4)R= l; 5)R=0; 6)R= I; 

7) R =I; 8) R = l; 9) R = 1, ecm1 Jal::::; 1, R = JaJ-', ecn11 Jal> l; 

10) R = e-1
; 11) R = e-1, ecnH Jal::::; l; R = 0, ecnH Jal> I. 

8.3. 
I) R = 1, npH a ~ 0 pS!.LI pacxo.[(HTCS! Ha rpaHHUe Kpyra CXO.LIHMOCTH, 

npH a< 0 CXO.L\HTCS! np11 Bcex z = i~. <p =I- 2mr, n = 0, ±1, ±2, ... ; 
2) R = I, PM pacXO.LIHTCS! npH Bcex z = eiq>' <p = (2n+ I)n, n = 0, ±1, ±2, .... ; 
3) R = 1/4, pS!.LI pacxo.[(HTCS! Ha rpaHHUe Kpyra CXO.L\HMOCTH; 
4) R = oo; 5) R = oo; 6) R = l, PRU CXOllHTC$1 Ha lzl = 1. 

8.6. I) R ~min (r"' rb); 2) R ~ r"rb; 3) R::::; r" I rb. 

7 

8.7. 1) -~-,, J z J < l; 2) -ln(l - z), Jzl < !; 
(1- z)-

1 1 + z 
3) -·In-, I z I< l; 4) ln(l + z), lzl <I. 

2 1-z 

8.14. ) 1 I - 11-I R 1 1 ---2 = 
1
nz , = ; 

(1- z) 11= 

1 I - (-1)" ( 2 1) II R 1 2) ---3 = _0-- n+ )(11+ z, = ; 
(1 + z) II- 2 

1 -°"'- (-1)" 211 R-JaJ· 3) -,--, - L.11=o~z , - , 
a-+ z- a-

4) 
1
,, =I-_

0
(-l)"(n+l)z2",R=l; 

(l+z-)- ,,_ 

1 °"'~ 211 R 1 5) --1 = L .. u1=0Z ' = ; 
1- z 

6) 
1

1 , =I-_
0
(-l)"(11+l)z311 ,R=l; 

(1 + z· )- II-
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7) l ="- .!.(1+(-l)
11
)z 211 R=l 

(l-z2)(4+ z2) L..11=0 5 411+1 ' . 

s.1s. 1) -
1
-. = " -,_!!___,.I z I> 1; 

(1- z)" L.. 11= z11 + 

2 _l_="- (-1)" (n+l)(n+2) I j>l· 
) (1 + z)J L..11=0 2 z11+3 ' z ' 

1 - (-1)" a 211 

3) a2 + 
2
2 = L11=0 

2
2c11+1J • I z l>I a I; 

1 - (-l)"(n+l) 
4) -" jzj>l· (l + z2 )1 - L..11=0 22c11+2> • • 

1 " - 1 I I 5) -- - - L.,, - z > 1 . 
1- z2 - n=I z2" ' ' 

6 1 - " - <-1)" <n + 1) I I> 1· 
) (l + 

2
3 )2 - L..11=0 

2
Jc11+2> • z • 

7) =" --+ -- I z I> 2 1 - ( 1 (-1)" 4
11

) 1 
(1- z2 )( 4 + z2) L..11=0 5 5 z2<11+1> , . 

8.16. 1) e' = L~=o 
211

1
, R =oo; 

Tl. 

2n+l 

2) sin z = '°'- (-1)" z R = oo· 
L.. 11=0 (2n + 1) !' ' 

z2" 
3) cos z = '°'- (-1) 11 -- R = oo· 

L..11=0 (211)!' ' 

2ft+l 

h L:- z 4) s 7 = --- R =oo· 
~ ll=0 (2n+l)!' ' 

5) chz="- ~ R=oo· 
L..11=0(211)!' ' 

6) sin 2 z = "- (-1) 11 +1 2211
-I z211 R =oo· 

L..11=1 (2n)! ' ' 

2211-I 
7) cos 2 z = 1 + "- (-1) 11 --z211 R ='"" L..n=I (211) ! ' ' 
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- - 211/2 /!Jr 
8) e- cos z = L -cos- Z

11 R =oo· 
11=0 1l ! 4 ' ' 

- • - 211/2 • /lJL II 

9) e-sm z = L -sm-z R =oo· 11=0 n! 4 , , 

211+1 

10 -e•- d = - R =oo· i
- , z 

) o t;' L11=0 (2n+ l)n!' ' 

=sin t;' - (-1)" z211+1 
11) i -di;-=_L R=oo· 0 i;- 11=0(2n+l)(211+l)!' ' 

12) r= di;- = ~- (-1)" z11+1 R = 1· 
Jo 1 + t;' L,,11=0 11+1 , , 

13) r= di;-, = L- (-1)" z2,,+1, R = 1. 
Jo 1 + ;- 11=0 211+1 

8.17. 

) 1 ~- (n + 1) II I I I I 
1 (1-z)2 =L,,11=00-zo)"+2(z-zo)' z-zo< l-zo; 

2)-1--.!.~- (-1) 11
( 

1 
-

1 Jcz-z )" z2- l - 2 L,,,,=o (z
0 

-1)"+1 (z
0

+1)"+ 1 0 
' 

lz-zol < min(IZo + ii, IZo - ii); 

3)-1-=~~- (-1)11( 1 - 1 )cz-7 )" 
z2+l 2iL,,11=0 (zo-i)11+1 (zo+i)11+1 ~o ' 

lz-Zol < min(IZo + ii, IZo - ii). 
8.18. 

1) R=~2-J3,lz-il<~2-J3; 2)R=oo,lzl<oo; 

3) R = '12, lz- ii< '12; 4) R =min{ la - ii, lb- ii}, lz - ii< R. 

8.26. 1) f(z) = I~=o 
211

1
=e=,Iz1< 00

; 

11. 

7211+1 

2) f(z) = I~=0 (-l)
11 -~- = arctg ~.I z I< 1; 

211+1 
- (211)! Z211+I . 

3) f(z)=L -o , , =arcsmz,lzl<l; 
II- 2-ll (11 !)- 211+1 

- (-1)" z211 
4) f (z) = L11=0 ~ (l1!)2,IZ1< 00

; 
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8.46. 1) Hyrr& nopJUlKa /1 + m; 

2) Hyrr& nopll.llKa k ~ min(n, m); 

3) ttyrrh nopMKa n - m, ecJIH n > m; nomoc nopMKa m - 11, ecm1m>11. 

8.47. 1) Ilopll.ll,OK HyJrn paBeH 2; 

2) nopJI.llOK HYIDI paseH 4; 

3) nopll.llOK HYJIJI paBeH 3; 
4) rropJI.llOK HYJIJI paseH 15. 

8.48. 
1) Hym1z11 =rr.11, /1 = 0, ± 1, ± 2, .. . - Hym1 rrepsoro rropJI.llKa; 

2) ttym1 z11 = (211 + l)rr./2, n = 0, ± 1, ± 2, .. . - HyJm rrepsoro rropJI.llKa; 
3) ttym1 z11 = nni, 11 = 0, ± 1, ± 2, ... - Hym1 rrepsoro rropJI.llKa; 

4) HyJm z11 = (2n+ 1 )rr./2, n = 0, ± 1, ± 2, ... - Hym1 nepsoro nopJI.nKa; 
5) Hym1 z11 = 2rr.11i, n = 0, ± 1, ± 2, ... - eyrr11 rrepsoro nopJI.ll,Ka; 

6) HyJm Z11 = rc/2 + 2nn + iln(2±.Y3), n = 0, ± 1, ± 2, ... - Hyrr11 rrepsoro 
nopJI.nKa; 

7) Hym1 z11 = rr./4 + n n, n = 0, ± 1, ± 2, ... - Hyn11 nepsoro nopJI.llKa; 
8) Hyn11 z1 = 3i, z2 = -3i, Hym1 nepsoro nopll.llKa; 
9) Hyn11 z11 = 1 I (n n), n = ± 1, ± 2, ... - Hyn11 rrepsoro nopll.llKa; 
10) ttym1 z11 = 21 (n: (2n+l)), n = 0, ± 1, ... - ttym1 nepBoro nopH~Ka; 

11) z,,.k = 11 (kn+ (-1/ arcsin(l/ 11n)), 11 = ±1, ±2, ... , k = 0, ±1, ±2, ... 

- Hyn11 rrepsoro rropJI.nKa; 

12)z11.k=l/(2krr.±arcsin 
2 

). k,n=0,±1,±2, ... -HyJmrrep-
n(2n + !) 

soro rropll.llKa. 

8.50. 1) He cyil(ecrnyeT; 2) He cyil(ecrnyeT; 

4) fiz) = l/(z + I); 5) He cyil(ecrnyeT; 

7) fiz) = z2
; 8) He cyil(ecrnyeT. 

3) He cyil(ecrnyeT; 

6) fiz) = z/(z + 2); 

8.54. 1) CyMMa pJI.na aHan11Twrna Ha C-nrrocKocrn, 3a HCKJIIO'leHHeM 

TO'leK z =±in, 11 EN; 

2) pll.ll CXO.llHTCJI Ha C-nnocKOCTH, HO cyMMa pll.na He JIBnJieTCJI 
aHanHTH'leCKOH cpyHKUHett. 

8.56. <PyHKUHJI 8(z) aHanHrnt.IHa rrp11 Re z = 0. 

8.57. 06nacTb aHan11rnt.IHOCTH - ropmOHTamHaJI nonoca lYI <In 2. 

Dzaaa 9 
9.16. 

l)Vi<lzl<2; 2)1</z/<3; 3)0</z+l/<+oo; 4)e-a</z-l/<ea; 

5) lzl = I; 6) pll.ll pacxo.n11TCJ1 B Ka)!{.llOH TO'-!Ke z E C ; 7) lz/ = 1; 
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8) 1/9 :S lzJ :S e; 9) 0 < lz - z01 < oci; 10) lzJ > a; 11) jzj > 2 I -JS ; 
12)0<Jzj<oci; 13)jzj>O; 14)0<jz+lj<3; 15) 14<jz-lj<2. 

9.17. 
1) D:orrycKaeT; 2) .JJ,OrrycKaeT; 3) He }lorrycKaeT; 4) He }lorrycKaeT; 

5) He ,ll,OITyCKaeT; 6) He ,ll,OITYCKaeT; 7) He ,ll,OrrycKaeT. 

9.20.Ec1u1 f(z)=2,~=-a11 (z-z0 )", m f(z)=2,~=-c,/11"' , r}le 

1 J2Jr itp -ill i 
C11 =- f(z0 +pe )e "'drp,,z-z0 =pe '1',r<p< R,r,R-paJlHYCbI 

2tr 0 

KOJihUa CXOJlHMOCTH pHJla JiopaHa, r < lz - z01 < R. 

9.23. 

1 - z11 1 _ a11 

l)--=2,11=0-----;;:;:(•lzl<a, --='L,,=o----;;:;:I•lzl>a; 
z-a a z-a z 

1 11-I 1 11 
2) ( )2 = L~=1

11

~.+1 , lz l<lal, ( )2 = L~=0 (n+l) ~+ 2 • lzl>lal; 
z -a a z-a z 

1 ],, 1 111 

3) ~=-2,~=o- ~<11+1J'lzl<lal, ~= L~=o ~11+l)'lzl>lal; z -a a z -a z 

4 (z-a)2 = a2 + "" - ~((n+l)a2 2an +(n-1)) jzj<Jbl 
) z - b b 2 L..n=I b" b 2 b ' , 

z-a - b , , 
( )

2 11 

z -b = 1 + L .. =-i z"+ 2 (a-(n+ 1)- 2a(n+ 2)b + (n+3)b-), Jzl> lbJ. 

9.24. = - z11 - 1+-- z <1 1 [ 1 ( (-1)
11 J} 

(1- z)(2 + z) L 11=0 3 211+! I I ' 

---=- "" -""- 1<171<2 1 1 (- -z" - l ) 
(1-z)(2+z) 3 .f:o c-2r1 .f:a z"+' ' ~ ' 

1 =.!.""- _l_[(-1)112"-l] 171>? 
(1- z)(2 + z) 3 L..,,=o ~ 11 + 1 ' ~ -· 

""= 311 +S (- l) 11 1 ""= (-1)
11 

. 
9.25. 1) L..n=O 9. 211+2 (, - + 9 L..n=O (z -1)''+1 , 

l - (-1)11+1(11+1) - (-1) 11+1-211+1 
111 

2) 9 L n=O ( z-1)11+2 + Ln=O 27. 2~11+3 (z- ) ; 
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"~ (l-n)(-i)
11 

1 8 19 1 "~ 8 ( 1 11 
3) ~11=0 (z -i)11+1 ; 4) 3(z +l) -9+ 27(z + )-~11=2 311+2 z+); 

1 = 1-(-4)11 ~ 1 1 ~ 1[
211-I 1 

s) I · 6) I · 1) I c l)" · s 11=0 z211+2 ' 11=0 z11-3 n ! ' 11=1 (211- l) ! z211-3 ' 

8) (z - 2)3 + 6(z - 2)2 + 23(z - 2)/2 + S + 

+"~ (-l) 11 (48n
2 

+72n+23) + 
~ll= I (211 + 2) !( z - 2)211 

"~ 2(-1)" 16n2+24n+5 
+~ . 

n=I (21l + 2) ! (z - 2)2'' ! ' 

1 2 "~ (2 1 1 ) II 9) - + + ~ I +-+ .. . +-- Z ; 
z 11

= 2! (n+ l)! 

0 "~ e-11 2 ( l II "~ ("~ c-V 
i ) ~11=0c-2r+ I z-) + ~k=I ~11=0 211+1c 11 +k)! + 

+C-l)k-1 L:k-1 c-1)
111 

)-1-. 
m=o m! (z -ll 

9_26_ 1 L= [ (-1)
11

• cosl _ (-1)
11 

. sinl). 
) 11=0 (2n) ! z 211 (211+1) ! z211 +l ' 

1 411 +(-1)11+1 

4) I~=O z 2(11-2) 5 

L~ 11 L:~ -11 l:~ 1 S c z + c z c=c = . 
) 11 =0 11 11 =1 -11 ' /1 - 11 k=O k !(n + k) ! 

9.27. 
1) z = 0 - rromoc nepsoro rropll.llKa, z = ±1 - nomoc nepsoro rropll)J.Ka, 

z = ro - y cTpaH11Mall oco6all TO'iKa ; 

Ji . Ji . Ji . J2 . 
2) :::1 =-(1+1), z1 =-(l-1), :::1 =-(-1+1), z. =-(-l-1) 

2 - 2 . 2 ; 2 
ecTb rromOCbl nepsoro rrop51.UKa, z = ro - ycrpaH11Ma5! oco6a51 TOl!Ka; 

3) z = i - rromoc rrepsoro rropll)J.Ka, z = ro - cyw.ecrneHHO oco6all TOl!Ka ; 
4) z = OC) - cyl.l.(eCTBCHHO oco6all TO'iKa; 

5) Zt = 2rrki, k = ±1 , ±2, . .. - noJIIOCbl nepsoro nopll.llKa, z = 0 - ycr­

paH11Mall oco6a51 TOl!Ka, z = ro - TOl!Ka HaKorrJieHHll nomocos; 
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6) z = 1 - cymecrneHHO oco6all TOqKa, z = w - ycTpatt11MaJ1 oco6al! 
TOqKa; 

7) zk = 2nki, k = 0, ±1, ±2, ... - rromocbJ rrepBoro rropll,n:Ka, z = w -
TOqKa HaKOTIJieHHll TIOJIIDCOB; 

8) Zn = 2rrn, a of. nl2+nm, 111, n = 0, ±1, ±2, zk = n - a - 2krr, k = 0, ±1, 
±2, ... - rrorr10cb1 rrepBoro rropl!,n:Ka, z = w - ToqKa ttaKorrrremrn rrorr10coB; 
a = rr/2+nm - rromoc BToporo rrop5!,n:Ka. 

9) Zn= rcn, n = 0, ±1, ... - cymecrnetttto oco6b1e ToqKII, z = w - He H30-
m1p0Battttasr oco6asr T04Ka. 

9.30. ).J,rr51 cpyttKu1111.f(z) HHTerparr ,UOJI)l{eH 6hITb paBeH HYJIID. 
Ecrr11 cpyttKUHSij(z) HMeeT TQqKy z = w cyll\eCTBeHHO oco6oi1 T04KOH, TO 

cpyHKUII5! F(z) HMeeT T04KY z = w TaK)l{e cymecrnetttto oco6oi1 T04KOH. 
Ecrr11 z = w - rrorr1Dc rrop5!,n:Ka k .UJI5! cpyttKUHH .f(z), TO z = w - nomoc no­
p5!,n:Ka k + 1 ,UJI51 cpyttKUHH F(z). Ecrr11 z = w - yCTpatt11Ma5! oco6a5! T04Ka 
.ll:JI51 cpyHKUIIHj(z), TO z =CJ:) - yCTpaHHMa5! oco6asr T04Ka HJIH TIOJil{)C nepBO­
ro nop5!,n:Ka .UJI51 cpyttKu1111 F(z). 

9.31. 1) az + b, a of. 0, 11rr11 (az + b)!(cz + d), ad - be of. O; 
2) p(z) = ao + a 1z + ... +akz\ ak of. 0, 11rr11 

a k a_k+1 0 
R(z) = ( -· )k + k-l + ... +au, a_k;e ; 

z-a (z-a) 

l1.J111 

R( ) - b a, a,,_, 0 z -az+ +--+ ... +---, a,al' ... ,a,,_1i= , a;i=ar 
z-a1 z-a,,_1 

9 .32. l) Y CTpatt11Ma5! oco6a5! rnqKa; 
2) TIOJIIOC nopsr,n:Ka kn, CCJlH T04Ka Zo CCTb HYJlb nopsr,n:Ka /1 ,UJ15! 

cpyttKUHH cp(z); npH 11 = 0 - TIOJl!OC nopsr,n:Ka k; 
3) cyll\CCTBCHHO oco6asr T04Ka. 

9.42. ,llm1 a= w yrnep)l{.uem1e tteseptto. HanpHMep, g(z) = ez,j(z) = -1. 

9.44. Yrnep)l{,n:ett11e HeBepttoe. 

Dul6a JO 
10.3. 

I)p=O; 2)p=l; 3)p=l; 4)p=l; 5)p=l; 6)p=l; 

7) p=p; 8)p=w; 9)p=w; lO)p= I; ll)p= I; 12)p=w. 



10.4. 2) a= l; 

6) a= l; 
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3) a= l; 

7) a= l; 

4)cr=ja0 j; 

10) a= .f2.; 

5) a= l; 

11) a= J2. 
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10.5. Ecm1a;=0,-1,-2,. . ., TO p = 0; B rrpornBHOM cey•-rne p = ll(l+q-p). 

10.6. 8) p =kl(k - 1). 

10.12. l)p=a-1,cr=A; 2)p= l,cr=e-1; 3)p=a,cr=a:i; 4)p=O; 
5) p = a, a = O; 6) p = O; 7) p = 1, a = 1. 

10.15. Cl>yHKIUU! f1(z) ·h(z) HMeeT TOT )Ke rropRnOK, '!TO 11 ¢YHKU1111f1(z) 
M fiz), rnrr He 6om,rne cr1 + cr2; rropRnoK ¢YHKu1111fi(z) + f 2(z) paBeH rro­
pRnKy ¢YHKUl1ttf1(z),J2(Z), rnrr paBeH CJ2. 

10.16. ITopRnoK ¢YHKu1111 f 1 (z) f 2(z) MeHbrne mm paBeH rropRnKy 
¢YHKU11H !1 (z),J2(z), THII He 60Jibll1e 2cr. IT Op Rn OK <PYHKUHH !1 (z) + h(z) He 
6oJibWe rropRnKa ¢YHKUHttf1(z),J2(z), THIT He 60Jibll1e CJ. 

10.17. ITopRnoK ¢YHKUH11 F (z) paBeH PF= pip. 

10.21. 1) Sill Z = zn-=I (1- ;2 

? ) ; 
11 n-1r 

TI- ( ( 2z )") 2) cos z - 1- - . 
-

11=0 (2n + 1);r ' 

3) Sh Z = 2 n-=I (1 + ;
2 

7 ) ; 
II 11-1r 

4) chz = IT~~,[1+C2n2+,l)n Jl 
a:_ h:_( -b) (a+:):n- (1 (a-b)2z2)· 

5) e e - a ze _
1 

+ , 
4 

, 
II- 4Jl-JZ" 

6) chz-cosz=z2 TIM=1 (1+~4
4 

?)· 
II 4n ;r-

10,22, z11.k =In j2mil + (2k+l)irr/2, 11 = ±1, ±2, ... , k = 0, ±1, ±2,. ... 

10.27. l-fcKJII-0'!11Te11bHoe 3Ha'!em1e A = 0, TA = 1, p = 2. 

10.38. 1) y(t) = Al(t- a); 2) y(t) = l/(! 2 + l); 3) y(t) = t/(1 2 + !); 
4) y(t) = 11(1 2 

- 1); 5) y(t) = t/(t 2 
- 1). 

10.39. y(t) = L:~=i ( Aj l(r - a j)) 

10.40. ,llJIR Kpyra orropHaR ¢YHKU11R k(cp) =a, .1urn OTpe3Ka MHl1MOH OCH 
[-cri, cri] orropHaR <PYHKUHR k(cp) =a jsin cpj. 

10.44. 
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1) Corrp5DKeHHaH .11,11arpaMMa D - TO'lKa t =a; 

2) corrpH)!(eHHa51 .11,11arpaMMa D - oTpe3oK MHHMOtt oc11 [- i, i]; 

3) corrpH)!(eHHaH .11,11arpaMMa D - OTpe30K MHHMOtt OCH [- i, i]; 

4) corrp51)!(eHHaH .11,11arpaMMa D - KBa.11,paT, BepwttHhI KOToporo pac-
rroJJO)!(eHhI B TO'lKax l ± i, -1 ± i; 

5) corrpjj)!(eHHaH .11,11arpaMMa D - OTPe30K .11,eiicTB11TeJJhHOtt OCH [-1, l]; 

6) corrpjj)!(eHHaH .11,11arpaMMa D - OTPe3oK .11,ei1CTB11TeJJhHOtt OCH [-1, 1]; 

7) corrpjj)!(eHHaH mrnrpaMMa D - BhlrryKJJhltt MHoroyroJJbHHK, orrpe.11,e­
MIOIUHtt KBa3HIIOJJHHOM. 

10.51. 

1) h(cp) =cos cp; 2) h(cp) = jsin cpj; 3) h(cp) = jsin cpj; 

4) h( cp) = jcos cpj; 5) h( cp) = jcos cpj; 6) h( cp) = cos ncp; 

7) h(cp) =cos cp, ecn11 cos cp 2 0, h(cp) = 0, ecn11 cos cp < 0. 

10.52. HH.11,11KaTP11ca poem h*(cp) ¢YHKUHH F(z) paBHa h(cp), ecJJH h(cp) > O; 
h*(cp)::::: 0, eCJJH h(cp) = 0, h\cp) = 0, eCJJH h(cp) < 0. 

10.53. ECJJ11 KBa311rron11HoM p(z) = j = 1, ... , k, TO HHAHKaTPHCa poem 
h.(cp) = cpj = arg dj,j = 1, ... , k. 

10.57. PaccMOTPeTh rrp11Mep ¢YHKu1111.f(z) = 1 + e'. 
zln7 10.60. <I>yHKUHH .f(z) = 1 + e - - uenaH ¢YHKUHH 3KCllOHeHUHaJibHOro 

Tttrra. B TOY:Kax z = 0, I , 2, . . . rrp11H11MaeT ueJJbJe 3HaY:ett11H, HO He HBJJHeTcH 

MHOro'lneHoM. CorrpH)!(eHHaH .11,11arpaMMa D - TOY:Ka t = In 2, KOTopaH 

ne)!(HT Ha rpaH11ue 06JJacT11 G. 
10.66. 

l)Rez:SO; 2)Rez=0; 3)-l<Rez<l; 4)Imz20; 5)Imz20; 

6) sc10.11,y pacxo.11,11TcH; 7) Im z 2 O; 8) Im z > O; 9) Im z > 0. 

10.67. 
1) { Rez<O} n { Imz<O}; 2) { Rez>O} n { lmz>O}; 
3)-ln2<Imz<ln2; 4) { Rez<2} n { lmz>-2); 
5) BHYTpeHHOCTh KBa.11,pam c Bepw11HaM11 I ± i, -I ± i. 

10.72. 

l)c=r=a=O; 2)c=r=a=O; 3)c=r=a=O; 
4) c = r = a = -oo; 5) c = r = - 1, a = O; 6) c = r = 0, a = I; 
7)c=r=a=-l; 8)c=-oo,r=-oo,a= l; 9)c=r=a=-1. 

10.80. 06naCTb CX0.11,HMOCTH - BHyTpeHHOCTb KBa.11,pam c Bepw11HaM11 
B TOY:Kax a(1 ± i), a(- I ± i) 
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I'Jiaoa 11 
11.1. 1) HeT; 2) HeT. 

• 00 (-1)" z2,,+11 
11.3. 1) sm z = L 0 ; 

oo (-1)" z2
" 

2) cos z =" . 
n= (2n+ 1)! L..11=0 (2n) ! , 

sinz 
3) tgz =--, cosz ;t:O; 

cosz . 
4) ctg z = - . - , sm z ;t: O; 

smz cosz 
II 211+! 

. L:oo z 5 e· - · ) - 11=01' 6) h " 00 _z __ 
s z = L..,,=o (2n + 1) !; n. 

211 

L
oo Z 

7) chz = --· 
n=O (2n) !' 

9) CM. 11.44; 

sh z 
8)thz=-; 

chz 

10) CM. 11.46. 

11.7. l) HeT; 2) HeT; 3) HeT. 

11.8. 

1) z = Arc sin c = Ln (ic +.Ji - c2
) Ii = arg (ic +.Ji - c2

) + 

+2kn-iln I ic+.JI-c1 I, kE Z ; 

2) z = Arccosc = Ln(c+.Jc2 -i)li = arg(c+.Jc1 -i)+ 

+ 2ktr - i In I c + .J c 2 
- i j, k E Z; 

3) z = Ln c = In lei + i arg c + 2k7ri, k E Z. 

11.38. i) 0 H w TO'IKH sernneHH» srnporo nop»./lKa; 
2) 1 H -1 TO'IKH BernneHHH BTOporo nopH,/lKa; 

3) 0 H w TO'IKH sernneHHH BTOporo nopMKa. 

11.40 / = e-rril+lklr, k = 0, ±1, ±2, .... 

11.49. l).f(-2) =In 2 + ni, .f(3) =In 3 + 2ni, f(- 4) =In 4 + 7r: i. 

. oo (-1)"-'(z-3)" 
2)j{z) =In 3 + 2m + " 

1
--'---'---

L..,,= n3" 

11.51. l)/a(i) = /rrf4
; 2)fa(i) = -eirr1

4
_ 

f " 00 
/1 11 -211 11.58. (z)=zL..,,=0 (-1) C112 z . 
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11.60. IIycTb z E R. .f(z + iO) = In ((1 - z)/( 1 + z)), ecnH z ne)!(HT Ha 

sepxHeM 6epery pa3pe3a (-1, l);j(z) =In ((z - l)/(z + 1)), ecnH z > l;f{z) = 
In ((z - l)/(z + 1))- in, ecntt z <-1;.f(z - iO) =In ((1 - z)/(l + z))- 2ni, 
ecnw z ne)!(HT Ha HH)!(HeM 6epery pa3pe3a (-1, l ). IIycTb y > 0, rnr.lla 
f(iy) = 2i arctg y. 
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11.61. f(z) = -(ni + ,= 0 

2 
2 1 )·1 <I z I< 00

• 

L..ll= (211+1) z II+ 

11.66. /(-1) = eiJTt4 efS;J'(-1) = -ss-3
'

4 e;JT14 ;f"(-l) = -3·8-714 e;JT14
. 

11.76. Ecmr D - O.D:HOCBS!3Hasi o6nacTb, TO cPYHK1.urn J f (z) 6y.n:eT 

IIMeTh 0.D:H03HaqHbie aHaJIIIHJqeCKIIe BeTBII. 

11.77. I) JI106asi seTBh y.n:osnernopsieT; 

2) mo6asi BeTBh y.n;oanernopsieT .n;aHHOMY ycnoa1110; 
3) O.D;Ha BeTBb. 

11.78. 1) .[{orrycKaeT; 2) HeT; 3) 1-1eT; 4) .D;orrycKaeT. 

11.79.1) .,h-7 =±(1-z2 _,= (211-3)!! 211) lzl<l· 
2 L..11=2 1211 z , ' 

11. 

(2 ) I '11 
2) (l-z2r 112 =±'= n .z- lzl<L 

L..11=0 (n !)2 2211 ' 

= (-1)" ;::211+1 
11.80. 1) arctg z = L 0 , I z I< l; 

11
= 2n+ l 

(-1)11-I _11 
2) In (I+ z) = L~=I 

1 
~ , I z I< 1. 

II. 

z+a ah~ 1 
11.81. In--= 2L:= 0--·-,-

1
, I z I> a. 

z - a 11
= (211+1) z- 11+ 

11.82. 
1 211+1 

1) -2'= - ,= z + (2k + l)ni 
L..11=0 (211 + l)z211+1 L..11=0(2n+1)2211 ' 

k= 0, ±1, . . . ; 

2'= 1 
2) L..11=0 (2k + J)z2k+I 

1-(-l)k 4k 
L~=' k u + 2nni, , z 

izl > 2, n = 0, ±1, .... 

( , = 1/3. (1/3+1) ..... (1/ 3 + 11 -1) --11) iJT/3 
11.83. I + L...., 11 =1 1 '- e . 

11 • 

11.84. 

l) z = 0, -1/(11:2), 00 - TO'IKH sernneHIIS!; 

2) z = -k2rr.2, k E N, rron!OChI nepsoro nopRuKa, z = oo - HeII30JIHpo­

sa1-11-1asi oco6asi TO'IKa, z = 0 - ycTpaHIIMasi oco6asi TO'!Ka. 
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11.85. 1) HeT; 2) B OKpecrnocrn a= oo He .nonycKaeT; 3) .nonycKaeT; 

4) He .nonycKaeT; 5) tte .uonycKaeT; 6) He .nonycKaeT; 

7) .uonycKaeT; 8) He .nonycKaeT. 

11.86. 1) Anre6pa1111ecKaH TOl!Ka sernneH11H 1-ro nopH.nKa; 
2) norapmpM11l!eCKaH TOl!Ka BeTBJieHl1H. 

11.87. 1) z = ±3 ; 2)) z = ±2i; 3)) z = ±2i. 

( l)" 211 
11.88. I~ - z 

n=O (2n + 1) ! 

11.89. 1/(1-z). 

11.90. YKa3aHue. IlycT& Yp - nyq 0 ~Isl < oo, arg s = p, 0 ~ p <a . <PyHK­
wrn JCs) perym1ptta 11 orpatt11l!etta B yrne larg sl ~ a < n/2, TOr,n;a ee npeo6 
pa30BaH11e Jiannaca F(z) MO)!(HO attaJil1THl!eCKl1 npo,D;OJI)!(l1Th B yron larg sl 
< rr/2 + a. PaccMOTpeTh <l>YHKu1111 

11.97. 1) B o6nacrn l < r <ea, 0 < <p < b; 
2) KOJlhUO 1 < r < ea, <p > 0; 
3) KOJlbUO l < r <ea. 

11.98. 1) B npasy10 nonynnocKOCTh Rew> O; 
2) BO BCIO nonynnOCKOCTh c pa3pe30M no .n;eiiCTBHTeJibHOH OCH. 

11.99. BcH llJIOCKOCTh c pa3pe30M no 0Tpe3KY MHHMOii OCH [-i, i]. 

11.106. l)O<Rez< l; 2)-1 <Rez< l. 

I'llaaa 12 
12.1. -2CoC1 . 

12·3· 2<p:( z0) _ 2 <p(z0;11/'(~0 ) . 
If Czo) 3 (I// (z0 )t 

a_,rp'(zo) a_k<p<k-t )(Zo) 
12.4. a 1 rp( Z0 ) + - + .. . + --''-'------'"-

- l! (k-1)! 

12.6. 1) 11; 2) -p. 

12.7. 1) 11 <p(z0); 2)-p <p(z0) . 

12.8. RI <p'(z0). 

12.9.1) resfi:z)=-1 , resj{z)=-2, resj{z)=-1; 
z= l z=2 7 : 00 

2) res j{z) = (-1)111
-
1z2/(z1 - z1)

111
, res j{z) = z/(z2 - z1)'", res j{z) = O; 

z=z1 z=z::: z=oo 

3) resj{z)= l; resj{z)=-112, resj{z)=O; 
z::::() z:;±( z=oo 
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11+! (211) ! 
4) res.f{z)=-rez.f{z)= (-1) 

z=-1 z=~ (n -1) !(n + 1) ! 

5) res j{z) = 1, n = ±1, ±2, ... ; 
z=i2nn 

6) res j{z) =-res .f{z) = -1; 
z= I z=oo 

7) res j{z) =-1, n = 0, ±1, ±2, ... ; 
z=2nfo 

8) res.f{z)=(-l)",n=0,±1,±2, ... ; 
z=an 

l 
9) rez/(z) =± ~,n=0,±1, ±2, ... ; 

z=-dn(3±2J2)+211JT 2v2 

10) res .f{z) = 0, ecm1 n < 0 11n11 n > 0 - He'-!ernoe; 
z=O 

(-1)1112 
res J (z) = --, ecn11 n = 0 11n11 n > 0- LfeTHoe, 
z=O (n+l)! 

res .f{z) = - res .f{z); 
z=oo z=O 

(-lyi+I 
11) res /(z)=-1 - 1-, n=±l,±2, ... , res.f{z)=- res.f{z); 

1.=llnJT n-Jr z=~ z=O 

12) res .f{z) =res .f{z) = O; 
z=O z=oo 

I 
13) resf(z)=+-,resf(z)=O; 

z=±i 4e z=~ 

i 1 
14) res f (z) =--,res f (z) = -; 

z=±i 4e z=~ 2e 

15) res f(z)=(-1)"(-
1
-)

2

.n=O,±l,±2, ... ; 
z=__!2_'.'._ 1- nn 

1-nJr 

16) res.f{z) =I, res.f{z) =-1; 
z=O z=O 

"~ 1 17) res .f{z) = - res .f{z) = L_.., 11 =0 ; 
z=O z=~ /l !(n + 1) ! 

18) res /(z)=-1, n=0,±1,±2, ... ; 
z=nl2+ntr 

19) res .f{z) = 0, ecn1111 - He'-!ernoe, 
z=O 
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2 2/ (22/_1) 
res j(z) = (- li+' B,f' ecm1 n = 21, l = 0, 1, 2, .. , r.ne 821 - '-rncna 
z=O (2/) ! -

1 
EepHynm1, res f (z) = - , m = 0, ±1 , ±2, ... ; 

Z=lrl2+mlr (ll / 2 + 1111!)
111 

20) res j(z) = - res j(z) = 
z=oo z=oo 

-Sin 2 + . . [ - 4211 - 4211+1 ] 

L11
=

1 (2n -1) !(211) ! L11
=

0 (2n) !(211+1) ! 

12.10. 
i2nan f1 . f1 1) ±1 ; 2)-2e , ecn11 vl = 111 Ln 1=2mn; 0, ecn11 vl = -1; 

3) 4, ecn11 .Js - z l:=I = -2; 0, ecn11 .Js - z l:=I = 2; 

4) -3, ecn11 Ln( 1 + z)iz=o= in, 0 ,ll,JUI ocTanbHhIX sernei1 Ln( 1 + z); 

5) 2; 6) a - b; 7) ±(a - b)2/8; 

8) res j(z) = 0, ecn11 /1 2: 0, res j{z) = Ln (alb) , ecm1 /1 = -1, res j{z) = 
z=O z=O z=O 

a11+I - b11+I a11+l - b11+I 

----, ecn11 n :S -2, res j{z) = , ecn11 /1 2: 0, res j{z) = -2nik, 
n+l z= n+l 

ecn11 n = -1, Ln 1 = 2nik, res j{z) = 0, ecn11 n '.S-2; 
z= 

9) e0 -l; 11 1~ , ' 10) - Iim - -2z- - z-
3 :->- z 

12.11. 
1l 1l lli 

1)-i FL.; 2) 
2

-J2.C-l+i); 3)ni; 4) - 121; 5)0; 6)2ni; 

7) -2ni cos l; 8) lOni; 9) 0; 10) 2ni; 11) -(sin l + cos l) 2ni. 

12.13. 
2;rr 2;rra 1l 

l) . 2) . 3) . 
.;02 _ 1 ' (a2-b2)312' -J2.' 

2;rr 2;rr 
4)--,, jaj<l; ---, , JaJ>l; 

1-a- 1-cr 

2;rr ;rr 1 + a4 

5)-,ecn11112:0, 0,ecmrn<O; 6) -(1-~); 7) !l--,; 
11 ! a 1-a-
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8) sin(n(b-a)/2).f(a+l)·r((b-a)/2). 
9

) 
2
n(--

2

i)"; 
2"+1l((a+b)/2+1) ' 

2n(-li a21
+

1 

10) 0, ecnH n = 2!, , , ecnH ll = 2! + l; 
I-a-

ll) ecnH 11 = k + 2t, t :'.::: 1, TO HHTerpan paseH 2n, B mo6oM npyroM cny-
qae HHTerpan paseH Hymo; 

12) nl; 13) 2nq\ 14) nl; 

12.16. 

k 15) - 2nq lk. 

1) -n/27·, 2) .J2 n/2; 3) 11 > ..!.. J;i, rcn -1/ 2). 
2' 2 (n-1)! ' 

4) rc/(4a); 

5) n ; 6) _n_; 7) n si~(n/2n); 8) rrl·3· ... ·(2n-3); 
ab(a+b) nsin~ n sm(rr/n) 211 (n-l)! 

/l 

n l 10)a_11 2nFa1·3· ... ·(2n-3). ll) l n 9
) 32 a312b512 ; .Jb 211 (11-l)! ' n · m+l 

sm--rr 
11 

12.18. 

Jr 1 1[ -11.fi . l 1[ -
1) 3 e-·(cosl-3sinl); 2) 2 e -sm.fi.; 3)

4
a

3
(a+l)e"; 

n 3n 
4) 2: 5) g; 6) :rr(e-1 -T1

); 

7) _!!_ (1- e-ab )· _!!_[1-(4 + ab)e-"b]_ 
2b2 , 2b4 ' 

Jr 
8) 2 c/3-a); 

n (e-" e-b) n _" (a+l) 
9) , , --- ;np11a=b11HTerpanpaseH -e --; 

2(b- -a-) a b 4 a3 

lO)n:a/2; ll)n:/3; 12)n:/4; 13)n/4; 

12.19. 

l) 2n:i sin t; 2) O; 
i1l 

3) -(l+t)e-'; 
2 

3 
14)-lnla!/JI. 

8 

5)1,ecn11a>l,O, ec11110<a<l; 6)lna,ecm1 a>l,O,ecn11 O<a<l; 

l 
7) ; 

n(I+a) 

In" t 
8) --, ecm1 t> I; 0, ecm1 0 < t< l; ecn11 t= l, TO 0 

II! 

rrpH /1 > l 11 Yi rrp11 n = l; 9) t''!n ! . 



OTBETbl K 3AJJ,A YAM 287 

12.23. 

1) ni sgn a; 2) n (2 sin 2 - 2 sin 3); 3) - 1l ___i___,; 4) ni sgn (Im/;); 
a ~+a-

5) ; [sin I a I +exp(- I a i .J3 I 2) (sin I% I +.J3 cos%)]; 

21li ( ;~ ;-) 7) -- e' -e- ; 
i1l 

6) --[sgn(lm~)-sgn(lmz)]; 8) in sh/;; 
~-z ~-z 

9) ni; 10) -ni; 11) na sgn a; 12) 0. 

12.25. 

1) ±2n; 2) -2in, ecm1 In (z - 2)iz=l= -ni, TO 0, ~JUI OCTaJlhHhlX BeTBeH 
In (z - 2); 3) -2in cos 1, ecm1 In (z)j,=1= ni, H 0 ~JUI ocrnrrhHhIX seTBeii In z; 

4) 2in (211 + 1), ecm1 arctg (z)j,== n/2 + nin, 11 E Z; 

5) in, ecJIH -J 4z' + 4z + 3 > O rrp11 z > 1; - in, ecn11 .J 4z' + 4z + 3 < O rrp11 
Z> l; 

6) ±2in; 7) ±in(b - af/4; 8) ±2in; 9) ±2in(a - b)b. 

12.27. 1) A.a-i ---!!----; 
sman 

TC 
3)---

2cos p1l 
· 2 

;rr sin pA 
5)----· 

sin p;rr sin ,1, ' 

1l sin(ln 2) 
7) . 

4ch(n/2)' 

l(p)cos p;rr 
2 12.29. 1) ----=-

al' 

4) -1 - cos-; 1 (lJ 1l 
p p 2p 

Jr 
12.30. 1) -. -; 2) 0; 

sm pn 

2) _n_:t(-l)k-I ka-1 . 
sin an k=I (k -1) !(n -k) !' 

JZ'(l- p) 
4) , npwp = 1 HHTerpaII paseH l/2; 

4cos pn 
2 

;rr ell 
6)--·---

2 ch(;rr I 2) 

1 1l 
8
) n . m + 1 

sm--;rr 
n 

f(p)sin p;rr 
2 2)----

a'' 

5) cos A.; 

1 r( 1 J . Jr 3) -1 - sm-; 
p p 2p 

6) sin A.. 

3) n:/4; 4) n ctg pn:; 5) n ctg pn:; 
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Tr plr 
6) -ctg -· 

2 2 ' 

Tr Tr 
7) -th-. 

2 2' 
1Z'(l - 2a-l) 

9) . np11 a '# 1, In 2 np11 a= 1; 
sm a1Z' 

8) n th 2n; 

1Z' TrCX 
10) -th-. 

2 2 
12.31. 

1Z' In a 
1)--; 

2a 
2) - ln 2

a+- ; Tr ( Jr
2

) 
2a 4 

Traa-1 
3) -.--On a -TrctgTra); 

smTra 

4) 1Z'aa-i (-ctg1Z'a In a+ . ~ J; 5) !._(ln-a-)
2 

sm Tra 2 a+l 

1 1 
6)--+- a=l /=112· 

1-a ln a' ' ' 7) ( Tr ' ) 
2a In 2 a+:-

1 + a 2
' 

Tr ( 3 3Jr) 8) - ln a - 1 - - ; 
2a 3 -Ea_ 2 4 

Tr Tr ln a Tr 
9) --::-

1
, +--

31
,; 10) -In2. 

a, - 2 a - 4 

12.32. 

I) 1Z'p(l- p); 2) _Tr_(2P 12 cos pTr -1)· 3) a(l-a)_Tr_. 
23-p sin pTr sin pTr 4 ' 2 sin cm' 

[ ( )"] Tr a 
5)-- 1- - . 

sin pTr 1 +a ' 

Tr p a" - 1 

6) . 
sin pTr (1 +a )p+i ' 

1Z' ( . p1Z' p1Z' J 7) -. -- sm-+cos--1 ; 
sm pTr 2 2 

8) ecJrn b ~ (0, 1), TO I = -.-Tr-bp-I (b -w, eCJUI b E (0, 1), TO 
sm p!i 

Tr 
l=-Trb"-1(1-b)P-ctgpTr; 9) 10)0; ll)n2

• 
11 sin (Jr In)' 

12.44. Ci-1ernoe q11c110 Hy11ei1. 

12.47. O.u11H npocrni-i HYJib. 

Diana 13 
13.6. 

1) IIp1111=2 O.UHOJIHCTHa B 0611aCTI1, B KOTOpOH HeT TOlfeK Zt. Z2, Z1 = -z2; 

2) O,UHOJIHCTHa B 0611aCTI1, B KOTOpoii HeT pa:mttlfHb!X TO'-leK Zi, Z2, Z1Z2 = I; 
3) O.UHOJIHCTHa B 0611aCTI1, B KOTOpoi-i HeT TOlfeK Zi. Z2, 

Z1=Z2+2kni,k= ±!, ±2, ... ; 
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4) OJJ.HOJI11CTHa B 06nacn1, B KOTOpOH Her pa3JIWIHblX TO'leK Zi, Z2, 
z1=-(-l)"z2+mi:, ;11= ±1, ±2, ... ; 

5) OJJ.HOITl1CTHa B 06nacr11, B KOTOpOH Her pa3ITl1'lHbIX TO"!eK Zj, Z2, 
Z1 = ±Z2 + 21111:, /1 = 0, ±1, ±2, ... ; 

6), 7) 0.D;HOITHCTHa B 06naCT11, B KOTOpOH Her pa3ITl1'IHDIX TO"!eK Zi. Zz, 

z1 = z2 + n n, 11 = ±1, ±2, .... 

13.18. IlycTb a, b E R 11 a > 0. 

1) w = az + b; 2) w = -az + b; 3) w = -i(az + b); 4) w = az +bi . 

.jl;k2 
13.19. w = (z-ib,)exp(-i(n 12 + arctg k)). 

b1 -b, 

13.20. w = eiaRz +w0. 

13.21. Ilycro w = u + iv, ror.na: 

289 

1) ceMeHCTBO npHMbIX u = a-1
; 2) ceMeHCTBO npHMbIX v = -b-1

; 

3) ceMeHCTBO OKpy)[(HOCTeH b(u2 + v2) + u + v =0 11 npHMaH u = -v; 

4) ny"IOK npHMbIX v = -ku; 

5) rry"loK oKpy)f(HOCTeH, npoxo.n;l!m11x qepe3 Ha"!ano Koop.n;1rnar 11 qe­
pe3 TO'IKY Wo = (xo + iyo) -I; 

6) ceMeHCTBo Kpl1BbIX u 1 = -v 3 I ( v + a) - raK Ha3ornaeM01e 11uccouob1. 

13.22. 
1) CeMeHcrno 0Kpy;1rnocreH 

(c - xo)[(u - h,)2 + (v - h2)2] - (11 - hi)= 0, 

(c - Yo)[(u - lz,)2 + (v - h2)2
] - (v- h2) = 0 

11 npHMbie 11 =hi. v = h1; 
2) ceMeHCTBO OKpy)[(HOCTeH lw - hi = R-1 11 ceMeHcrno ny"leH 

arg (w - h) =-a. 

13.32. 1) w = e-ia (z- z0 )/(z-z0 ), Im z0 > 0, aE R; 

2) w=e;a(::-::0 )/(z-z:-0 ), lz0 l<1,aER. 

a:: +b 
13.39. 1) w = --, a,b,c,d ER, ad -be> O; 

cz+d 

· az + b b I R d b 0 2) w=1--, a, ,c,c. E ,a - c< ; 
CZ +d 

az +b 
3) w=--, a,b,c,dE R,ad-bc<O; 

cz+d 

· az + b b l R I b 0 4) W = I ---, a, , C, G E , QG - C > . 
cz+d 
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R-z 
13.40. w = --. 

R+z 
13.41. 

-2i(z+l) (1+2i)z+6-3i 
l)w= · 2)w= ; 

4z-l-5i' 5(z-i) 

(l+i)z+l+3i iz+z+i (1-i)(z+l) 
3) w = ; 4) w = 5) w = . 

(l+l)z+3+i z+l 2 

13.42. 
(-1 + 3i) z + 1- i 

1) w = . 
(I+i)z-l+i' 

13.43. w = C3 - i) z - (1 + i) . 
(i + 1)(1- z) 

13.44. 
2+i 

1)-· 
5 ' 

13.45. 

2) 9(2 + i)_ 
5 ' 

iz + 2 + i 
2) w = . 

z +l 

9 . 
3) -+l. 

2 

1) lzl = 2; 2) Re z =Yi; 3) lz - 141= 14; 

4) Re z Re zo +Im z Im zo =Yi; 5) lz - zol = ~I z0 1
2 - l; 

6) lzl4 
- ((Re d - (Im d = O; 

7) KpHBOJIHHeHHb!H TpeyrOJibHHK c Bcp1m1HaMH B TO'!Kax 
--1 --1 --1 -
Z1 ' Z2 ' z, ' CTOpoHaMH KOTOporo l!BIDIIOTCll nyr11 OKp)l)KHOCTeH, npoxo-

)J,llll(HX 1!epe3 napy sepWHH H TO'IKY z = 0. 

13.46. 
z-i z-2i z-(a+bi) 

1) w = --. ; 2) w = i--.; 3) w = e;c" 12
+0l • 

z+1 z+21 z -(a-bi) 

--i 
13.47. w- w0 = Ri-~-.. 

:: +1 
- -?i 

13.48. IV = - .::.____:__. 
:: + 2i 

w-b . z-a 
13.49. ---- = e'a --. 

IV-b :-a 
13.50. 

27-1 2i7+1 w-a . z -a 
1) IV=-~-; 2) w = -~-- 3) IV= -iz· 4) -- = e'a __ _ 

2-z 2+i:' ' I-aw 1-az 
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\V - w ia Z - Zo 
13.51. R , _ 0 = e r 

R--w0 w r 2 -z0 z 
z-2+i 

13.52. w = 2 . 
iz + 2- 2i 

w-a · z-z z -z 
13.53. --= e'"' ---1 

, n1.e rp =n - arg 2 1 
, 

I-aw z-z;z l-z;z2 

I Z, - Z1 I a= -

11-z;z2 I +~c1-1z,12 )0-I z, 12 ) 

13.54. 

1) R
2 ia Z - a 

w= e · 
w-b ia z-a 

2) , = e 
2 

_ , 
R 2 -az' R- -bw R -az 

•-a 
3) w = R' -~-, -, Be31le a ER. 

R- -az 

13.55. 

1) w = z; ?) w = : + 2 - J3 . 
- 1+(2-.J3)z' 

3) 
. : -2 + J3 

w=1 . 
l-(2-.J3): 

(R - ki)z - R' 
13.57. w= ,kE R \{O},ecmrk=oo,Tow=z. 

: - (R + ki) 

13.63. 

1) w = -20/z; 2) w = -(2iz + 1 + 2i). 

13.64. 

z-.Jh 2 -R 2 
. .j 

1) w = .J , , e'a, p = h IR +(h I R) 2 -1; 
z+ 1i- -R-

?) 2 
ia 4z-3 

_ w= e --
4z+3 

13.65. 

ia 4z + 3 
li!JIH W = e --, h = 5/4. 

4z-3 

291 

l) ,[(ByCB.!IJHa.!I o6naCTb, orpaHH'IeHHa.11 OKpy)KHQCT.!IMlil lz - z d = 1·1, 

lz - z2I = r2 (lz2- zd > r1 + r2 11n11 lz2- z11 < h- rd). Orn6pa)KaeTc.11 Ha KOH­

ueHTPWieCKOe KOJibUO c ueHTPOM B HalJane KOOpllHHaT c nOMOlllblO cpyttKUHH 

' ' z- Z1 z- .:::! 
w=-- HJm w=-- rne 

z - z; z - z; ' 

npH 3TOM 
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1 2 2 2 f[ 2 2][ 2 2] u2 = 
2
d (fj +d -r2 +'/ d -(1; +r2 ) d -(lj -rJ , 

p = 2 1 1 2 . B HaweM cnyt.iae d = Y2, r 1 = r, r2 = Y2. 

'

(d-r -u )(r.-u )I 
(d + r2 - u2 )(!j - U1) 

2z ia Z + 24 ia 
2)w=--e 11n11w=--e ,p=2/3. 

z + 24 3z 

13.66. 

1) w = e;a z; 2 
w-1 ia z -1 

)--=e --; 
w+I z+l 

4) 
w - a _ ia z - a 
----e --. 
l+ wa l+ za 

3) 
W- i ia Z - i 
--=e --· 
w+i z+i' 

13.70. B :now o6nacTH cpyHKUIDI .[;. pacrra)J,aerc51 Ha )J,Be peryAApHI>1e ser­

BH W1(z) H w2(z) =-w1(z), W1(l) = 1. <DyHKUIDI w = W1(z) KOHcpOpMHO orn6pa­

)!(aeT 3TY o6nacTh Ha rronyrrnocKocTu Re w > 0, a w = wi(z) - Ha Re w < 0. 
13.71. <DyttKUIDI w = i(z2 

- a2
), a t- 0, orn6pa)!(aeT KOHcpOpMHO BttyrpeH­

HOCTh rrpasoif BeTBH rnrrep60Jihl; - y2 = a2 Ha sepXH!OIO rronyrrJIOCKOCTb. 

13.72. <DyHKUIDI w = .J z - p I 2 - i .J p I 2 , p > 0, orn6pa)!(aer KOHcpOpMHO 

BHellJHOCTb rrapa60Jibl y2 = 2px Ha sepxHIOIO ITOJiyrrJIOCKOCTb. 

13.74. 

1) w = - [ 
2z + .J3 -i)312 

2z-.J3-i 

3) w = 
[ 

2z + .J3 - i )
3 

2z-.J3-i 

[ 
z - J2 (1- i) )

4 

5) w = 
z - .J2 (1 + i) 

13.75. 

rz+T 
1) IV=~~; 

2) w = -
[ 

2 z + .J3 - i )
3 

2z-.J3-i 

·[2z+./3-i)312 

4) w = l 
2z-.J3-; 

4) w= rz+lexp(-~arctg 2
h,); 5) w=.Jz 2 +h 2

• 
~h 2 1-/r 
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13.76. 
1) w(z) = -(z + l/z)/2; 

2) HarrpHMep, w(z) = ~ z /(1- z); 6epercH Ta BeTBh KBa.uparnoro KOpllil, 

'ITO w(2) = ~ = i,J2; 

3) HarrpHMep, w(z) = ~(l + z) /(z -1); 6epeTCH Ta BeTBh KBaJJ;parnoro 

KOpllil, 'ITO w(O) = H = i . 

( )

4/3 

6) w= _z_ 
1- z 

13.77. YroJI 0 < arg (z + n) < rrln; rroJioca 0 < y < rr. 

13.79. 
1) B nollilpH)'lO ceTKy p = const, e = const; 

2) B crrnpaJIH p = exp ( B ~ b) , npH k = 0 s JI)"IH e = b; 

3) B yrOJI a < 8 < P , rrpH a= 0 H P = 2rr B llJIOCKOCTh C pa3pe30M no no­
JIO)!{HTeJihHOH ':laCTH .uei1:CTBHTeJihHOH OCH; 

4) BO BCIO nJIOCKOCTh c pa3pe30M 110 CllHpaJIH p = e8
; 

5) B CeKTOp p < 1, 0 < 8 < U, 11p11 U = 2rr B CJJ.11Hl1'-!HbIM Kpyr c prope30M 
no pa.uHycy v = 0, 0 :S u :S l; 

6) B 06JiaCTh p > l , Q < 8 <a, llpH a= 2rr BO BHeWHOCTb e,UHHH'IHOrQ 

Kpyra c pa3pe30M no JIY':IY v = 0, l :S u < co; 
7) B 06JiaCTh ea < p < ep , y < 8 < b, npH b - y= 2rr KOHUeHipH'leCKOe 

KOJibUO C pa3pe30M no Oipe3KY 8 = y, ea :Sp :S eP. 

13.80. 1) B rrpHMoyroJibH)'lO ceTKY u = c, v = c; 
2) ecm1 w = u + iv, TO o6pa3 eCTh rrpHMM u = In A + kv; 
3) B rronocy 0 < v <a; 
4) B nonynonocy 0 > u, 0 < v <a; 
5) B npHMoyronhHHK In r 1 < u < In r2• 

13.84. 

1) w = 
l+r'(z+z- 1

) 

514-r'(z+z-')' 

5) '12-1 ( , _, , _,) w = z- + z - +a- +a - . 

[ , ]-I [( . ) ' l -I l Jz- Z e"' 11-
13.85. w+ w = + - .-+- - . 

4(1- h) e'a z 2(1- /z) 

13.86. 
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1) 06pa30M OKp)')KHOCTH JIBJUH!TCJI .uyra OKp)')KHOCTH c KOHUaMH B TO'l­

Kax ±1, HaKJIOHeHHa5! B TO'fKe l ITO)l yrJIOM 2a K )leHCTBHTeJibHOM OCH, BHern­

HOCTb 3TOM OKp)')KHOCTH orn6pa)l{aeTCJI Ha BCIO ITJIOCKOCTb c pa3pe30M no yi<a-

3aHHOH .uyre; 

2) o6pa30M OKp)')KHOCTH JIBJI5!eTCJI 3aMKHYfaJI KpHBM, Ha3bIBaeMaJI npo­
rjJwie.M )f(yK06CK020, c TO'fKOi1 B03Bpam w = 1, npH'feM KacaTeJibHaJI B )TOM 

TO'fKe o6pa3yeT c .uei1CTBI1TeJibHOi1 OCblO yroJI 2a; BHellIHOCTb :noil: 0Kp)0KHO­

CTH orn6pa)l{aeTCJI Ha BHellIHOCTb npo<l>HJI5! )l(yi<oBCKOro. 

13.88. 
1) CeMei1crno x = c orn6pa)l{aeTCJI B ceMeiicrno rnnep6oJI c <t>oKycaMH B 

TO'fKax ±1: u
2 I cos

2 c - v
2 I sin 2 c = 1; ceMeiicrso y = c - s ceMei1CTBO 3JJJIHrr­

coB c <t>oKycaMH B TO'fKax±l: u
2 
/ch

2
c-v

2 
/sh

2
c = l; 

2) B sepXHIOIO nOJIYillIOCKOCTb; 

3) B t.JeTBepTblM KOOp.UHHaTHblH KBa.upaHT; 

4) B npaBYIO ITOJiyrrJIOCKOCTb c pa3pe30M ITO OTpe3ry (0, l]; 

5) BO BCIO ITJIOCKOCTb c pa3pe3aMH no .uei1CTBHTeJibHOi1 OCH B.UOJib JiyqeM: 

(-oo, -1], [l, oo); 

6) BO BHY'fPeHHOCTb 3JIJIHnca u
2 
/ch

2 h-v2 
/sh

2h = l c pa3pe30M no OT­

pe3KaM [-ch h, -1] H (1 , ch h] . 

13.89. 
1) CeMeiicrno x = c oTo6pa)l{aeTcJI B nyt.JoK .uyr oKpy)l{HOCTei1 c 

KOHUaMH B TOt.JKax w = ± i, BKJIIOt.Ja!OlUHH H COOTBeTCTBYIOlllHe t.JaCTH 

MHHMOH OCH; ypaBHeHHe nyt.JKa OKpy)l{HOCTeH (u - a)2 + v
2 = l + a2

, 

a = ctg 2c, ceMeHCTBO y = c OT06pa)l{aeTCJI B ceMeHCTBO OKpy:>ICHO­

cmeil AnO!IJ/OliUJl OTHOCHTeJibHO TOt.JeK w = ±i, BKJI!Ot.Ja!Omee H .ueiicT­

BHTeJibHYIO ocb; ypaBHeHHe ceMeHCTBa OKPY)l(HOCTeii AnoJIJIOHHJI : 11
2 + 

( v - b )2 = b2 
- 1, lbl > 1, b = cth 2c; 

2) B sepxHIOIO noJiyITJIOCKOCTb c pa3pe30M no MHHMOH OCH BJlOJib OT-

pe3Ka 0 :Sv :S l; 

3) BO BCIO ITJIOCKOCTb c pa3pe3aMH no MHHMOM OCH B.UOJib OTpe3Ka -1 :Sv :S l; 

4) B noJiyi<pyr lwl < 1, Rew> O; 5) B e.uHHHt.JHhIH Kpyr. 

13.90. 
l ) CeMei1crno x = c orn6pa)!(aeTcJI B B ceMeiicrno 3JJJIHncoB c cpoKycaMH 

' ' 
II - v- I ~ ~ 6 

s TO'!Kax ±I: --, - + --,- = ; ceMeHCTBO y = c - B ceMeHCTBO rHrrep OJI c 
ch-c sh-c 

u1 v1 

cpoKycaMH B TO'!Kax ±1 : --,- - - .- , - = l ; 
cos-c sm-c 

2) BO BCIO ITJIOCKOCTh c pa3pe3aMH no .ueil:CTBHTeJibHOH OCH BJlOJih JiyqeH 

(- oo, -1], [l , oo); 
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z - i 'f' e -µ e )-µ d c" I e I 1) T=--.• r;=C (T- I) 
1 

... (T- II " T+ ' i =l, 
Z +I '0 

L,µ; =2; 

- z - f3 - c'J' e )-µ 1 e )-µ,. dr c" I e J-2) T-----,r;- (T- I ... (T- II -2 + ' i -1, 
z- (3 '0 T 

3) -er: dt . 4) -cr:(l+rs)21s dr· 
r; - Jo (l -l" )2111' r; - Jo (l - 15 )415 ' 

5) r; = crJl ~ 14 
dt + C"; 

t 

6) ecm1 ypaBttett11e rrapa6oJibI p = 2 
, TO r; = i cos " Fz. 

I +cosqJ 2 

I'Raea 14 

J
: av av . 

14.3. /(z)= _ -dx--dy+C+iv(x,y),r.L1ez=x+1y,zo=xo+y0 -
-<> dy dX 

rrpo113BOJibHa5i TO'-!Ka 06nacn1 D, C - ,L1eikTBHTeJibHa5i KOHCTattTa. 
14.8. 

I) -(x2-y2)/2+C; 2) 2xy-(x2-y2)!2+C; 3) -
2 

y 
2 

+C; 
(x + y ) 

4) arg z + C; 5) rq> sin q> - r log cos q> ; 

7) y sin y ch x - x ch x cos y + C; 

9) x sin x shy - y cos x ch y + C. 

14.9. 

6) -2xyl(x2+ y2)+C; 

8) 2 arctg (xly) + 2xy + C; 

I) z2e'eia, a - L1ei1cTB11TeJibHOe; 2) A exp ( z2 I 2), A > 0; 

3) exp ( z2+ ia), a - ,L1ei1cTB11TeJibHoe; 4) Aze' , A> 0. 

14.11. A, B - ,L1ei1crn11TeJibHb1e KOHCTaHTbI: 

1) u =Ax+ B; 2) u =A arctg (Y/x) + B; 3) u =A log (x2 + /) + B; 

4) 11 = A(x2 
- /) + B; 5) u = Axl(x2 + /) + B; 6) u = Axy + B. 

14.12. A, B - L1ei1cTBHTeJibHb1e KOHCTaHTbI: 

I) Ax+ B; 2) A arctg (vlx) + B; 3) Ax/(_/+/)+ B; 4) Ayl(J + /) + B. r 
14.13. [flz)J - HeT, arg.ftz) 11 log [flz)J - ,Lia. 
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3) B sepXHIOIQ nonyrnIOCKOCTb. 

13.91. 
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1) Bo sc10 nnocKOCT& c pa3pe3aMH no ,nei1cTBITTen&Hoi1 OCH a.non& .II)"lei1 
(- oo, -1], (1, oo); 

2) B npaBYJO nonynnOCKOCTb c pa3pe30M no .neiiCTBHTeJ1bHOH OCH B1l0J1b 
.II)"la [ 1, oo ). 

13.92. 

1) B nonynonocy lul < 1t/2, v > O; 

3) B nonynonocy 0 < u < ]r./2, v > O; 

13.93. 

l)w=~z-b, w(a+b)=i; 
z-a 2 

2) B nonocy lul < 1t/2; 

4) B nonocy -1t/2 < u < 0. 

( 
z -1)2 

a 2) w = -- + tg 2 
-, w(x + Oi) > 0, npw x > l; 

z + 1 2 

3) CHa<rnna c; = ez, ,nanee KaK B 13.93, 2); 

4) CHaY:ana c;; = ez, nanee KaK B 13.93, l); 
5) cHaY:ana c; = ch z; 

6) cHaY:ana c; = z-1 orn6pa)!(aeT Ha nonocy 0 <Rec;< T 1 c pa3pe30M 
[T1,T1

]; 

7) CHaY:ana c; = T 1(z + z-1) OT06pa)!(aeT Ha nonynonocy 4-l <Rec;< T 1, 
Imc;>O; 

8); = ( z - a; b) b =a; w =; + V+i, w(oo) = 0; 

9) cHaY:ana c; = z-1 orn6paJKaeT Ha nnocKOCT& c pa3pe3oM no OTPe3KY 
[T1(a+ a-1

), l]; 
10) cHaY:ana c; = T 1(z + z-1) oro6pa)!(aeT Ha BHelllHOCTb O"IpeJKa [T1(a+ a-1), 

T 1(b + b-1
)]; 

11) w=~r1 (z+z- 1 )+1. 

13.94. w = ~ 5 + .J z 2 + 9 . 

13.95. w = iJ2 ch (;a arch z), 0 <a< Tl I 2. 

)

?/11 

13.96. \11 = ( Z II /2 + .J Z 11 
- 1 -

13.106. 
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14.14.fit) =at+ b, a, b = const, TOflbKO ecm1 u = const. 

d2u 1 du d2u 
14.16. !J.u=-, +--+--, =0, u=Alogr+B. a,.- r dr (!qr 

14.20.1. He cne,11,yeT. 
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14.20.3. Yrnep)K,11,em1e tteseptto. ,[(ocrnTO'lHO paccMoTpeTb cj>yHKl.\11!0 
u(x, y) =Re(e') B o6nacrn D = { z = x + iy, x :S 0, 0 :S y :S 1}. Ecn11 o6nacTb 
D orpatt11'1eHa, TO yrnep)K,11,ett11e septto. 

14.20.4. He cne,11,yeT. 

14.22. Ymep)f(,ll,eH11e Heseptto. ,[(OCTaTO'lHO paCCMcnpeTh clJyttKllillO u(x, y) =.xy. 

14.26.2. ConpIDKeHHM cp)'IIKUIIB 

( (J) 
= 2rR sin(fJ - rp) 

v r, 2 , • 
R + ,.- - 2Rrcos(fJ- rp) 

14.29. 

1) u(x,y) = 1; 2) u(x,y) =x; 3) u(x,y) = -, -,....::Y __ _ 
x-+y-+4x+4 

4) u(x,y) = 2.xy; 

14.30. 

5) u(x,y) = x3 
- 3x2 -3xy2 + 3/ +12x - 1. 

1) u(x,y) = l; 
y+l 

2) u(x,y) = , , , , 
x-+ (y + 1)-

x 
3) 11(x,y) = 1/2 - (lhr) arctg ((1 - x)ly); 4) u(x,y) = , , ; 

x-+ (y + 1)-

2 x 
5) u(x,y) = -arctg -. 

Jr y 

4 31 
_ l f2" (r2 

- R2 )(z0 +Rei"' d 
I . . u(z) - -J, , , rp, 

2ff 0 R-+r--2Rrcos(rp-fJ) 
iO z = Zu +re , r > R. 

x2 - y2 
14.33. u(x,y) = , , -1. 

x-+ y-

I 
14.43. u(z) = -- Ji log I z -c;I tp(fJ) I de; I+ C = ff 1,1=1 

= _ _!_Ji log I z-e;o I tp(fJ)dfJ+C, I z I< l. 
ff 1,1=1 

14.45. <DyHKUH51 H ee nepBbie np0113BO.IlHbJe orpaHH'leHbl B Ja,naHHOH 
HeorpaHJ1'1CHHOH o6naCTl1. 

14.54. Yrnep)f(,ll,ett11e Heseptto - .nocraTO'lHO paccMOTPeTu u,,(x, y) = xy, a 
o6nacTb D = { z: Im z > 0}. 
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2 2 14.55.p, =x, q, = y, P2 =x -y, q1=2xy, 

p 3 =x3 
- 3x/, q3 = 3x2-y3, p4 =x4 -6.x2/+y4, q4 =4x3y-4x/, 

P11 = i1' cos n<p, q11 =/'sin mp, n = 1, 2, .... 

14.56. 

a) YTBep)!()J;em1e a) HesepHo - ;:i;ocraTO'-IHO paccMO'IpeTb cpyttKUH!O 
v(z) =Re (exp(-i/z)), a o6nacTb D = { z: Im z > 0}; 

6) eCJil1 cyruecTByeT cpyttK.l.lilll V(t), HenpepbIBH3H Ha BCeH )leHCTBHTeJibHOH 
OCH 11 orpaHH1-1eHHM, TO yrnep)!()J;eH11e BepHoe. 

Diana 15 
15.6. 

1) O; 2) a; 3) 0; 4) 0; 5) jim wj; 6) jlm wj; 7) jRe A.j; 8) jRe /... j. 

15.26. 
r(/J + 1) n ! 

1) fJ 1 , /J > -1, Rep > 0; 2) 1 , Rep > Rd.; 
p + (p-A.r+ 

1 
Im(p + iw)"+1 

3) n. , , 
1 

, Rep> I Im w j; 
(p-+ w-r 

4) P -,),, , , Rep> (Re A.+ I Im w j); 
(p-A.)-+w-

5) h"'[.~;o n+ 
1 

e-nrp(l-e-pr), Rep> 0. 
p 

1- e-P'1 

15.27. ---
ph 

15.28. 
ta 

1) . rca + 1), 

2) 1-<l>(z~} r)le <l>( z) = };r Jo' e-11
' dr;- cpyHKUHH ourn6oK; 

3) t" 12 1,, (2.Ji); 4) J0(t) , r;:i;e J,,(t) - cpyHKUHH EeccenH nepsoro pona 

nopH;:i;Ka n (cM. 3a;:i;aqy 15.21). 

15.29. 
l)(n!f 1t"; 2)(n!f 1en"t,t> l;O, t< l;O,t= l,n> l;T1,t= l;n= l; 
3) (n!f 1e"'t"; 5) sin t; 6) cost. 

1 f "+;~ dp 1 15.32. y(t)=- ·. eP1 

4 
, =-(sint-tcosf). 

2;ri x-i~ p + 2 p- + 1 2 
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15.33. x(t) =a cos f...t + CPI 'A.) sin At. 

15.35. y(t) = (sin t - t cos t)/2. 

15.36. 

1) x(t) = e' - 2e2
' + e3

'; 2) x(t) = e-21 (1+4t + t5!20); 

3) x(t) =_!_(3-t 2 )sinr-ltcost; 
8 8 

4 {
r'(sint-tcost), O<t<n, 

) x(t) = 
-2-'ncost, t>n. 

15.37. 
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1) x(t) = /, y(t) = e1
; 2) x(t) = 2ch (ht) I 3 + cos(t) I 3, y(t) = z(t) = 

=-ch (ht) 13 + cos(t) I 3; 

{ 

1 -r 
-e ' 

3)x(t) = l-e-1-sh(t-l), 

-e-1
- sh (t -1) +ch (t- 2) 

y(t) = { -e-1~~~-;;_l), 
-e-1-ch (t-1) +sh (t-2) 

4) x(t) = - e -t, y(t) = e -r, z(t) = 0; 

0<t<1, 

1<t<2, 

t> 2, 

0<t<1, 

1<t<2, 

t > 2; 

5) x(t) =eat sin Pt; y(t) = ea1(sin Pt - 1). 

15.38. 1) <p(t) = (e1 
- e-1)14 +(sin t)/2; 2) <p(t) = 1 - t. 

1 ( 1 fx+m ) 15.44.1) u(x,t)=- q;i(x-at)+q;i(x+at)+- . lf/(z)dz ; 
2 2a ·'-"' 

1 it f x+a(t-r) 2) u(x, t) = - dr F(l], r) c/17, r.n;e 2a o x-a(t-r) 

F(~,t) = ~ f~ e-i{'f(x,t)dx; 
-v2n -~ 

I f~ (x-77)2 
3) 11(.x,t) = c-: q::i(17)exp( , d17; 

2a-vm -~ 4a-t 

( 
(x-77)' ) exp , 

I / ~ 4a-(t - r) 
4) u(x,t) = c i drL/(17, r) JN d17. 

2a-vn ° t-r 
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15.45. 

1) u(x t) = _x_ f' µ(r) ex ( x2 

) 
, 2a./n Jo (t - T) 312 p 4a2 (t - T) dr; 

2) u(x,t) = -~ r v(T) exp( X2 )dr 
v1i 0 .Jt-T 4a2(t-T) ' 

3) u(x, t) = 

= 2a~ f~ _!~:):[exp( (x-,;)
2 

) ( (x+,;)2 )] 
4a2(t-r) -exp 4a2(t-T) f(,;,r)df 

15.46. 

1) u(x, y, t) = 

= 1 J- f- ex ( (x-,;)2 +(y-17)2) 
(2aJ!ii )2 - - p 4a2t rp(,;, 1J) di; d17; 

2) u(x, y, t) = 
( ") ' , 

d 
x-~ -+(y-q)-

X r T s-s- , = (2a./n)2 ° C-lt-T)2 - _e 
4
'r<r-rJ f(;,17,r)d;d17. 

15.47. 
1) u(x, y, t) = 

X _ -[ (.r-~)'+~_,.-iJ)' (x-~)'+(y+IJ)'} 

f d,;r e 4a·r e 4a'r ;: 
(2aJ!ii)2 - Jo - c~,1J)d1J; 

(x-c)'+ r' 
2) ( ) Y f' dr f- ~ . x, y, t = C J, --, e 4a·(l-t) f(;: T)d;:. 

(2avn)2 0 (t-T)" - ~' ~' 

3) u(x, y, t) = 

= (
2
aj,;, )' Cd q J;[ /'-"'.;~;-"'' + e '•-<>;;~;' '"'' ] N . n) dn 

15.48. 1) u(x, y) = _ _!_Ji;' f(x-,;) sina,;d,;; 
a 

?) (. ) A -Jr B . - 11.x,y = e · cos2x--xsmx. 
2 

15.49. 
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(2nl+x) 2 

l)u(x,t)= Jn L~- (2nl+x)e-~ 2a 1l t312 ,, __ 

X -x'2 /4n'2t 
2)u(x,t)= e ; 

2a/;i t 312 

' x-

3) u(x, t) = _x_f µ(r) e - 4a1(r-r) dr. 
2a/;i 0 (t - r) 312 

I'naaa 16 
16.3. HeT. 

1 ~ (-l)kk! 
16.31. F(t)- - Lk=D~' ecmr a< l; 

t t 

F(t) = crJt, r,[(e Co= r~ ~dy' eCJIH a= 1, I1 
Jo 1 + y 

F(t)- (a-l)t-a logt, ecna a> 1. 

16.40. .)21l IA cos(A-1l I 4) + 0(}.-1 
). 

16.49. f (t) - at~ 3. 
a 

16.50. f (t) 7' ~sin(wt + n-/ 4). 
(I) 

1 
16.54. f (x) - - . 

2x 

16.55. f (x) - .J1l Ix· (l + 2e-'h'), x ~ +oo. 

I'naaa 17 
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17.2. JII06oe OTKpbITOe MHOJKeCTBO F B HOpMHpOBaHHOM rrpocTpaHCTBe 

He .SIBJU!eTCll MHOJKeCTBOM cymecTBOBaHHll. 

17.5. 
1) x = (x" ... , x,,)E R"11n11 C" , 

11 x 11~ = max I xk I - He cTporo BhmyKJiall Hop Ma, 

( )

Ji p 

II x II"= "L~J xk I" , p > 1, cTporo BbmyKJiall, a rrp11 p = l He 

cTporo BhmyKJiall; 



302 OTBEThl K 3A~A 4AM 

2) f(x)E LP[O,l], p2'.l, llf llP=(f~lf(x)JP dxf P, p>l,crporo Bbl­

ny10iall, a npH p = l He crporo BbmyKnall; 

3) f(x) = C[O,l] ttnH L~[O,l], II f II= sup I f(x) I 11n11 
OS.r'Sl 

II f II= essup I f(x) I He crporo BbmyKnb1e HOpMbI. 
OS:.rS:l 

17.9. TiycTb X = R 1
, F = (-1, l], x1 = 1/ 2, x2 = 1, ror.aa £(1/2, (-1, l]) = 0, 

£(1,(-1, l]) = 0, E(l +Yi, (-1, l]) = Y2, £(2·1, (-1,1]) = 1. 

17.10. IIycTb X = R2
, x =(xi. X2) E R2

, II.xii= Clxd2 + lxi) v.. 

F = {x = (x,, X2) ER, X2 = 0}, x, = (0, 1), X2 = (0, -1), E(xi. F) = E(x2, F) = 1, HO 

E(x1 + x2, F) = 0. 

17.23. HattnyqumM rp11roH0MeTp111-recKHM noJIHHOMOM .11Bn.11erc.11 

nonHHOM a cos nx + b sin nx. Tip11 mo6oM p ~ l 3TOT Hattnyqurnif noJIHHOM 

e,[(HHCTBeHeH. 

17.24. Toqtta.11 HH)f(Hllll rpattb paBHa 

q+~ + 1 rr:=llq:~~:J 
(a-../a 2 -l)" 

17.45. HaHn)"fwee np116nmKeH11e paBHO -'----,----'­
a- -1 

17.46. TiycTb 0 < k < 1, y = sn(x, k) - cPYHKUHll .5IK0611, KOTOpa.11 onpe.z:1e­
JU!eTC.ll H3 COOTHOWeHH.ll 

f' dt 
x- J, 

- 0 ~(l-t2)(1-k2t2) 

Tor.z:1a HaHJIY'flllee np116n11)!(ett11e paBHO ( 1 - J1 - \ 2
) / ( 1+~l+\2 ), 

1 = k2u+I IT"' 4 ( 2/ -1 K k) K = fl df r,[(e /L 1-1 sn , , J, . 
- 2n+l 0 ~(l-t 1 )(1-k2r2 ) 

17.63. nycTb E - 3aMKHyTOe orpaHH':IeHHOe MHOJKeCTBO, TaKOe, 'HO 

Haiinerc.11 o6nacTb G, nononmnenbHal! K £, He conep)!<aI.Uall 6ecKoHe4Ho 

ynaneHHYIO roqKy. Ecntt z0 E G , TO cPYHKUHll (z -z0r 1 
aHanHTH4Ha B E H 

He .l!Bn.11erc.ll paBHOMepHbJM npe.llenoM nocne.lloBaTeJlbHOCTH anre6pattLJe­
CKHX IlOJlHHOMOB. 
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17.68. ITycT& Pk(z) = (z - z1) ... (z - zk) = i + a,i-'+ ... +ak, JieMHM­

cKarn { z E C: IPk(z)J = r, r ~ 0} OAHOCB5!3Ha 11 orpatt11'-!11saeT MHO')l(ecrno 

E, COAep')l(al.l(ee see KOpH11 MHOro'-!JieHa Pk(z). IToJIO')l(11M 

<I>(z) = [ +. P,. (z) rk, 
rAe Bh16paHa TaKaSI seTBb KOpHS!, '-!TO 

_!_[.!_pk (z)]I/ k = [.!_(1+5.. + ... + a~ )JI/ k ~ t~ k ~ 0. 
z r r z z r 

EcJI11 n = mk, 111 EN, TO MHOro'-!JieH&1 <I>a6epa F11(z) eCTh 

F ( ) [""( )] II 1 ( k k-1 Ill ,, z = -... z = ----;;;- z +a, z + ... + ak) . 
r 

EcJI11 n He KpaTHO k, TO 

["" )]"- 1 "[ n(a, ak) -...(z - r"'k z l+k ~+ ... +/ + 

n(n ) 1 - --1 ? 

k k a, ak - ~ C_k 
+ 2! ( ~+ ... +; J + ... = F,,Cz)+ L:k=17· 

17 .69. F0(z) = 1, F,,(z) = 2 cos(n arc cos z), 11 = 1, 2, .... 

17.72. Bee cpyttKL1111111Me10T 3KcnotteHL\11aJihHhIH nm cr. 



PEllIEHIDI THIUJqHhIX 3A,II;A q 

I'Jlaaa 1 

1.3. 
1) 11 2). IIpeo6pa1yeM Bb1paJKeH11e 

(l +cos qi+ i sin qi)"= (l + iP)''. 

C O,IJ,HOH CTOpOHhl, 

( l + /Cfl)" = °""" Ckeikrp = 
~k=O /1 

"'" ck k ·'\' " ck · k = 6k=o "cos qJ+16k=o "sm (fJ 

C .UpyrOH CTOpOHhl, 

(1 + e;cp)" = 2eirpl2 (e + e ) = 2" ei11rp12cosP... = 
[ 

frp/2 -irp/2 )" 

2 2 

= 2" cos.£ cos n(/J + i2" cos .£sin n(/J . 
2 2 2 2 

IIpHpaBH11Bal! renepb .ueiicTBHTeJThHhJe 11 MHHMhie Lf acr11, nOJJYLfaeM 

"'" ck k 2" rp nrp 6 k=O ,, cos (fJ = cos2 cos 2 , 

"' " ck . k 2" (/J . nrp 
6 k=o 11 sm -rp = cos2 sm 2 . 

1.11. 1) H 2). IIycTh z = re;a i' l ; paccMorpHM cyMMY 

ir ( J II) I 

{ 

(11+1) eix, ecrr11 z = I, 

e · l+z+z-+ ... +z = .(z"+-1) 
e'-' ecn11 z * 1. 

(z -1) ' 

3Ha'-!HT, ecrr11 z * 1, TO 
cos x + r cos (x + a) + . . . + r"cos(x + na) = 

·. z"+l_l eix(r"+·tei{n+l)a_l)(re-ia_l) 
=Ree'·' --- =Re . . 

z- 1 (re'a-l)(re-ia_l ) 

,.11+2 ei(x+11a) _ ,.11+1 ei(x+(11+l)a) _ rei(x-a) + eix 

=Re------~--------~ 
r2-2rcosa+l 

r 11+2 cos(x+na)- r"+' cos(r+ (n+l)a)- rcos(x-a) +cos a 

r~-2rcos a+ l 
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1.14, 0603Ha'il1M 11CKOMOe MHO)f(CCTBO 'iepe3 f. 
I. EcJI11 z1 = z2, TO ycJios11e np11H11MaeT s11n lz - zd(l - k) = 0. 3Ha'!11T, ern11 

Zt = Z2 11 k * 1, TO r COCTOl1T 113 0.llHOtt TO'iKI1 Z1. ECJil1 Zt = Z2 11 k = 1, TO r = c. 
II. IlyCTb Zt * Z2. EcJil1 Im k * 0, TO r - nycTOe MHO)f(CCTBO; eCJil1 kE R 11 

k < 0, TO f - nycTOe MHO)f(CCTBO, TaK KaK 

lz - zd ~ 0, k lz - z2I ~ 0 
11 paBeHCTBO 06e11x qacTei1 3.llCCb HCB03MO)!(H0. 

ECJil1 Zt i= Z2 11 k = 0, TO f COCTOl1T 113 0.llHOtt TO'iKl1 Zt. ECJil1 Zr i= Z2 11 k i= 1, 
TO r - 3TO fMT z E C, paBHoynaJieHHbIX 

OT .llByx pa3Jil1'iHbIX TO'iCK Zt 11 Z2, T. e. f - C fm Z 

npHMa51 Ha KOMnJieKCHOH nJIOCKOCTl1 C, 
nepneH)ll1KYJI5ipHa51 0Tpe3KY [Zi, Z2], rrpo­

XO.llllll\a51 qepe3 ero cepen11tty. 

EcJI11 zk = Xk + iyh Xk>Yk E R (k = 1, 2), a 
z = x + iy (x,y E R) - TO'!Ka 3TOtt npSIMOtt 

f, TO ypaBHCHl1e ITp51MOtt f MO)!(HO npe)l-

CTaBl1Tb B Bl1.llC 

(x2 -xr)(x -xo) + (y2 - Yr)(y- Yo)= 0, 

Re z 

r11e Xo = (xi + x 2)/2, Yo= (y1 + y2)/2, z0 = x 0 + iy0 - cepe.n:irna OTJ'e31<a [zi, z2]. 
3To ypaBHeH11e MO)f(HO 3an11can, B Bl1.llC 

xRe(z2-z1)+ yim(z2-z1) =~(I z2 l2-I z1 12 ) 

IlycTb Terrepb Zr i= z 2 11 0 < k i= l . CTPOl1M Ha rrpSIMOH, orrpeneneHHoil TO'i­

KaMH Zt H Z2, TOT.JKH Z3 H z~' KOTOphie .llCJI51T 0Tpe30K [zi, Z2] BHyrpeHHl1M H 

BHC!llHHM o6pa30M COOTBCTCTBCHHO B OTHO!llCHl111 k, T. e. 

Z3 E [z,, Z2], a Z4 e [z,, Z2]. 

ITycTh z E r; TaK KaK z2e: r , 
TO ypaBHeH11e MO)!(HO 3am1-

caTb B s11ne lz - z11!1z - z2 = k. 
5IcHo, T.JTo OTPe3KH [z, z3] 11 

[z, z4] - 611cceKTp11ch1 BHYT-

c 
lmz 

z 

peHHero 11 BHelllHero yrnoB Re z 

TpeyroJihHl1Ka c Bep!ll11HaMH 

B TOT.JKax Zi, z H Z2. 3Hal.JHT, 113 TOT.JKH z OTPe30K [Z3, Z4] Bl1.lleH fIO.ll np51Mh!M 

yrnoM, CT03TOMY r - OKPY)!(HOCTh, noCTpOeHHa51 Ha OTPe3Ke (Z3, Z4] KaK Ha 
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i:urnMeTpe ( oKpy)f{HOCTb AnonnoH11ll). YpasHeH11e 3TOH OKPY)f{HOCTH ecTb 

lz -zol = R, rJJ,e z0 - cepe.nHHa orpe1Ka [z3, z4], a R - nonos11Ha .UJII1HhI 3TOro 

0Tpe1Ka. 

Bb1pa3HM z0 H R '-!epe1 .naHHbie 1aJJ,a'-!H. ITo onpe.neneHH!O TO'IeK z3 H z4 
nony'-IHM z3 = (z1 + kz2)/(l + k), z4 = (z1 - kz2)/(l - k). 0Tc!OJJ,a 

zo = (Z3 + Z4)/2 = (z1 - k2z2)/(l - k\ R = lz1 - zol = k2 lz2 - zd Ill - k21. 

PerneHHe 3TOH 1aJJ,a'-!H MO)f{HO nony'IHTb cTaHJJ.apTHbIM 06pa10M. IIycTb 

zk = xk +iyb xb Yk E R (k = 1, 2), z = x + iy, x, )' E R. TorJJ,a ypasHeHHe 

3a)],a'-!!1 npHH!1MaeT BH)], 

1.17. 
Bhrne.neM <PopMyJibJ, 1aJJ,aro11.1He CTepeorpa<PH'-!eCKY!O npoeKl.IHIO KOM­

nneKCHOH nnocKocrn C Ha ccpepy P11MaHa S, 11 cpopMyJihI o6parnoro orn-

6pa)f{eHHll. 

ITycTh z = x + iy, z E C. BseJJ,eM s rrpoCTpaHcTBe rrpllMoyronhHYIO JJ,e­

Kaprnsy c11cTeMy KoopJJ.11HaT - ocb Os cosnaJJ,aeT c ochIO Re z, ocb Ori 
cosrra.uaeT c och!O Im z, och Os rrep-

rreHJJ.11KynllpHa I1JIOCKOCTH c, OCH Os, 011, ( N(0. 0. 1) 

Os 06pa1yroT npasy10 rpoH.Ky. 

To'-!Ka A(1;, ~, ri) - CTepeorpacjmqecKall 

rrpoeKl.111ll TO'-IKI1 z E C Ha ccpepy P11MaHa S. 
KoopJJ,11HaThI TO'-IKH A HaxoJJ,HM KaK 

KOOpJ],HHaTbl TO'-IKH nepeceqeHHll ccpepbl 

P11MaHa, onpeJJ,eJilleMoi1 ypasttem1eM 

y 

s 2 + 11 2 +cs - 112)2 = c112)2
, • Z = X + iy 

c rrpl!MOH, rrpoxOJJ.llll.leli qepe1 TO'-IKH N, A 
H z, 1aJJ,asaeMott ypasHeHHeM 

Cs - O)l(x - O) = c11 - O)J(y- O) =Cs - l)/(O - 1). 

3Ha'-!HT, x = ~(l - (,), y = T]/(l - (,), (s * 1). 3Ha'-!eHHe s = l 03HaqaeT, 'ITO 

TO'-!Ka A cosnaJJ,aeT c TO'IKOH N (cesepHbIH rronroc c<PepbI S). TaK KaK npH 

s * l HMeeM 

lzl2 = x2 + y2 = (s2 + TJ 2)/(l - s)2 = s(l - s)/(l - si = ~(l - s), 

TO l - s = 1/(1 + lzl2) H S = xl(l + lzl2), T]= yl( l + lzl2), s = lzl2/(l + lzl2). 

1.24. 
3) ITycTb z = x + iy, TOrJJ,a 

I I z- i 1
2 I x 2 + ( y -1) 2 

2< (I+lzl2)·(l+li12) =2 I+x2+ y2 , 
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T. e. x2 + (y- 1)2 > 1 + x2 + / HJIH -2y > 0. 3Ha'fHT, y < 0. 11CKOMOe fMT -
rroJiynJIOCKOCTb Im z < 0. 

1.25. 

8) TaK KaK z = i + iP, TO 

lzl2 = cos2<p + (1 +sin cp)2 = 2 + 2 sin<p = 2 (sin (<p/2) +cos (<p/2))2
. 

ITycTb a - onHo 113 3HaqeHHH apryMeHTa z. Torna 

l+sintp cos(tp/2)+sin(tp/2) l+tg(tp/2) 
taa= = =-___;:_ __ 

<> cos tp cos ( tp I 2) - sin (<PI 2) 1- tg ( tp/2) ' 

l+tcr(cp/2) 
T. e. a= arctg "' (cM. 3anaYy 1.12). 3ttaq11T, 

1-tg(cp/2) 

.Jz =±J2jsin(tp/2)+cos(tp/2)leia/2 , rne a= arctgl+tg(tp/ 2). 
1-tg(tp/2) 

1.36. 6) ,L{oKa3aTeJibCTBO. ITycTb Z1> ••• Z11 E c - Kopmr MHOfO'fJieHaf(z), 
T. e.f(z) = (z - z1) · ••• (z - z11), rnrnaf'(z)/f(z) = l/(z - z1) + ... + l/(z - z11). 

ITycTb CUE C TaKoe, qTO f'(cu) = 0, /(cu) ot 0, 11 cu He rrp1rnanJie)!rnT BbI­
rryKnoi1 o6oJIO'fKe T04eK z,, .... z ... Torna qepe3 T04KY (J) MO)!(HO rrpoBeCTH 
rrpHMyl{), He rrepeceKal{)myw BbIITYKJIYIO o6oJIOYKY YKa3aHHbIX TO'feK. ITo-

3TOMY BeKTOpbl (J) - Z1> •.. , (J) - Z11 Jie)!(aT B 01lHOH ITOJIYIIJIOCKOCTH, orrpene­
JieHHOH 3TOH rrpHMoH.. TaK KaK 

l 

z 
z 

- , , (zotO), 
I z 1-

TO B 01lHOH IIOJIYIIJIOCKOCTH Jie)!(aT BeKTOpbl l/( (J) - z I), ... ' 11( (!) - z,i), II0-
3TOMY 

f'(w) I f(w) = l/(w - z1) + ... + ll(w- z11 ) t 0, 

'ITO HeB03MQ)!(H0. 3Ha4HT, (!) np11Ha.LJ)1e)!(HT BblrryKJIOH o6oJIO'fKe KOpHettfiz). 

F!laea 2 

2.20. <DyHKQHIO ez orrpeneJIHeM KaK ez = e'" (cosy+ i sin y). TaK KaK 

[ 
, ]1/2 - 2 . z x .y x y i 

Z = X + 1y , TO 1 + - = 1 + - + l - = (1 + -) + 2 e rp" , 
n n n 11. n 

r.D.e tg <P,, = ----1....!!!.__, n 2: 110. Tor)J.a (1 + ~)" = [(1 + .::_)\ y: ]
1112 

einrp". 
l+x/11 11 11 11 

,L{JIH .D.OKa3aTeJibCTBa HY)!(HO rroKa3aTb, 'fTO 
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[ 
' ]"/2 Jim (1 + .::)- + < cos (nip

11
) = e-' cosy, 

n--4-oo /1 IC 

[ . ]"'2 
Jim (1 + .::)- + < sin (nip11 ) = e"' sin y. 

11 -->~ n n-

[ 
. ]"'2 

lim (1+.::)-+Y: =limexp[~ln(l+x/n)2+y"!n"]= 
11-+oo n n- 11-+oo 2 

[ ( . ' )]"/2 n ?x X- -
=exp lim- -=-+-.,+1'.,+o(l/n2

) =e' 
,,_,_ 2 11 n- n-

limcos(nip,,) = Iimcos(nZ) =cosy, Jimsin(nip,,) = Jimsin(nX) =sin y, 
11-+00 II-JOO 11 11-+oo 11-400 n 

TaK KaK rrpw n -;)oo WMeeM tg<p11 - <p11 - yin, n<p11 -;) y. 

2.55. ,I(aHHhIH p}l)J, CXOJJ:JHC}l TOr)J,a 11 TOJihKO TOr)J,a, KOr)J,a CXO)J,}ITC}l )J,Ba 
pm1a 

11 (?) °"- _I 
- L..11:! fJ • 

11 

PH.U (I) cxonwTcH rrpH ex> 0 no rrp113HaKy Jlei16HWL(a 11 pacxon11rcH rrpw ex s 0, 
TaK KaK He Bh!ITOJIHlleTCH He06XO)J,11MOe ycnoBwe CXO)J,11MOCTl1 PH.Ila - o6-
ll\11M •rnett pH)J,a )J,OJI)!(eH crpeMHThCH K ttymo. PH.U (2) cxon11TcH np11 ~ > 1, a 
np11 ~ s 1 - pacxo)J,HTCH. TaK KaK 

li=.!r+i-1 l=(-1 +-1 )
1

'

2 

11 a ,/3 n2a 112p ' 

TO a6comOTHO pHll CXOLI11TCH npH min( ex,~)> 1. 

2.58. 4) IlyCTh 
(211 -1) ! z" 

ak = , ·--, Torna 
(n !t 1 + z" 

l
a11 +11= 4n

2
+2n·lzl· l+lzl" 

a" (n+l)2 l+lzl"+1 

EcJT11 lzl < I, TO Iimla"+ 1 I= 4 lzl; ecnw lzl > 1, TO Iim,a"+1 I= 4. Ilo3TOMY 
11-too a,, 11--+oo a,, 

np11 lzl < 1A pH.ll cxo)J,11TCH a6comorno no rrpH3HaKy ,I(aJTaM6epa. IIp11 lzl > 1 
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pH.U paCXO.U11TCH - He BblflOJJHHeTCH He06XO.U11MOe ycnos11e CXO.U11MOCTl1 
pH.ua. ITycTb lzl = IA, rnr.ua 

1~1= (n+lf(l+l/4"+
1
)·4 = 4n

2
+8n+4(l+l/4"+

1
J= 

a
11

+I (4n 2 +2n)(l+l/4") 411 2+211 l+l/4" 

=(l+ 
6~+ 4 )(1--~-J=l+~·~+Q11 ·-/-,e>O,IQ,,l<C(const). 

411- + 2n 4"+ +4 2 11 n +c 

IIo np113HaKy raycca pH.U CXO.U11TCH a6comorno rrp11 lzl = 1A. 
11rnK, pH.U cxo.u11TCH a6comorno np11 lzl '.S 14, np11 izl > 14 pH.u pacxo.u11TCH. 
2.75. 2) ITp11 z = 11 , nE N, 6ecKoHe•rnoe rrpmnse.ueH11e pacxo.u11TCH. 

IIycTb z =t n, rnr.ua 

( 1-..£)e=in= (1-..£)[1+..£+ z
2

, +o(-I,)] = 1-~+ 0(-I,). 
n n n 2n- n- 21i- n-

J13 cxo.u11MOCT11 pH.ua L~= 1 l/ n
2 cne.uyeT a6comoTHaH cxo.u11MOCTb .uaHttoro 

6eCKOHe1moro rrpOH3Be.ueHHH. 
OrseT: rrp11 z = /1 6ecKOHeqHoe npol13se.uem1e pacxo,UHTCH, rrp11 z =t nE N 

6ecKoHeqHoe rrpo113senem1e cxon11TCH a6comoTHO. 

I'lla6a 3 

3.26. 15) .[{oKa)l(eM CHa<rnna yrnep)l(.uemrn. s 3a.uaqe 3.26 9). Ilo orrpe.ue­
nemno cos z 11MeeM 

ei:+e-i: e·''+e-·" e-Y-e-" 
cos z = = cos x + i sin x ---

2 2 2 
Cne.uosaTeJJhHO, .UJJH lcos zl2 cnpase.un11sb1 paseHcTsa: 

I 1
2 (eY+e-·")

2 
cos(2x)-1 h1 . 2 cos z = + = c y - sm x 2 2 , 

I 1
2 (er- e-r )

2 
cos(2x) + l h' , cos z = + = s -y+cos-x. 

2 2 

AHanor11qHo, .UJJH sin z rronyq11M paseHcTsa 

I . I' h1 . ' I . I' h1 ' sm z - = s y + sm-x, sm z - = c y - cos-x. 

IIo:noMy 113 nepsoro paseHcTsa .UJJH lcos zl2 BbITeKaeT HepasettcTso 
lcos zl2 ~ ch2y, a 113 sToporo - ttepaseHcrno lcos zl2 ~ sh2y. AttanornqHhIM 
o6pa30M .UJIH lsin zl nonyq11M ttepaseHCTBa jsin zl2 ~ sh2y, lsin zj2 ~ ch2y. 

0TMeTl1M, qro paseHCTBa B 3Tl1X HepaBeHCTBaX B03M0)1(Hhl TOJJhKO 
.UJJH z = nk + iy 11n11 z = n/2 + nk +iy, k E Z. 

3.28. 12) .[{oKa)l(eM rrpe)J(.ue scero yrnep)J(,UeHHl! B 3a.uaqe 3.28. 8). Ilo 
orrpe.ueneH1110 ch z 11 sh z 11MeeM 
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e-+e - ex+ e-x ex-e-x 
ch z = = cosy+ i siny, 

2 2 2 
- - z ex-e-x . ex+ e-x 

sh z = 
e--e 

sin y. = cosy+ l 
2 2 2 

IlonoMy 11MeeM cnenyiouu1e pasettcTsa: 

lch zl2 = (e2' + e -
2')/4 +(cos 2y)/2 =(ch x)2 

- sin2y =(sh x)2 + cos2y; 

lsh zl2 = (e2' + e -2')/4 - (cos 2y)/2 =(ch xi- cos2y =(sh x)2 + sin2y. 

Ifa 3THX paseHCTB cpa3y )!(e BhITeKaeT, 'HO 

(sh x/ $ lch zl2 $(ch x/; (sh x)2 $ lsh zf $(ch x)2. 
A no 11 ecTh Tpe6yeMbie HepaseHCTBa. 0TMeT11M TaK)!(e, 11To 3HaK pa­

settcTsa B 3Tl1X HepaseHCTBax B03MO)!(eH TOJlbKO rrpH z = x + ikn HJIH 

rrp11 z = x + i(n/2 +k n), rne k E Z. 
3.34. IlocKOJihKY s YKaJaHHOH o6nacrn cjJyHKUIUI f (z) = e-11

' HBmieTCH 

cyrrep110311U11eH Herrpepb!BHblX cPYHKU11H, TO .ll.JUI JII06oro a HCXO)lHaH 
cP)'HKUHH HerrpepbIBHa . .ll:nH 11ccnenosatt11H paBHOMepHOH tterrpepb!BHOCTH 

yKaJattttoii cjJyttKU11H cnenaeM 3aMeHy rrepeMettttoii: (, = -1/z. B JTOM cny-

11ae I C I = 1 I lzl H arg C = n - arg z. Ilo3TOMY 11cxonttaS1 JanatJ:a cson«Tcsi K 

113y11eHHIO paBHOMepHOH tterrpepbIBHOCTl1 cPYHKUHH g(/;,) = eC B o6JiaCTH 

D = { (,: R < I /;, I < 00, larg Cl > n - a} . .ll:nH ycTaHosneH11H pasttoMepttoi1 tte­
rrpepbIBHOCT11 cPYHKU1111 g(I;,) = ec )J,OCTaTO'IHO rrposep11Tb HaJil11111e KOHe'l­

HOro rrpe,JJ,eJia Jim e~ rrp11 /;,ED. IlycTb s = ~+ ill Tor,JJ,a ec = e~(cos (arg s) + 
~-t~ 

i sin (arg /;,)), larg Cl> n - a. Han111111e KOHe11Horo rrpe,JJ,ena cjJyHKI.(HH e ~ Ha 

6eCKOHe11HOCTl1 6y!leT HMeTb MeCTO TOJibKO TOr,JJ,a, KOr,JJ,a ~ ~ -oo. Ho 3TO 

B03MO)!(HO TOJihKO !lIIH cnyqaH, KOr,JJ,a larg SI <:: n/2 + £, £ > 0. Cne,JJ,osaTeJih­
HO, 11CXO)J,H3}! cjJyHKUHH e- llz 6y,JJ,eT paBHOMepHO HerrpepbIBHa B yKa3aHHOH 

o6nacrn ,JJ,JijJ: a$ n/2 - £, £ > 0. 
00 

3.39. IlycTh 0 < p < n/2. 06o3tta1111M Dp = C \ LJ {z: I z - mi; I< p}. 
n=-N 

.D:oKa)!(eM rrepsoe 113 3THX HepasettcTB. IlycTh z = x + iy H z E DP' 3rn 

3Ha11m, 'ITO !lIIH nio6oro n E Z lz - n1! I <:: p, T. e. (x - n rr.)2 + y2 <:: p
2
. 

IlycTb i = x - 11n. Tor,JJ,a O!lHO 113 pasettcrn Ja,JJ,a1111 3.26 9) rrepe1111weTcH 

CJie,JJ,ylOW:11M o6pa30M: 

Jsin zJ2 = sh2 
y + sin2 i, y2 + i 2 <:: p

2
. 

tv111tt11Manhttoe 3Ha11eH11e rrpasoii 11acT11 rrocnenHero paseHcTsa 6y!leT 

!lOCTHraTbCH B cnyqae, KOr,JJ,a y = 0, ax HaXO!ll1TC}! B rrpe,JJ,enax (11 - 1) 1t + p 

$ x $ 11 n - p !lJlH tteKornporo 11 E Z. 3rn 03tta11aeT, 11To p :S Ii I :S 7f. - p. 

TaKHM o6pa30M, HMeeM uerro11Ky ttepasettcrn !lIIH z E Dp 
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jsin zj2 ~ sin2 x ~ sin2p, 

'ITO 11 Tpe60BaJIOCh !lOKa3aTb. 
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3.45. IlOCKOJihKY nm1 !al < 1 11 lzl '.S 1 BeJil1'll1Ha 1-a. z * 0' TO 11CXO)l­

Ha51 paUHOHaJibHa51 cjlyHKU1151 5!BJI51eTC51 HerrpephIBHOH, KaK cyrreprr0311UH51 

HerrpepbIBHhIX cpyHKUHH . .[(anee, H3 paBeHCTBa w = (z - a) /(a. z -1) BbITe-

a- w 
KaeT paBeHCTBO z = - ' 'ITO 03Ha'-!aeT, '-!TO 11CXO)lHa51 cjlyHKUH51 ocy-

1- a· w 
mecrnm1eT B3aHMHO-O!lH03Ha'-!Hoe coorneTcrnwe. Ocrnnoch noKa3aTh, '-!TO 

lwl ::; 1, T. e. l{TO 11CXOJJ,HOe OT06pa)!(eHHe He BhIBOJJ,HT H3 eJJ,11HH'-IHOro 

Kpyra. IlycTh z = x + iy, a= a 1 + i a 2. B TaKOM cnyqae ttepaBeHcrno lwl::; 1 
3KBHBaJieHTHOHepaBeHCTBY 

(x-aY+ (y-a2)2 < 1 
2 2 -

(a,x+a1y-l) +(a,y-a2x) 

11JIH HepaBeHCTBY 

x2 + / + jaj2::; jaj2cx2 + /) + 1, 

KOTOpoe JJ,JI51 jaj < 1 3KB11BaneHTHO ttepaBeHcrny x2 + /::; 1, '-!TO 11 TPe6oBa­

noch JJ.OKa3aTh. 

I'Jiaoa4 

4.11. 1). Ilp0Bep11M He06XO)ll1MOe ycnoB11e CXO)ll1MOCTI1 p51na: 06m11H: 

'lJieH p51na !lOJI)!(eH CTPeMI1ThC51 K ttymo. TaK KaK jsin zl =~sh2 y+sin 2x 

I 
sin nzl ~sh 2 ny + sin

2
nx 

(CM. 3a)la'-!y 3.26), z = x + iy, TO -- = ' rrpH 3TOM 
n n 

lirn IC sin nz) I nl = 0 TOJlhKO B cnyqae y = 0. Ilprr y = 0 06m11H: '-IJieH pJina 
//~<><> 

rrMeeT BH!l sin(nx)/n. Ilp11MeH5!5! rrp113HaK .[(11p11xne, rronyqrrM, '-!TO p51!l 

I~=' sin nx cxonHTCJI JJ.JIJI mo6oro xE R. IfraK, orneT: MHO)f(eCTBOM cxo­
n 

JJ,HMOCTH S!BmreTCS! Im z = 0 

4.18. flyCTh 

Torna 

f,,(z) = a (a+ l) ... [a + (n- l)]b(b + l) ... [b+ (n-1)] z" 

n!c (c+l) ... [c+(n-1)] 

l
f,,+1(z)I ='(a +n)(b+ n) ._z_, = hl.,Cb+n)(a + n)I · 
f,,(z) (c+n) (n+l) n+l c+n 
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11o3TOMY Jim I J, .. +i (:::)I= z. Cne.uosaTeJihHO, 11cxo.uHhii1 pi!.ll cxo.u11TCH a6co­
,,_.~ f11(z) 

JIIDTHO np11 jzj < l; np11 jzj > l pH.ll pacxo.u11TCH. 

PaccMOTpHM e.u11H11 1rny1D oKpy)l(HOCTh jzj = 1. Ha :noM MHO)l(ecrne 

l
f,, +1(z) I ( 1)1 c+n I 
f,,(z) = n+ (b+n)(a+n) . 

(11+ l)(c+n) 
I1peo6pa3yeM Bh1pa)l(eH11e : 

(b+n)(a+n) 

(n + l)(c + n) -(1 + ~J(1 +~J(1 + !:.J-1 (1 + ~J-1 = 
(b+n)(a+n) n n n n 

= I+--+o - 1---+o - = l + +o - . [ 
c + l ( l J] [ b +a ( l J] c + 1- a - b ( l J 

n n n n n n 

I1TaK, 

l_[J!l_I =Ir+ c+ 1-(a +b) +o(~)I = 
111+1 (z) n n 

= \( 1 +Re (c+ 1)~1 (a +b) + ilm (c+ 1) ~(a +b) JI= 

=[(t+Re (e+l)~(a+b))'+(rm (e+l)~(a+b))'J" +a(~)= 
=l+Re (c+l)-(a+b) +o(~J. 

11 11 

110 11p113HaKy faycca .llJI.fl 3HaKOIIepeMeHHhIX pi!.llOB CJie.UyCT, 'ITO a6COJIIDT­

HaH cxo.u11MOCTh pH.ua I~=I !,, (z) Ha MHO)l(ecrne jzj = l 6y.ueT TOJihKO np11 

Re( (c + 1)-(a + b)) > l 11J111 Re(a + b - c) < 0-TeM caMhIM 3a.uacm peweHa. 

4.25. 11yCTh 
z2 I z 12'" 

f,,(z)= (l+/)", Tor.ua ~IJ,,(z)j=ll+z 2 I 

Jim~ I /,, ( z) I = -
1
- 2 • 11ono)l(l1M z = re;~ rro yrnoBHID jcpj~n/4 H I l +z212 = 

II->~ 11 + z I 
(l + r2 cos2cp)2 + r4sin 2cp = l + r4 + 2r2 cos 2cp;::: 1 + r4 > 1, ecJIH z '# 0. 

11o3TOMY p.l!J( I~= 1 !,, (z) cxo.UHTCH a6comorno Ha MHO)l(ecrne {z: /arg zj ~ :rr.14 }. 

11oKa)l(eM, 'ITO Ha )TOM MHO)l(eCTBe HeT paBHOMepHOH CXO.llHMOCTH. PaCCMOTPHM 
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~~ 7~~ l S z -S z = ~ z =z-~ 
( ) 11 ( ) k=u+lfk( ) k=u+I (l+ z2)k 

l 
--2 -k , z * 0, S(O)-Si0)=0 
(1 + z ) 

11 ccpopMyJI11pyeM KOHTp-ycJIOBHe K Kp11Tepmo KowH paBHOMepHOH CXOllH­
MOCTH cpyHKU110HaJibHOro pHna: 

:le:> 0 VN :Jn~ N, ::lz E Z: jS(z) - S11(z)I ~ £. 

B3HB B Ka4ecrne £ =112e, z11 = 11 J;i,, 6yneM HMeTb 

Is( ~)-s11 ( ~)I= 1 
11 >_!_, Vn~n0 . 

-vn -vn (l+l/n) 2e 

4.33. 6) ITycTb f,,(z) = 11
11 e11

' : , TOr)l,a I J,, (z) I= n11 e11
' Re:. PaccMOTPl1M 

3aMKHYTYIO o6JiacTb Re z < -8, 8 > 0. B JTOH o6JiaCTH Jf,,(z)j ~ 11
11 e-1120 

• PH)], 

L~= ' n 11 
e-

1120 

cxo):(11TCH, cJie):(oBaTeJibHO, pH)], L~=' J,, (z) cxo)l,HTCH paBHO­

MepHo B 3aMKHYTOH 06JiacT11 Re z :S -8 rro rrp113HaKy Bei1epwTPacca. A TaK 
KaK KmK):\bIH 4JieH f,,(z) pHna HBJIHeTCH HerrpepbIBHOH cpyHKU11eH, TO H cyM-

Ma pH.L\a L~= 1 J,, (z) - tterrpepbrnHaH cpyHKUl1H B o6Jiacrn Re z < -8 )l,JIH 

JII06oro 8 > 0. 0TCIOlla CJienyeT, 'ITO cyMMa pH):(a HBJIHeTCH HerrpcpbIBHOW 
cpyttKu11ei1 B o6nacrn Re z < 0. 

(-1) 11+1 l l 
4.45. ITycThj,,(z) = -----=-i;;-;;-, rnrna IJ,,(z)I = (lnll )Re· = ~. B o6Jiacrn: 

e· e - n -

Re z > l PHll L~= 1 ;c· CXO)l,11TCH, ITOJTOMY cxomncH pH.L\ L::J f,,(z) I 11 
ll -

( 
(-1)

11
+1 J 

rrpOH3Be)l,eH11e n~=I l + e:ln11 CXO):\HTCH a6coJIIOTHO. PaCCMOTPHM 06-

JiaCTb Re z > 112. IToKa)!(eM, 4TO B JTOH o6rracTH rrpo1nse):(ett11e cxo)l,11TCH. 

(- !)11+1 
11crronb3YH Janaqy 4.31, 11MceM L::=, ~ = L:=, (-1) 11

+
1 
e-:ln" . ITpw z = 

e' 
x > 112 JTOT pH)], CXO)l,11TCH, cJie)l,oBaTeJlbHO, OH cxo)l,HTCH 11 rrp11 Re z > 112. 

11rnK, pH)]. L::=, J,, (z) cxo)l,HTCH, cxo):(HTCH 11 pH)], l:~J !,, (z) I" . IToJTOMY 

no Janaqe 2.66 6eCKOHe4HOe rrpOi-BBe)l,eHHe TaK)!(e CX0lll1TCH. 

I'Jzaaa5 

5.1. 17) 11MeeM u(x,y) = e"', v(x,y) = e''. ITposep11M ycrros11H Kow11-

P11Matta u'x = v'.1., u'_r = -v'x. Torna u'_r= ex= v'.r = e'', u'_r = 0 = v'x· IToJTOMY 

x = y + 2kn:i, kEZ. 
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YfTaK, OTBeT: TO'-IKM ,llJHpcpepeHUHpyeMOCTH cpyHKUHH j{z) = e1 +ie-'° pac­

nOJIO)f(eHbl Ha C'-!eTHOM '-IHCJie np.s!MbIX x = y + 2klfi, kEZ. 

5.4. 1). IlycT&j{z) = u(x, y) + iv(x, y). 11MeeM u(x, y) = const. Tor.na 111 yc­

nos11i1 Kow11-P11MaHa v'x(x.y) = 0, v'_,.(x, y) = 0, T. e. v(x, y) = const, noJTOMY 

j{z) - KOHCrnHrn B D. 

lz-aj z-a 
5.22. 6) 3an11weM f (z) = --=I g(z) j, g(z) = --= u +iv. <l>yHK-

1 z-b I z-b 

U11Jl g(z) attaJil1Tl1'-!Ha BCIO..Qy, KpOMe TO'-IKl1 z = b. MMeeM f (z) = ~. 

of i (af .af) 
0TCIOLJ.a, TaK KaK OZ = l OX - l Oy , TO 

of l l l / I • / • I 

- =-· ·-(2uu +2vv. -iuu -1vv .) . '.:\ 2 ~ 2 x .\ !' ! oz '-Jll-+ v-

IIcnOJI&3yeM ycnosmr Kourn-P11Matta .nn.si cpyHKUl111 g(z): u'1 = v'n u'_,. = -v'.n 
D03TOMY 

df I I z - b I [ I • I . , . I ] 1 I z - b I . I 

-=--- u(u . +tv )-tv(u +tv .) =---(u-tv)g_ = oz 2 I z - a I ·' ·' ' ·' 2 I z - a I · 
_!_lz-bl(z-a)~-a-b_lz-bl_ lz-aj2 

__ 1 __ 
2lz-al z-b lz-bl2 

- 2 lz-al (z-b)jz-bl2 (z-a)-

=_!__lz-bl_ (a-b) 

2 lz-aj (z-a)(z-b) 

eiz+ e-iz IT iz eiz+ e-iz 
5.25. 1) Ilo orrpe.z:1eJiemuo cos z = . yCT& e = t, --- =OJ . 

2 2 

Tor.na 11MeeM ypasHeH11e t2 
- 2tw + 1 = 0, rro3TOMY t = w + ~w2- l , me 

~w2- l HMeeT ,[\Ba 3Ha'-leHl1Jl KaK MHOro3Ha'-!HaJI cpyHKUHJI; Tor.na iz = 

ln(w + ~w2- l), r.z:1e ln(w + ~w2- l) - MHOro3Ha'-!HIDI cPYHKUIDI, o6parn~ Ke;' . 

1 ~ 
0KOH'-!aTeJI&Ho: z = ~ ln(w + 'iw--1) = arccos w - MHOro3tta'-!ttaJl cpyttKUIDI, 

l 

o6paTHaJl K cpyHKUl111 cos z. 

I'!laaa 6 

6.6. IlOCKOJibKY lzl = 1, TO 11CXO,[\HbIH 11HTerpaJI 3KBl1BaJieHTeH CJie­
.llYIOI.UeMy HHTerpaJiy: 
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if:"I e;8 -1 I e;8 dB= if:" .J2-2cosB e;8 dB= 

f~2 . B BdB r~2 . B . BdB =i sm-cos -J, sm-sm =i/1 -!2 • 
0 2 0 2 

TaK KaK 2sin ce I 2) cos e =sin (3 e I 2) - since I 2), a 2sin ce I 2) sine= 
cos ce I 2) - cos (38 I 2), TO 11HTerparibl /1 11 Ii paBHbl COOTBeTCTBeHHO 

11 = ( cos(3B I 2) + cos(B /2))12n = 2/3- 2 + 2/3- 2 = -8/3 
3/2 1/2 0 , 

I?= ( sin(B I 2) _ sin(3B I 2)Jl2

" = O. 
- 1/2 3/2 0 

C 
v 8. 

Jie.[(OBaTeJibHO, 11CXO.[(Hbll1 11HTerpari paseH --1. 
3 

6.27. ITycTb z 1 11 z2 E D. Tor.[(a B c1rny BhmyKJJOCT11 o6JJacrn D OYpe3oK, 

coe.[(HHH10ll(11i1 z 1 11 z2, ueJJ11KOM JJe)!(J.fT s 06JJacT11 D. A B c11Jiy aHari11Tw1-

HOCT11j{z) 11HTerpaJJ f' f(z)dz He 3aBHCHT OT TiyYH, coe.[(HIDl!Oll(ero TOl.JKl1 
-1 

z 1 11 z2 11 JJe)!(all(ero B D. ITo:noMy Mb! MO)!(eM npe.[(nOJJO)!(l1Tb, t.JTO 11HTer­

p11posaH11e Be.[(eTCH BJlOJlb 0Tpe3Ka Z1 Z2 . B TaKOM CJJy1-rne JlAA .f{z) = u + iv 
HMeeM 

It f (z)dzl
2 =It (u + iv)d(x+ iy)l

2 

= It udx-vdy + i J,'.' vdx+ udyl
2 = 

(tudxr + (tvc1xf + (f,'.'vdyr+ (tuc1yr ~ (tudx/ +(tuc1y/~ 

M
2 r(t dxr +(t dyr] = M 2 

jz1 -zl. 
TaKHM o6pa30M, Jl1lH aHarIHTHt.JecKoi1 s 06nacT11 D ¢YHKU11H 11cxonHoe 

ttepaseHcrno JlOKa3aHo. Ecm1 Tenepb npennoJJO)!(HTb JIHlllb ttenpepbIBHOCTb 
HCXOJlHOM ¢YHKU1111, TO MO)!(HO TIOCYpOHTb npHMep (nOCYpOH:Te ero caMH), 
noKa3bJBa!Oll(HH, t.JTO ttepasettcTBO nepecrneT 6b!Tb septtb!M. 

6.34. 4) .ll:JJH JlOKa3aTeJlbCTBa attaJil1Tl1l.JHOCTH cpyHKU.HH f(z) B o6nacrn 
Re z > 0 .[(OCTaTOt.JHO nposep11Th, t.JTO s KroK,!J,OM TOt.JKe z.o, Re Zo > 0, Cyll(ecrnyeT 

rrpomBO.[(HMf' (z0). ITycTh h E C 11 h-::/; 0, mr.[(a 

(j{zo + h) - fiz0))/h = 
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CymecrnosaH11e rrpoHJBO.!lHOH J' (z0) 6y.ueT .UOKaJaHo, ecm1 Mhl .UOKa­

)f(eM, 'HO MO)f(HO rrepeXO.UHTh K rrpe.ueny rrp11 h -+ 0 rro.u 3HaKOM HHTerpana . 

.[(IDI :noro .!lOCTaTQqHo .UOKaJaTb, qTQ rroCJie.UHHH HHTerpan CXO.!ll1TC5! paB­

HOMepHO J\1151 scex h, 0 < lhl < o, r.ue o .uocrnrnqHo Mano. Yq11Tb1Ba5! Ma­

JIOCTh o 11 TOT cpaKT, qrn Re z0 > 0, rro11yq11M c11e.uy10my10 oueHKY csepxy 

.UIDI rrocne.uHero 11HTerpa11a: 

-J tdr 2 I z01 +c5 - ult 
(2 lzol+ c5) ( 2 2 2) 2 2 ~ J 2 2 2 ' o It + Zo I- 2 lzol c5 - c5 Cl f + z0 j) 2 o (t + Zo) 

'ITO 11 OJHaqaeT paBHOMepHyro cxo.u11MOCTh HY)f(HOro 11HTerpana. Cne.uosa­

TeJihHO, rrp0113BO.!lHa5!/, (zo) CYlllecrnyeT 11 pas Ha 

! '()=I· f(z 0+h)-f(z0 )=_2 -J tsint d z0 Im z0 7 7 7 t . 
,,_.0 h o (r+ z0t 

6.40. 3) B cmry TeopeMhI Mopepa 11 peJyJihTaTa perneHH5! 3a.naq11 6.39, 
.UJI5! .uoKaJaTeJihCTBa Toro, qrn .uaHHa5! cpyHKUH5! j(z) He HMeeT rrepsoo6pa3-

Hoi1 B YKaJaHHOH 0611aCTH, .!lOCTaTQqHo ITOCTpOHTh JaMKHyTy!O Kp11ByIO, ne­

)!{alllyIO B .uaHHOH o6JiaCTH, .!lllil KOTOpoi1 11HTerpan He o6pa.I.UaeTC5! B ttyJih. 
PaccMoTpHM KpHBYIO y = { z: jzj = io} . Tor.[(a 

l 2/T e;e d(} 
~-dz= iE J 'B . 
r sin z 0 sin(Ee1 

) 

Jferno BH,!leTb, qTo rrpH E -+ +O ITOCJie,!lHHH HHTerpan CTpeM11TC5! K 2ni. 
3TO 03HaqaeT, qTO He BhlIIOJIHeHbl ycJIOBl15!, ccpopMyn11:posaHHbJe B Ja.uaqe 

6.39, T. e. rrepsoo6pa3HOH s 3TOM cnyqae HeT. 

661 II 0 0 j( 
xsmax 

• • ycTh a > 11: rrycTh k > . IIocKOJihKY x) = 5!BIDieTC5! 
x2 +k2 

qernoH. cpyHKUHeH, TO HCXO.UHblH HHTerpan paBeH 

l J- xsinax -v.p. 
1 0

dx, 
2 - x- +k-

KOTOpblH CXO.UHTC5! rro rrpH3HaKy .[(11p11xne-A6eIDI. .[(anee, paccMOTpHM 

zeiaz 
¢YHKUI1!0 j(z) = -2 --2 KOMIIJieKCHOro rrepeMeHHOro z B 0611aCTH DR,E = 

z +k 
{ z: lzl < R, Im z 2: 0} \ { z: jz - ikl < E}. IIo TeopeMe Koum .um1 MHOroCB5f3-

HOi1 0611acrn HMeeM, qTo 1' f (z) dz= 0. 11HTerpan rro rpaH11ue 8DR,E 
'Yaofo:.£ 

rrpe.[(CTaBl1M B BM.Ile CYMMhI IpeX 11HTerpanos: 

R xeiaxdx zeiazdz zeia~dz . R xsinax 
J 2 2 + ~ -2--1 + J-2--, =1J o ,dx+l,+/R. 
-RX +k lo-ikl=< Z +k- r, Z +k- -Rx- +k-
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11HTerpan IR ----> 0 np11 R ----> +oo no neMMe )l{op.uatta (cM. 6.48). 11HTe­

rpan !£ no 0Kpy)l{HOCT11 lz - ikl = £ paseH 

. 2rr (t:e;e + ik) exp ( ia(t:e;e + ik)) e;o 
IE = -1 r ?8 e dfJ. 

Jo Ee'- + 2ike' 

Jlerno s11.ueTb, 'ITO np11 £ ----> +O 11HTerpan I, cTpeMl1TCH K senwrntte -ine-ak . 
TaK11M o6pa:mM, 11cxo.utth1i1 l1HTerpan pasett 

I= xsin ax ix_ 1 f= xsin axd _ 1 -ak , , - -v.p. , , x--tre . 
() x- + k- 2 - x- + k- 2 

Ho np11 a > 0 11 k = 0 11cxO.UHbIH 11HTerpan ecTb 11HTerpan )J,11p11xne: 

r sin ax dx = ?!..... 
0 x 2 

Cne.uosaTeJJhHO, cpopMyna s 3a.uaqe 6.61 crrpase,UJI11Ba np11scexa>011 k 2: 0. 

6.66. Tipeo6pa30BaHMeM <llypbe f (~) ¢YHKUIIBj(x) Ha3bIBaeTCH 11HTerpan 

Jci;)=-1-j e-i.xq f(x)d.x . 
.fiii_ 

Jicrr<O BH.lWTb, 'ITO npco6pa3oBaHHC <PypbC j(.!;) HCXOJJ:HOH cpyHKUHH 

MO)!(eT 6b!Tb npe,UCTaBJieHO B m1.ue: 

j(~)= ~e-q2 !4a f e-a(x+iqf2a)2 dx. 

-v2tr -
llIIH Bbl'll1CJJeHl1H IIOCJie.Uttero 11HTerpana paCCMOTPHM cpyHKUHI-0 KOM-

a-2 
nneKcoro nepeMeHttoro j(z) =· e- - , a > 0, B npHMoyronbHOH 06nacT11 tta 

KOMnneKCHOH nnocKOCTH: Dn,= [-R, R]x[O, l;/2a] .UIIH ~ > 0 11 DR,c,= [-R, R] 
x [l;/2a, OJ .UIIH ~ < 0. PaccMorpHM TOIIbKO nepBbIH cnyqaii - BTopoi1 pac­

CMaTp11saeTcH attanor11qtto. 

Tio TeopeMe Kourn HHTerpan rro rpam1ue 06nacT11 pasett ttymo: 

<Ji e-az
1 dz= 0. 

aoR.: 

c .upyroi1 CTOpOHbl, 3TOT )Ke HHTerpan MO)KeT 6hITb npe,UCTaBJieH B B11.Ue 

cyMMbI qeTbipex 11ttTerpanos: 
R ? .; I 2a _, - R ,, 0 ., f e-ax- d.x + i f e-a(R+ir)- dr + f e-a(x+iq 12a)- d.x + i f e-a(-R+ir)- dr = 

-R o +R .;na 

= l1 + h +h + [4. 

JicrKo BI1.UCTh, •no np11 R ----> +oo 11ttTcrpanb1 12 11 14 crpeMHTCH K ttymo. 

TI03TOMY MO)!(HO nonyqHTb paseHCTBO 
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I1HTerpan B rrpaBOH 'laCH'.I IlOCJie,[(Hero paseHCTBa Bhl411CJilleTCll CJie­

.UYlOll(l1M o6pa30M. ITycTh J e-"'' dx = /. Tor.ua, np11MeHllll TeopeMy <1>y611-

Hl1, nOJJyYl1M paseHCTBO 

., ., oo ., 2Tr oo TC 
12 = f e-0 <x-+y-)dxdy= fe-a,.-,.dr f de=1lfe-a11dry=-. 

R' 0 0 O a 

ITo:nbMy 11MeeM I= J 1l I a. Cne.uosaTeJihHO, npeo6pa30BaH11e <I>yphe 

_, • 1 ;214l l 1'2/4 
cpyHKUIUI f (x) = e-"' paBHO f (;) = --e- a - = --e-'=' a, 4TO 

J2ii a J2;. 
11 Tpe6osanoch .UOKa3aTh. CpaBHl1Th c 3a.[(a4ei1 6.49. 

Fnaaa 7 

7.8. Hai1,D.eM Hyn11 3HaMeHaTeJill cpyHKUHHfiz) = l I (l + z4
): 

z =~=cos( 1l+:k1l)+isin( JL+:kJL } k =l, 2,3,4. 

1l + 21l . . Jr + 2Jr J2 . J2 
ITyCTh Z1= cos ---+I Sin --- = - - + l-

4 4 2 2 , 

5JL . . 51l J2 . J2 71l . . 71l J2 . J2 z, =cos-+1sm- =---1- 7 =cos-+1sm-=--1-
- 4 4 2 2 , ~3 • 4 4 2 2 , 

9JL . . 91l J2 . J2 
z4 =cos-+1sm-=-+1-

4 4 2 2 

BHYTPl1 KOHTypa y ne)!{11T TOJihKO TO'-!Ka z2, rro3TOMY 

<ji~=<ji _dz_ = 
r l + z r (z- Z1)(z- <-2)(<. - Z3)(z- Z4) 

2Jri 1li --------= 
(-iJ2)(--J2)(-J2 - di.) - i(l+i)../2 

-1l(l - i) 

2..J2 

7.20. ITycTh T04Ka z ~ i5. Bo3hMeM oKpyJKHOCTb .uocTaTOlfHO 6onhworo 

pa.u11yca R c ueHTpoM s T04Ke z, TaK, 4T06h1 .uaHHb1i1 KOHTYP y 11 T04Ka z 

ne1Kan11 BHYTPl1 noi1 OKPYIKHOCTl1. Tor.ua rro TeopeMe Korrm 6y.ueM 11MeTb 

f(z)=-
1 . <ji J(r;) dr;--1 .<jif(r;) dr;. 

2m l>-=l=R r; - z 2m r r; - z 
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l th f (r;) 
PaccMOTpl1M 11HTerpan -. 'f --dr;. C.uerraeM 3aMetty rrepeMeHHoro 

21l! l>-:i=R r; - Z 

r;- z = Re;rp. Torna dr; = Rie;rpdq; 11 

_I_. p f(~) di;= _l_. 2[ f(z + ~e;rp)iRe;rp dq; = _l 2[ f (z+Re;rp)dq;. 
2m 1,_=l=R ~- z 2m 0 Re 2rc 0 

B cm1y HerrpepbIBHocrn cpyttKu1111fiz) 11 ycrroB11H lim f (z) =A 11MeeM 
;:-+oo 

I '" · I f ( ) Jim - f f (z+ Re''P) dq; =A, ll03TOMY -. cp-r;-di; =A - fiz). 
R-->~ 2rc 0 2rci r i; - z 

B CJI)'t.Iae, Korna TO'!Ka zED, no TeopeMe Kow11 11MeeM -
1
-. cp f (~) d~ = 

2m r i;-z 

-
1
-. p f (r;) dr;. IfoTerparr crresa He 3as11c11T OT R, rro3TOMY 

27lf l>-:l=R r; - Z 

-
1
-. pf (r;) dr; = Jim - 1- . p f (r;) dr; =A, 

277:1 r (;- Z R-->~ 277:1 lq-:I=« t;- Z 

'-!TO 11 Tpe60BaJIOCb JlOKa3aTb. 

7.24. ITycTb fiz) = u(x, y) + i v(x, y), Torna 

ff f(z)dxdy= ff u(x,y)dxdy+i ff v(x,y)dxdy. 
rSl:ISR rSl:ISR rSl:ISR 

CncrraeM 3aMeHy nepeMeHHbIX: x = p cos cp, y = p sin cp. Toma 
R 2R 

ff f(z)dxdy = f dp f u(pcosq;,psinq;)pdq; + 
rS/:ISR O 

R 2tr 

+if d pf v(pcosq;, psin q;)pdq;. 
0 

TaK KaK cpyHKU1111 u(x, y) 11 v(x, y) - rapMOHH'!ecK11e cpyHKU1111 B Kpyre 
izl < R, TO no TeopeMe o cpentteM JlJIH rapMOHH'!eCKHX cpyHKUl1H 11MeeM 
~ ~ J u(pcosq;,psin qJ)dq; = 2nu(0,0); J v(pcosq;,psinq;)dq; = 2nv(O,O), 
0 0 

TeM caMb!M 
R R 

fJ J (z)dxdy = 2nu(O, 0) J pdp +2niv(0,0) J pd p =fi0)n(R2 
- r2

). 

r5l:l5R r 

7.53. 2) 11peo6paJyeM HHTerparr 
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J
I I - I dt JI dt JI dt ln-·--= ln(l-t)--- Int--. 
0 t t-: 0 t-z 0 t- z 

8 nepsoM HHTerpane cn enaeM 3aMeHy nepeMeHHhIX l· - t = y, TOflla t = 1-y, 

dt = -dv 11 r11n(l-t)·__:{:._=J
1 

ln y dy =-r
1 

lnydy . IIycTb 11HTerpan 
. Jo t - z 0 I - y - z Jo y - (l - z) 

I dt f In r-- = F(z) , TOrna HCKOMbIH HHTerpan ecTb: 
0 t - z 

f
l 1-t dt 
In-·-= -F(l- z)-F(-;, ) . 

() t f - z 
Cf>yHKUH.sI F(z) KaK HHTerpan rnna Kow11 eCTh aHan11TwrncKa.sI cpyHKUH.sI BHe 

OTPe3Ka [O, 1). Bb1'111cn11M 11HTerpan np11 nocrnTO'IHO 6onhw11x no Monymo z, 

TOr,I~a no TeopeMe en11HCTBeHHOCTl1 3H3Jil1TJ1qecKl1X cpyHKUl1H 11HTerpan 

6yneT Bh1q11cneH LlJI.sI scex z ~ [0, 1). Pa:3JIO)l(l1M .sIAPO ttHTerpana 

I dt l f Int--, T. e. -- , B p.s!Ll no CTeneH.sIM tlz, paBHOMCpHo CXOLl.sI!UHHC.sI 
o t -z t-z 

Ha OTPC3Ke [O, 1): -- = - = --L~-o !__ . Tor.u.a I l l ( )" 
t -z :(1- t/ z) z - z 

fl dt ""'~ I JI lnt--=-L... _
0
--

1 
(lnt)t"dt. 

0 
t - z ,,_ z"+ 0 

I t"-1 I' l l 
TaK KaK J (In t)t"dt =--Int ---f t"dt = ----, , TO nOJI)"-laeM 

o n + 1 
0 

/1 + l 0 (n + 1)-

1 dt ~ l 
f Int-- = L _0 , 1 = F (z ) - p.s!,!1, cxo.u.11Tc.sI, TaK KaK paccMaTptt-
0 t - : ,,_ (n + 1)- z"+ 

saeM TOqKJ1 z, Monynh KOTOpblX LlOCTaTOlJHO 6onhWOi1. I1MeeM: 

I L~ l l I:~ 1 l F - =- = - - =-In 1- 1/ z 
(_ ) 11=0 (n + l) z"+2 z 11=0 (11 + I) z"+' z ( .), 

, l ( l ) F.(1- z)=---ln 1--- .MTaK, 
- 1- z l-z 

(f In 1-1 _.!!!.._)' = _l _In ( :-1). J In 1-t . .!!:!__ = _!_(111-z-)2 
0 t t - z 

0 
:(: -1) z 0 t t - z 2 z - l 
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I'Raaa 8 

l l 
8.2. 10) Pa.m1yc cxom1Mocrn R = = . TaK KaK 

lim ~ lim ~I cos( in) I 
Jl-tOO Jl-'tOO 

cos(in) = (e-"+ e" )12, rn lirn~ I cos(in) I= e, R = l/ e. 
/l-'tOO 

8.7. 3) TaK KaK paimyc cxo.u11Mocrn pH.ua R = ,,f"l:J = 1, TO cpyttK-
lirn '.!j I a11 I 
11-too 

Ul1ll f(z) = I :=o (2n + 1)- 1 
2

211
+

1 amUI11Twrna B Kpyre /zl < 1, a ee npo113so.u­

Hal! pasHa 

!'(::,) = I:=o z2
" = 11(1- ~ 1 

), I z I< 1. 

l I+ 7 

TeM caMb!M f (z.) = - In--~ + c HO f(O)=O, U03TOMY OKOWJaTeJibHO 
· 2 1-z ' 

1 l + z 
/(z)=-ln-, lzl < l. 

2 1-z 
8.18. 4) TaK KaK cpyHKU11ll f(z) 11MeeT .use oco6b1e TO'-IKH a 11 b, TO pa.uyc 

cxo)l,11MocT11 pll,ll,a pasett R = min(Ja - iJ , Jb - iJ). o6Jiacn, CXO.UHMOCTH eCTb 
lz - ii< R. IIpose.ueM pa3JIO){{ett11e: 

f(z)= l =-1-(_l ___ l_)= _I_[ l I ] 
(z-a)(z-b) a-b z-a z-b a-b z-i-(a-i) z-i-(b-i) = 

=-1 [-.1 f(z-iJ" --. I f(z-iJ"]= 
a-b z-a 11=0 a-1 1-b 11 =0 b-1 

= 1 [ 1 
=I-- . 11+1 

11=ob-a (a-1) 

1 
1 Jc~-i)11 , lz - ii < R, R = min(la - ii, lb - ii). 

(b-i) 11 + 

8.54. 2) ,UaHHbIH Pll.U CXO,UHTCll pasHOMepHO Ha mo6oM KOMnaKTe KOM­

llJJCKCHOH nJJocKocT11, no3TOMY f(z) = I~J z I (n2+ I z /2)-1 ecTb 11enpe-

pbIBHa.l! cpyttKUHll Ha scei-1 KOMnJJeKCHOH IlJIOCKocrn, HO TaK KaK Irnf(z) = 0, 

TO cpy1IKUH5! JCz) He 5!BJilleTC.l! aHaJJl1Tl1'-leCKOi1 HW B 0,UHOH TO'-!Ke KOMnJJeKC­
HOH nJIOCKOCTl1. HanOMHHM, '-!TO cpyHKUm1JCz) aHaJIHTH'-!Ha s TO'-!Ke z0, ecJ111 
OHa aHaJil1Tl1'-!Ha s HeKOTOpoM: OKpeCTHOCTl1 TO'-IKl1 Zo. 

I'flflB(l 9 

9.7. Ilo TeopeMe JJopaHa B .uaHHOM KOJ!bUe cPYHKUH.l! fCz) MO){{eT 6bITb 

pa3JJO)l(etta s pR.U Jlopatta f (z) =I;=~ ak (z - a)k. Ecn11 s pR.ue JJopaHa see 

K03cpcp11u11eHTbl ak np11 CTeneH.l!X k = -1, -2, ... paSHbl Hymo, TO B 3TOM 
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cnyciae cywecrnyeT KOHe'lttb1i1 npe.nen lim f (z) = a0 11, cne.noBaTeJibHO, 
:~a 

TO'!Ka a l!Bm1eTcl! yCTpatt11Moi1 oco6oi1 TO'IKOH (cM. 9.1). Ho 3TO nponrno­

pe411T ycnoB1110 oTcyTCTBl1l! KOHe4ttOro npe.nena. Attanorn'IHO, ecn11 B pl!.ne 

Jlopatta 11MeeTCl! Jl11Wb KOHe4HOe 411CJIO K03cpcpm..111eHTOB ak np11 CTeneHl!X 

k = -1, -2, ... , OTJ1114Hb!X OT HYJil!, TO B )TOM cny4ae Jim f(z) = 00 , T. e . 
.:~a 

T04Ka a l!BJil!eTCl! noniocoM (cM. 9.3). Ho 3TOro TaIOKe tte MO)!(eT 6bJTb B 

rnny ycnoB11i1 3a.na411. TaKMM o6paJOM, cywecrnyeT 6ecKotte4HO Mttoro K0-

3cpcp111.111eHTOB ak np11 CTeneHl!x k = -1, -2, ... , OTJil14HbJX OT ttyw. A 3TO 3Ha-

411T (CM. onpe,ll,enett11e), 4TO T04Ka a l!Blll!eTCl! cywecrnetttto oco6oi1 T04KOH 

c!JyttKU1111 fl..z). 

9.17. l) <l>yttKU11l! cos s l!BJil!eTCl! uenoi1, TI03TOMY cos~= L:;=Oak~k 

.llJll! Bcex I;, I s I < oo. Cne.noBaTeJibHO, cpyttK11;11l! cos( l/z) .llJll! Bcex z, 0 < lzl < oo, 

l '\;"'o k 3 "' npe.ncTaB11Ma B Bl1.llC cos-= ~k=-a-kz . TO 3Ha'lHT, 'lTO 't'YHKUHl! 
z 

cos( l/z) 11MeeT npaa11JibHY10 qacTb pl!.lla Jlopatta a0 = l 11 rnaatty!O qacTb 

pl!.na JiopaHa L:~~- a_k l . TaK11M o6paJoM, <PYHKU11l! cos(l/z) .nonyCKaeT 

pa3J!O)f(ett11e B pl!.11, Jlopatta B OKpecTHOCTl1 TO'-l.Kl1 z = 0. 
7) Pew11M ypaB1-1e1-111e sin z = 5. OHO '.lKBHBaJieHTHO ypaBHeHmo 

e2iz - lOieiz - 1 = 0. 

Pew11B ero KaK KBa.npaTHOe ypaBHeHHe OTHOCHTeJibHO ei', nonyqHM 

eiz = (5 + 2/6 )i, eiz = (5 - 2/6 )i. 

0TCIO.ll3 BbJTeKaeT, lJTO cywecrnyeT .use l10CJie,D,OBaTeJibHOCHI T04eK 

z;, =-iln(5+2/6)+!!..+2111r, nE Z, 
2 

z;.'=-iln(5-2/6)+!!..+2n7!, nE Z, 
2 

Ka)!(.llal! 113 KOTOpblbX eCTb peweH11e ypaBHeHl1l! sin z = 5. KpoMe Toro, see YKa­

JaHHbie T04Kl1 l!BJll!IOTCl! l10JIIOCaMH nepsoro rr6pH,!l,K3 c!JyttKUHl1 l/(sin z - 5) H 

I z;, I, I:::;, I~+ 00 np11 n -*±oo. Cne.nosaTeJ1bHO, T04Ka z = oo He l!Blll!eTCl! !130-

n11poaattttoi1 oco6oi1 TO'lKOH cpyHKU1111 l/(sin z - 5), T. e. 3Ta ¢YHKLU1l! He 

,[lonycKaeT pa3JIO)!(ett11l! B pl!.ll Jiopatta B TO'lKe z = oo. 

9.19. B rnny c!JopMyJI .lllll! KOJ<jJ<jJ11u11eHTOB p.S!,D,a Jiopatta 11MeeM: 

a,,=+ J f(~)~~+I, n=0,±1,±2, ... , 
-m 1:-::o/=P (z - "o) 

r,D,e r :S p :S R , TaK KaK pl!.ll cxo.n11Tcl! B 3aMKHYTOM KOJibUe no ycnos1110 

3a.ua411. Ern11 rrOJIO)!(l1Tb p = r, TO rronyq11M ttepaseHCTBO 
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I a11 I= r-" IT eifJ f(z0 + reifJ)dfJ I~,.-" max I f(z) I= r-"M,.. 
27l O 1:-:ol=r 

Ecm1 JKe nonoJKHTb p = R, TO attanorttlJHO nonyl!HM ttepasettcrno 

Ja11 l~R-
11 MR,r)],e MR= max lf(z)J. 

1:-:oJ=R 
CKna)J,&IBaH 3TH )],Ba ttepaBeHCTBa, nonylJHM 

I l<_!_(--11 M +R-"M )<M(--11 R-11
) -O +! +2 Cl11 -

2 
I r R _ I + , /1 - , _ , _ , •.• , 

r.n:e M = max(M,., MR)/2, lJTO 11 rpe6osanocb )J,OKa:mTb. 

323 

9.25. 5) I1cXO)],H3H cpyttKUHSI fi.z) rrpH lzl > 2 MOJKeT 6&ITb rrpe.n:cTaBJieHa 

B BH)J,e pH)J,a 

J (z) =_I_( l _ l ) = 
5z2 l-l/z2 1+4/z2 

= ~[(1+1/z2 +1/z4 + ... )-(1-4/z 2 +16/z4 -64/z6 + ... )J= 
5z 

= ~(51z2-15/z 4 +65/z6 -255/z8 + ... )= f l+
4C-4)

11 

·z-4- 211 

Sz- 11=0 5 
9) .[(attttaH cpyHKUHH fi.z) np11 0 < lzl < l MOJKeT 6bJTb rrpe.n:cTaBJieHa B 

BH)J,e rrpomse)J,ettHH .n:Byx pH.n:os: 

-( l 1) :(( 2 11 ) e· --+- =e -+l+z+z + ... +z + ... = 
l- z z z 

= (i+ z +
22 

+ ... +z
11 

+ ... J(!..+l+z+z2+ ... +z"+ ... )= 
2! n! z 

l Z Z: 11 - I Z~ .:::" .., ,:-3 .:-n+I 

= -+!+-+ ... +-+ ... +l+: +-+ ... +-+ ... :+ z- +-+ ... +-+ ... 
z 2! n 1 2! 11! 3! n! 

1 I 1 I~ I I,, 
+ ... + ... = -+2+(2+-):+(2+-+-)z + .. . +(2+-+ ... +--)z = 

z 2! 2! 3! 2! (n+l)! 

l ~ l l II = -+2+ L.,(2+-+ ... +--)z. 
Z n=l 2! (n+l)! 

9.37. PaccMOTpHM cpyttKUHIO cp(z) = (z - a)"'fl.z). Tor)],a cpyttKUHH cp(z) 

HBJrneTCH orpaHJ1LleHHOH B HeKOTOpoii OKpeCTHOCTH TOlJKH a, nOCKOJlbKY 

lcp(z)I = lz - al111 if{z)I < M. Cne.n:oBaTeJibHO, TOlJKa a HBJIHeTCH ycTpaHHMOH 

oco6oi1 TOlJKOH cpyHKUHH cp(z) 11 cyI11ecrnyeT KOHelJHblH npe.n:en (CM. 9.1 H 

9.2) lim(z - a)"' f(z) = b. A 3TO KaK pa3 11 03HalJaeT, LITO TOLIKa a HBJHieTCH 
:-Ta 

)],ID! cpyHKU1111.f(.Z) IIOJIIOCOM rropH)J,Ka He 6onee, LieM m. 
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I'11a6a JO 

10.3. 7) TaK KaK lftz)I = eReP(z)' H npH lzl = r cnpase.D,JIHBO ttepasettcrno 

Re P(z) :S IPCz)I :S laol rP + ... +la,,I = rP (1a0 j +I:,!+ ... + I ~; 1 J < rP(laol +s ), 

r > R(£), £ > 0, TO 

jf(z)j<exp(rP(ja0j+t·), r>R(E). (1) 

IlycTb arg a0 = a; Ha nyc1e arg z =-alp 11MeeM oueHKY 

Re P(z) =I a0 1 rP +Re( a1 z"-1+ ... +a,, )::?: laol r" - la1zl p-l + .. . +apl?: 

:?: laol r" - CladrP-' + ... + iapj) = r "(I aol _151_ ... _I a,,IJ > r " Cl a0I-£), 
r r" 

r > R 1(£). TeM caMbIM 

I f( z) I> exp(rP Cl a0 j-£) ) , r > R1 (£), arg z = - a. 
p 

Ha OCHOBe HepaBCHCTB ( l) 11 (2) 33KJII01..f3CM, l.fTO rropll.UOK p = p, Tl1II CJ= laol· 

(2) 

( 
1 )Illa 

10.12. 5) Ko3cj.lcj.Jttu11eHT all= -- , rro3TOMY pa,n11yc cxo,n11MOCT11 
11In11 

pJI,na R = · .. 11::1 = oo, 11 cj.JyHKf..\HH f(z), TeM caMbIM, - f..\eJiaJI. Hcnonh3Yll 
limvlalll · 
l/ """'CO 

- nlnn 
cj.JopMyny .nm1 Bbll.fl1CJICHl1ll rropll,nKa p = Jim ' rIOJiy<Il1M 

ll-->~ In j l I all I 
. 11!1111 

p = hm =a. TaK KaK nopHI\OK p = a> 0, TO THn BhJLIHCAA-
,,_,~ (n I a) ln[n Inn JI 

eM rro cj.JopMyne (aep)"P =Jim (n"P~). YIMeeM: 
l/~00 

(aea) 11a = Jim n 11a 11 -- = Jim n a = 0. -[ ( l )"'al - _!_ l 
ll-->~ nlnn 11 -->~ (nlnn) 11 a 

YITaK, rropll,nOK p = a, THn CJ= 0. 

10.21. l) )lnH cj.JyHKu1111.ftz) =sin z nopHI\OK p = 1, THn CJ= 1. Ee ttyJrn: 

zk = ±kn, k E N. Ilpo113se.nem1e MHO)f(l1Teneii, cooTBeTCTBY!OllU1X HYJillM kn 

11 -kn, pasHo (1-~)e::.lk7!(1+~) e-::.lk7!= (l- ~
2 

1
). Ilo:noMy 

k1l k1l l k 1l-
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( ?) . ( 2) . az+b = z- SID Z _ az+b = Z 
SID Z = Z e n k= I 1--?-? . <DyHKUIUI -- - e nk=I 1- - 2- , -

k-1r z k Jr-

b · a- = Z 

( 

2 ) ueJia5!, rrp11 Z = 0 ITOJI)"laeM l = e 11 SID Z = Z e ~ nk=l 1- k2:Tr 2 . <DyHK-

Ul15! sin (z) - HeqeTHa5!, IT03TOMY e'IZ = e-az iurn mo6oro z E C, IT03TOMY a= 

0. 0KoHqaTeJibHO rro11yqaeM pa31101KeH11e 

sin z =zf1~={1- k~:2 } zEC. 

10.38. 1) TaK KaK 

II k A 
'\'= a 11 C '\' += a 

f(z) =A L..
11
=0 -

1 
z , z E , TO y(t) =A L..k =O k+l = --. 

1i. t t-a 

10.51. 1) IlepBbIM cnoco6 peweH115!. TaK KaK J:IJI5! cjJyHKl.(1111 e' cpyHKL\1151, 
accou1111posaHHal! no 6opemo, eCTh y(t) = l/(t - 1), TO conp5!)!(eHHa5! ):l11a-

- -
rpaMMa D = ( 1 } . OnopHal! cjJyttKU11l! K D ecTb cjJyttKUH5! K( cp) = cos cp = 
K(-cp). IlmToMy l1H.lll1KaTp11ca poem h(cp) = K(-cp) =cos cp. 

BTOpoi1 cnoco6 peweHirn. 110 orrpeJieJieHlno, HH.ll11KaTP11ca poem <PYHK-
l.(1111 J(z) B&1q11cm1eTCl! no ¢opMy11e 

I() 
-
1
.-ln/f(rei(/!)/ O 

2 i rp = llTI ' ~ rp ~ Jr. 
r~oo r 

)],JUI cpyHKU1111f(z)= e', z = r iP, 11MeeM 

- lo I eriq> I - In ercosrp 
h(rp) =Jim =Jim =COS(/) . 

.:--too r r---'too r 

10.66. 1) TaK KaK 06m11i1: q11ett p5!.lla 

( ) 
-112 11 2Jii.z . / ( ) / -112+xn2Jii. a11 z = e · e , z = x + iy, TO a11 z = e . 

Heo6xo,[l11Moe yc11os11e CXOJ:ll1MOCTl1 p5!.lla - 3TO a11(z) -> 0, II03TOMY 

rrp11 x > 0 p5!.ll pacXO.lll1TC5!. Ec1111 x '.S 0, TO .llaHH&1i1: p5!.ll CXO.lll1TC5! a6comoT­
HO. IfraK, p5!.ll CXO.ll11TCl! Ha 3aMKHYTOi1 rro11yrr11ocKocT11 Re z '.S 0. 

10.72. 5) 3arr11weM ,LlaHHbIM pl!J:l B Bl1,[le I ;=1a 11 
e-A,,z, r,[le a11 = (-1) 11/11, 

A.11 = In n. IlycTb z = x + iy. PaccM0Tp11M .llei1cTB11TeJI&Hoe 3Haqett11e z = x, 

- - (-1) 11 l = (-1) 11 

TOr.lla a11 e A,.- = --· ---X- . Pl!.ll I
11
=1--..1-· CXO.lJl1TCl! rrp11 x > -1 11 pac-

n n n·n 
XO.lll1TCH np11 x '.S -1, rro3TOMY a6cu11cca CXO.lll1MOCT11 c = -1. TaK KaK rrp11 
x2: -1 + E, E > 0, p5!.ll CXO.lll1TC5! paBHOMepHO, a rrp11 x < -1 - E p5!.ll pacxo­
.lll1TC5!, TO a6cu11cca paBHOMepHOM CXO.lll1MOCTl1 r = -1. lfccJie.llyeM P5!.ll Ha 
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a6comorny1D cxo.nHMOCTb. TipH x = 0 HMeeM \ a11 e-A,,: \ = ~ H p51.n I~=I ~ 

pacxo.nHTC51, a rrpH x > 0 p51.n L~=1 \a11 e-A,,:\ = L~=I~ cxo.nHTC51, TO 
n·n 

a6cuHcca a6COJIJQTHOH CXO.UHMOCTH a = 0. 
I-haK, c = r = -1, a = 0. 

I'JiaBa J1 

11.2. l) Pa.nHyc cxo.nHMOCTH R p51.na L~=o z211 
paseH l. BttyTp11 Kpyra 

lzl < l cyMMa j{z) :noro p51.na ecTb aHaJIHTw-recKa51 cpyHKUH5i. Tipe.nrrono­

)l(HM, 'ITO TOlfKa z = 1 ecTb rrpaBHJibHa51 TOlfKa. Tor.na cyw,ecrnyeT cpyHKUH5i 

F(z), aHaJIHTHlfeCKa51 s £-OKpeCTHOCTH Ur.Cl) TOlfKH z = 1, TaKa51, 'ITO F(z) = 

f(z), z E { izl < l n Uc( 1)}. TaK KaK rrp11 0 < r < l cpyttKL\1151: j(r) = L~=o r2
" , 

TO f(r)---4-+oo rrpH r--4 l - 0. Cne.nosaTeJibHO, TOlfKa z = 1 ecTb oco6a51 TOlfKa 

Ha rpam:1ue Kpyra CXO.UHMOCTH. TioKa)l(eM, 'ITO TOlfKa z = ei<p, 

1117r k 
rp = 

2
k - i, 0 < m < 2 , m,k EN, eCTb oco6a51 TOlfKa Ha rpaHHue IqJyra izl = l. 

TiycTb z = re;,.,, 0 < r < 1. I1MeeM 
00 

k I 00 211 00 211 
im '\' 2 11 ir11 111Jr 12 ·- '\' 2 11 m7r . '\' 2 11 1171[ f(reY')= L..r e =L..r cos--+iL..r cos--, 

11=0 11=0 2k-l 11=0 2k-l 

· 
00 

211 211
11m k 211 211 

1117r +oo 211 211 
1177r 

Ref ( re1
rp) = L r cos k=I = L r cos ------;:=t + L r cos----;::::( = 

11=0 2 11=0 2 11=k+I 2 

- ~ 2" 2" 1117r ~ 2" - L.. r cos~+ L.. r . 
11=0 2 11=k+I 

00 

Tip11 cpHKCHposaHHOM k H r--41 - 0 cpyHKUH5i g(r) = L r
211 

--4 +oo. 
11=k+I 

0Tc1D.na cne.nyeT, 'ITO TOlfKa z = e;'P, cp = (nm)/2k-i, 5iBJU1eTC5i oco6oi1. TaK 

KaK MHO)l(eCTBO TOlfeK z = ei'P, cp = (nm)/2k-I, 0 < m < 2\ 111,k E N, eCTb 

MHO)l(eCTBO BCID.llY ITJIOTHoe Ha e.nHHHlfHOH OKPY)l(HOCTH lzl = 1, TO rpaHHUa 
'\'00 211 

Kpyra CXO.llHMOCTH COCTOHT H3 OC06bIX TOlfeK .naHHOro p51Aa L...11=0 z H 

p51.ll He MOJKeT 6bJTb rrpo.nOJIJKeH 3a rpaHHUY Kpyra CXO.llHMOCTH. 

11.12 . .[{aHHbIH PM cxo.nHTC5i B Kpyre pa.neyca R = 1, T. e. B Kpyre lz - ll < 1 
cjJyHKUH51: j{z) ecTb aHaJIHTHlfecKa51 cpyHKUHH. Tip11 z = x, Ix - I I < I, crrpa-

00 

se.nnHBO pa3JIOJKeH11e f ( z) = L (-1)11
-
1 (x -1)" I 11, Ix - I I< I. C .npyroi1 

11=l 
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~ 

cTOpOHhI, lnx= In [l + (x-1)] = IC-l)"(x-1)" In, lx-lj<l. Cne.nosa-
11=0 

TenbHO, fi.z) eCTb aHanHrn'!ecKoe npo.nom1<eH11e cpyHKU.HH In x c .nei1crn11-
TeJ1bttoro 11HTepsana (0, 2) a Kpyr lz -1 I < 1. 

11.57. JJ:aHHa51 cpyHKU1151 ~ z2
- l 51BJJ5leTCll MHOrD3Ha'!HOH, HO OHa no­

nycKaeT Bh1neneH11e O.llH03Ha'!HhIX serneH: B nsyx o6nacrnx, Hanp11Mep B D 1 

= { z: lzl < l } , D1 = { z: lzl > l } . Tio3TOMy, ecm1 x > 1, TO fl.x) = ~ x 2
- l . Ecn11 

z=x,x<-1, TOfl.x) =-~x2-l. 
11.83. TaK KaK o6nacTb lzl > l He conep)f{HT TO'!eK sernnett115! z = 0, z = l 

cpyHKU1111 fl.z) 11 nonycKaeT Bh1nenett11e onH03Ha'!HhIX serneH:, TO no Teope-

Me JiopaHa mo6y10 0,[(H03Ha'!HYIO BeTBb cPYHKU1111 ~ z MOIKHO pa3JIOIKHTb 
1- z 

sp51nJiopatta.11MeeM:-
1
z =--

1 1
1
1 

11 ~ =~ -l . TaKKaKj(l/2)>0,To 
-z - z \J!=Z 1-!lz 

1lz = ei1ll3 ( 1-~)- 113 
= ei1l/3 f (-.!.)

11 
~(-.!.)( -.!.-1) ... (-.!.-n+l) = 

V~ ~ ll =O Z II . 3 3 3 

= ei1ll3 (l+ ~ 1(1+3) ... (311-2)], lzl >I. 
11=1 11 1311 z11 

Fna6a 12 

12.S. 1) TiyCTb cPYHKU.H51 fl.z) aHMl1Tl1'!Ha B TO'!Ke z = oo. Tio onpe,[(eJie­
HHIO :no 03Ha•rneT, '!TO cPYHKUH51 g(~) =fl l/ ~) attanl1TH'!Ha B TO'!Ke ~ = 0 H, 
cnenosaTeJibHO, B oKpecTHOCTH TO'!KH ~ = 0 npencrnBHMa a s11ne p51na Tei1-

nopa g([;) = I;=oati;t . 3TO pasHOCHJJbHO TOMy, '!TO cjJytt~1151Jlz) B OKpe­

CTHOCTH TO'!KH z = 00 npeACTaBHMa B BHAe p51Aa Jiopatta 

f(z)=l.,;=oatz-*. 

TiocKOJJhKY res f (z) paseH KOJcjJcjJ111J,11eHTY a1 c o6paTHhIM 3HaKOM, a 
;:::;;oo 

K03cpcjJmJ,11eHT a1 MOJKeT 6brTh nonyqett no cjJopMyne a1 = lim(f (z)-a0 )z, 
z---+oo 

r,[(e Go= Jim f(z) = f(oo), TO OKOH'!aTeJibHO HMeeM 
;:---700 

resf(z)= lirn(j(00)- f(z))z, 
-=oo ;:---700 

'!TO 11 rpe6osanocb noKa3aTb. 

2) Jierno BHAeTb, '!TO Jim z(f (z)- f (00 )) = Jim g(;)- g(O) = g'(O), r.ne 
:->~ ~->0 ~ 
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g(s) = f( lls). lloc11e.uH11i1 npe.ue11 cymecrnyeT B C11ny aml.JI11Twrnocrn 
cpyHKU1111/(z) B TO'-!Ke z = 00. 

12.10. 6) Ilpe.uno11o:>Kl1M, '-!TO a I- b. IlycTb CHa'-laJia z = 0. llOCKOJlhKY 

Ln ~-a= ln1~-a1+iarg[~-a]+i2k1l, 
~-b ~-b ~-b 

TO, 3ac}l11Kc11posaB k E Z, nony<rnM O.llH03HaYHYKl BeTBh 11cxo.11Hol1 MHOro-

3Ha'-IHOtt cPYHKU1111. Ey.ueM B .UaJihHettweM Cl1MBOJIOM fk(z) o6o3Ha'-laTh 

BeTBb z11 (Ln ~-a) . 
,-b k 

1) TiycTh n 2: 0. Tor.uaf;.(z) 6y.ueT aHa1111rn'-!Ha B TO'-!Ke z = 0. Il03TOMY 

res fk (z) = 0. 
:=0 

2) TiycTh n = -1. B :.noM cnyyae TOYKa z = 0 CCTh nonKJc nepsoro no­
PH.llKa cpyHKum1fk(z). llo:.noMy 

res fk (z) = lim( zfk (z)) = lim [in I z - a I+ i arg z - a + i2kn] = 
:=o : -+o :->o z-b .: -b 

= In 1::1 + i arg:: + i2k1l = (Ln ::) . 
b b b k 

3) IlycTh n :S -2. Torna TOYKa z = 0 eCTh nomoc nopll.UKa (-11) <PYHKU1111 
fi(z). Ilo3TOMY 

1 ( )(-11-tJ I ( z-a)(-ll-t) 
res fk (z) = lim ::. -" fk (z) = --- Ln--
:=O :-+0(-11-l)! (-n-1)! z- b k 

:=O 

= 1 (-n- 2)!(-1)-11-2[ 1 _ 1 ]= 
(-n-1)! (-a)_11 _1 (-b)_11

_
1 

1 11+1 b11+I 

= - n + 1 ( b11+1 - a11+1 ) = a n: 1 

Tipe.unonmK11M Terrepb, '-!TO z = oo. BMeCTO ¢YHKUl111 fk(z) paccMOTp11M 
cpyttKlVHO gk(z) =fk(llz) (CM. 12.5), KOTOpaH 6y.ueT HMeTb 811.ll 

-11 (L za-1) gk(z)=z n-- . 
zb- 1 k 

Ey.ueM 113yqaTh cpyttKu111-0 gk(z) B TO'-!Ke z = 0 (CM. 12.5). 
1) llycTh n :S-2. B3TOM cnyqae gkCO) = limgk(::.) = 0 11 

:->0 

Z- 11 (Ln :a-l) 
'(0) - 1· :b-l k - 0 gk - 1m - . 

:->0 z 
C11e.11osaTenhHO (cM. 12.5. 2)), B 3TOM cnyqae ;~;, fk (z) = 0. 
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2) Dyen, n = -1. B 3TOM CJI)"fae no-npe)f{tteMy gk(O) = 0, HO 

z" (Ln za-1) 
, (O) _ 1. zb-1 k 

gk - Im 
:->0 z 

I. [i I za-11 :a-l J "?k = 1m n -- +iarg-b 
1 

+i2kn =1- 7r. 
:->O zb-1 z -

Cne.noBaTeJibHO, (cM. 12.5. 2)), B 3TOM CJIY'fae res fk (z) = -i2kn. 

3) ITycTb n = 0. B 3TOM CJIY'fae g;(O) = (Ln l)k = i2kn, no3TOMY 

( Ln za-l) - i2kn In I za-l 1 + i aro :a-l 
'(O) _ 1. zb-1 k _ 1. zb-1 "'zb-1 _ b gk - 1m - 1m - -a. 

:->0 z :->0 z 
Cne.noBaTeJibHO, res fk (z) =a -b. 
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4) Tenepb nycTb n > 0. B 3TOM CJI)"fae TO'-!Ka z = 0 ecTb non10c nopll.UKa 
11 .nm1 n1060J;i sern11: gk(z), 3a HCKJIJO'-!ett11:eM k = 0. PaccMOTPHM pll!l Jiopatta 

cpyHKl.(1111 gk(z) B OKpeCTHOCTl1 TO'-IKl1 z = 0. I10CKOJlbKY ~~~ fk (z) eCTb K0-

3cpcpm.(11eHT c o6parnbIM 3HaKOM np11 z B pll.ne Jiopatta cpyttKu1111 gJz), TO 
Heo6xo.11.HMO nony"lHTb p!I.11. TeH:nopa a oKpecTHOCTH TO'-lKH z = 0 ¢YHKUHH 

( Ln za - l) . ITp11 3TOM ttac 11ttTepecyeT TOJibKO K03cpcpm . .111ettT 3Toro pll.na 
zb-1 k 

np11 z"+1. 3TOT K03cp<j:J11u11eHT, KaK 113BeCTHO, paBeH 

_l_(Ln za-1)(11+1) (0) = _l_[n!(-l)"a"+1 - n!(-l)"b"+1 ll 
(n+l)! zb-I k (n+l)! (za-Ir+ 1 (zb-1)"+1 

:=0 

= 
n+l 

a"+l_b11+I 
I1o3TOMY res fk (z) = . 3a.ua•rn nonttoCTbJO pellletta. 

:=~ n+ 1 

12.23. 11) Ctta'-!ana nycTb a> 0. PaccMOTPHM <j:JyttKUHJO KOMrnieKcttoro 

nepeMettttoro .f(z) = (1- eia:) I z2 B 06nacT11: 

DR,s = {z: lzl < R, Im z 2: 0) \ {z: lzl <£,Im z 2: 0). 
B yKa3aHHOH 06nacT11 cpyHKUHll .flz) attan11T11'-!tta, no3TOMY no TeopeMe 

Kolll11 1., f(z)dz = 0. 3TOT 11ttTerpan no rpatt11ue 06nacT11 npe.ucrnBHM s 
'fuDR.c 

s11.ue cyMMbl 

-E 1 _ eiax R l - eiax 1 _ eiaz 1 _ eiaz 

I --2-dx + f--2-dx + I --2-dz + I --2-dz =11+/i+h +h 
-R X E X l:l=R z l:l=E z 

lm:;,o lm:;,o 
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I1HTerpa11 / 3 ouemrnaeTCH cne,D,y!OlllHM o6pa3oM: 

f 
f:l=R 
lm :~O 

l+e-a-' Rd(J< 3-Jde=2Jr, 
Rz - R o R 

r,D,e y =Im z 11 a> 0. Cne,D,oBaTeJlbHO, lr->O rrp11 R-->+oo. 
PaccMOTpttM HHTerpan h: 

/
, = f 1- eia: d = fo 1- exp(iac: e;e) . ;ede = ·f" exp (ia£e;e -1) dB 
4 2 z ~ ;w Eze z ;e . 

l=I=< z " E e o Ee 
lm :;o,O 

IlO.Llb1HTerpa11bHa5! cj:>yHKUHH B nocne.[(HeM ttHTerpane np11 £-->+O ttMeeT 

rrpe.[(en, paBHbIH ia . IIo:noMy / 4 -->-na rrptt £-->+O. Y cTpeMJ15151 R-->+oo 11 

£-->+O B OCTaJlbHhIX HHTerparrax, rronyqHM paBeHCTBO 

~ l-eiax 
v.p. f --

2
-dx = 1ia. 

x 

Cne.[(yeT OTMeTHTh, qTo 3TOT )Ke pe3yJihTaT no11yq11TC5!, ec1111 rrpHMeHHTh 

pe3y11hTaT perneHmr 33,D,aqtt 12.22. 
B Crry'Iae a< 0, C!l,eJiaB 3aMetty nepeMettttoi1 x->-x, nOJIY'fttM paBeHCTBO 

~ 1- eiax ~ 1- ei(-a)x 
v.p. f --

2
-dx = v.p. f 

2 
dx = Jr(-a), 

- x - x 

IIOCKOJibKY (-a) 6y.[(eT Berr11qHHa IIOJ10)!(HTeJibH351 H MO)!(HO rrpHMeHHTb 

pe3yrrhrnT rrpe,D,hI,D,yWero c11yqa51. TaKHM o6pa3oM, OKOH'laTeJlhHO 11MeeM 

~ l-eiax 
v.p. f --

2
-dx =Jr I a j, aE R. 

x 

~ eilnx 
12.27. 6) IIocKOJihKY HCXO.LlHhIH HHTerpan paBeH Re f-2 - dx, TO pac-

0 x +l 

eiln~ 

CMOTpHM cj:>yHKUHIO f (z) = -, - KOMIIJieKCHOro rrepeMeHHOro z B KOM-
z- + 1 

rrneKCHOH IIJ10CKOCTH c pa3pe30M ITO IIOJ10)!(HTeJ1bHOH qaCTH ,D,eHCTBHTeJlh­

HOH oc11 11 c BhIKorroTOH TOqKoi1 z = 0. IIp11 3TOM B yKa3aHHOH o6rracTH 

cj:>yHKUHH In z O,D,H03HaqHo orrpe.[(enetta 11 paBHa In z = In jzj + i arg z. Pac­

CMOTpHM 33MKHYThIH KOHTYP HHTerp11poBaHH5! 

fR,£ = {z: jzj = R} U {z: jzj = £} U [£, R] U [R, £], 

r.[(e YK333HHhie OTpe3KH pacIIOJIO)l{eHhl Ha BepxHeM H HH)l{HeM 6eperax pa3-

pe3a. IIo cj:>opMyrre, rrp11Be,D,eHHOH BO BBe.n;ettHH K .[(3HHOH rrraBe (cM. TaK)!(e 

12.26), IIOJI)"1HM 
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J. ~z=2m res--+ res-- = 2m ----- = 
eiln: ·{ eilnz eiln: l ·{eilni eiln(-i)} 

/ z2+1 z=i z2 +l :=-i z2 +l 2i 2i 
R.£ 

l ei(iargi) 
= 21li 

2i 
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l1HTerpan no KOHTYPY r R.E MO)f(eT 6bJTh npe,!1,CTaBJieH TaIOKe B 811,[\e cyMMbl 

eiln: R eilnx £ exp(iJn(xei2JT)) eiln: f -2-dz+ f-2-dx+ f 2 dx+ f -2-dz=I, +!2+!3+/4. 
l:l=R Z + 1 EX + 1 R X + 1 1:1=< Z + 1 

.LJ:oKa)f(eM, 4TO 11HTerpaJibI / 1 11 / 4 crpeMl!TCll K Hymo np11 R-+t<XJ 11 £-->+O 
COOTBeTCTBeHHO . .LJ:eHCTBl1TeJibHO, 

2JT ei(lnR+iB) 2n e-ede R 
IId:S I . RdB ::;R J-2-::;-2 - ~O; 

0 R2 e1W + l o R -1 R -1 R-)+oo 

2nl ei(lne+i8) I 2n e-e dB E 
1141::: f 2 ;w cdB ::;E J--2 ::;--2 ~o. o E e + l 0 1-E l - E e-)+o 

y crpeMJillll R-->+<XJ H £-->+O B OCTaJibHh!X HHTerpanax, nony4HM paBeHCTBO 

co eilnx co ei(lnx+i212') 

f--dx- J dx = 7r(e-n12_en12). 
o x2+ 1 o x2+ I 

l1TaK, HMeeM: 

co ilnx 12' 

f e d 1r ( -n/2 n/2) Jre ( -n/2 n/2) -- x = e -e = e -e = 
ox2+l l-e-2n en-e-n12 

= 

12.29. 3) C.nenas 3aMeHy nepeMeHHOH t = x!, 11cxoAHhIH HHTerpan nepe­

muIIeM B BH,ll,e 

lco 1 co . 1 - J ta-I cos tdt = - Re J ta-I e11 dt, a=-. 
p 0 p 0 p 

Bo3bMeM cpyHKUH!O f(z) = za-I eiz KOMIIJieKCHOro rrepeMeHHOro z B 06nacT11 

DR.• = { z: lzl < R, Re z ~ 0, Im z ~ 0} \ { z: lzl < £, Re z ~ 0 Im z ~ 0}. 

B yKa3aHHOH 06nacT11 MHOr03Ha4Hal! cpyHKUHll za orrpe,!1,eJieHa OAH03Ha4HO 

IIO cpOpMyJie Za = e a In z = e a [Inlzi +i arg zJ, a cpyHKUHll j(z) l!BJil!eTCll aHaJil1Tl1-

4eCKOH. Ilo:noMy rro TeopeMe Ko1m1 ,i;, f(z)dz = 0. 3ToT HHTerpan 
'foDR .E 

rrpe.ncrns11M B B11Ae CYMMbI LieTbipex HHTerpanos 
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R f ta-I eir dt + 
E 

+ 
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f 
I :[=R 

lm:<'.O. Re:<'.0 

f 
I :I=< 

Im :2'.0,Re :2'.0 

c 
za-lei:dz + f (iy )a-1 ei(ir)dy + 

R 

ITocKOJJbKY 0 < a < l , TO 11p11MeH11B neMMY )l{op.L\aHa .L\JJH 11HTerpana Ii 11 

oueHl1B He11ocpe.L\CTBeHHO 110):\bJHTerpaJJbHYl-O cjlyHKU111-0 B 11HTerpane /4 , 

HeTPYAHO 11on y411Tb, 4TO lim / 7 = 0 , Jim /4 = 0. YcTPeMJJHH R-Hoo 11 
R-7+oo - E-H-0 

E-->+O B .L\pyr11x 11HTerpanax, 110JJY411M paBeHCTBO 

00 00 ;.'.E.ca-1) 

f a-I ird ·a-If a -I - "d 2 re ) t e t=z y e · t=e a , 
0 0 

f}:\e f(a) - raMMa-cpyHKU11H 3Hnepa. lfraK, 11CXO}:\HbIH 11HTerpan paBeH 

= 1 oo . 1 ;.'.:.(a-1) f cos(xP )dx =-Ref ta-1e11 dt =-Ree 2 r(a) = 
0 p 0 p 

= ~ r(a)cos(~ a-~)=~ r(~ }in ;p. 
Dw6a 13 

13.5. IT ycT& 110CJJe.L\OBaTeJJbHOCTb {f,i(z)}, cocTOHll!aH 113 aHaJJ11Tw1e­

cK11x, OAHOJ111CTHblX cpyHKU11H CXO.L\11TCH B 06JJaCTl1 D K cpyHI<U1111 .f(z). flo 

TeopeMe BeH:epwTpacca cjlyHI<l.IHH .f(z) aHaJJl1Tl14Ha B 06nacT11 D. Tipeti:110-

JJO)!(l1M, 4TO OHa He HBJJHeTCH TOJK}:\eCTBeHHO KOHCTaHTOH. ,[(oKa)l(eM, 4TO 

OHa HBJJHeTCH OAHOJ111CTHOH. Tipe}:\110JJ0)!(11M 11pOTl1BHOe, T. e. 4TO cymecT-

BYl-OT, 110 Kpai1Hei1 Mepe, ,[\Be TaK11e T04Kl1 z" z2 E D, z 1 -:f z2, 4TO .f(z1) = 
.f(z2). TaK KaK cpyHKUl1H.f(z) He eCTb TO)!(JleCTBeHHaH KOHCTaHTa, TO cywecT­

syeT KOHTYP r, TaKOH, 4TO ZJ, Z2 E r 11 Dr CD, 11p11 )TOM Ha KOHType r 
.f(z) * .f(z,) = .fCz2). 0TCl-Oti:a CJJe,[\yeT, 4TO <PYHKUl1H g(z) = .f(z) - .f(z,) 11MeeT 

BHYTPl1 o6JJaCTl1 Dr, 110 KpaHHeH Mepe, }:\Ba HYJJH, Ha rpaH11ue r o6JJaCTl1 Dr 
y <PYHKU1111 g(z) HeT ttynei1:. Tor,[\a 110 TeopeMe fyps11ua (cM., Ha11p11Mep, rn. 

12) Ha411HaH c HCKOTOporo HOMepa no= no([) MH scex n >no([) <PYHKU1111 

g 11(z) = .f,,(z) - .f(z1) TaKJKe 11Me1-0T, 110 Kpai1Hei1 Mepe, }:\Ba HYJJH. 3TO 11poT11-

sopeq11T ycnos111-0 O.L\HOJJl1CTHOCTl1 11ocne.L\OBaTeJJbHOCT11 {f,,(z)}. Cne.LlOBa­

TeJJbHO, <PYHKUHH.f(Z) 0}:\HOJ111CTHa. 

Tip11MepoM 110CJle}:\OBaTeJJbHOCTl1 OtlHOJJHCTHbIX c!>YHKU11tt, paBHOMepHO 

CXO}:\Hll!ettCH K cjJyHKU1111, TO)!(,[\eCTBeHHO paBHOH HYJJl-0, MO)!(eT CJJY)l(l1Tb 

110CJJe}:\OBaTeJJbHOCTb {f,,(z) = zln}: lim f,, ( z) = 0, z E c. 
fl -700 
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13.11. Ha1sam1e "TeopeMa rnrnwa.ueH'' npo11cxo.u11T OT rnro, 'ITO :na 

TeopeMa 51sm1eTC5! aHaJI11T11l!eCKHM Bb1pa)!(eH11eM cJie.uy10wero reoMeTpHl!e­

cKoro cpaKTa: np11 orn6pa1KeH1111 o6JJaCTH jzj > r, r > 1, cpyHKu11ei1 ro = ro(z) 

OCTaeTC51 HenoKpblTOH 43CTh TIJJOCKOCTH (J) = u + iv, TIJ!Oll.!3.llh KOTopoi1 

6oJI&we HYJJ51. lfa :noro reoMerp114ecKoro no5!cHeH115! s&neKaeT 11 cnoco6 

.llOKa3aTeJI&CTB3. IlMeHHO, OKPYIKHOCTh jzj = r, r > 1, nepeXO.JlHT np11 OT0-

6pa)!(emm (J) = w(z) = ll + iv B 3aMKHYTYIO attaJIHTHlJeCKYIO Kp1rny10 (J) = 
w(riP) = w(cp), 0 :S cp :S 2rr, orpattw-rnsa10w:y10 tteK0Topy10 o6JI3CTh, m10-

W:3.Uh s KOTOpOH BbJLll1CJI51CTC5! no cpopMyJJe (CM. 33,!l,3'lY 6.7. l)) 

S = Yu·v'd(/J = 2[ m((fJ)+W(q}). m'((fJ)-.~ d(fJ = 
0 0 2 21 

2" [ re;rp + re - irp ~ a e -11irp + ~ e"irp l 
= J +L: II II II X 

o 2 11=1 2r 

x [ re;9 +2re-irp ~ na,,e-i11rp + na"e;"rp l - 2_ ~ I 12 
L,, -----11--- d (/J - 1rr :rr L,, n a11 . 
11=1 2r 11=1 

Ilp11 JJI06oM r > 1 rrrroma.llb S > 0. IlepeXO.ll51 K npe,D,eJiy np11 r---> l, noJiy-

'l3eM, 'ITO :L~. 1 nIa,,1
2 ~ 1. 

13.39.1. IlycTh T04K3 z0 nepexo.u11T B T04KY w0 = 0, TOf.ll3 z0 nepexo­

.JlHT B TO'-IKY, CHMMCTj)H'lHYIO c TOLJKOH wo; TaK K3K Wo = 0 - ueHTp Kpyra, 

TO w~ = oo . Tor,D,3 npeo6p330B3HHe HMeeT BH.ll w(z) = /..(z - z0)/(z - z0 ). 

BocnOJJb3yeMrn TeM, 'ITO rp3tt11ua 06nacT11 np11 KOHcPOPMHOM npeo6pa30-

satt1111 nepei1.ueT B rpatt11uy o6JI3CTH, T. e. np11 z = x, jw(x)j = R. IlMeeM 

R =IAI ·1~-:o I= IAI, A= Re;r:p , w( z) = Re;r:p z-:_o - :no ecT& 06m11i1 BH.ll 
x- ~ z-~ 

.llp06tto-mrnei1ttoro npeo6pa30B3HH51, r.ue napaMeTp cp - yron nosoporn 

Kpyra, npH 3TOM Kpyr nepeXO.ZWT caM B ce651. 

13.62. ,[(oKa3aTeJihCTBO. IlyCTh cymecrnyeT KOHcPOPMHOe OT06p3)!(eHHe, 

rrepeso.u51ru:ee KOJibUO r 1 < JzJ < r2 Ha KOJI&UO R1 < lwl < R, 11 Kornpoe 33.lla­

eTC51 cj.>yHKUHCH j(z), 3H3JIHTH'!eCKOH B KOJl&Ue r1 < lzl < r2 H 0.llHOJIHCTHOH. 

IlcnOJib3Y51 npHHUHil CHMMeTpHH P11MaHa-lllsapua, noJiyqHM 3H3JIHTHl!e­

CKOe npO,llOJJ/KeHHe cpyHKUHH j(z) Ha BCIO KOMIIJJeKctty1-0 TIJIOCKOCTb c 33 

HCKJll-O'lCllHeM, 6b!Tb MO)!(CT, TO'-IKl1 z = 0, rrp11 :HOM j(z) 33.ll3CT KOHcpopM-

HOe OT06pa)!(eH11e p3CWHpeHHOH KOMIIJieKCHOH IIJJOCKOCTH c Ha ce651. 

BmMO)!(Hbl .llB3 CJIY'l351. 
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IlepBblH CJIY'IaH, Kor.ua TO'!Ka z = 0 nepeXO,U11T B TO'iKY 111 = f(O)= 0, 
6ecKOHe'iHO y.uaneHHal! TO'!Ka nepexo.u11T s ce6ll. 11MeeM f(z) = z g(z), 

r.ue g(z) - uenal! cpyHKU11ll, g(z) f. 0, zEC. TaK KaK OKPYIKHOCTb lzl = r1 

11n11 lzl = r2 nepexo)J.11T B oKpyJKHOCTh, TO g(z) = const. B caMOM JJ.ene, 

.uocTaTO'iHO paccMoTpeTh cpyHKU11ID In [g(z)], Kornpal! aHan11T11'!Ha B 

Kpyre lzl ::::: r 1 11 Ha rpatt11ue lzl = r1 .uei1crn11TeJihHall 'iaCTb Re In [g(z)] 
= In lg(z)I eCTb KOHCTaHTa. 0TCIO):la cne):lyeT, 'ITO rapMOHl14eCKal! 

cpyHKU11ll Re In [g(z)] eCTb KOHCTaHTa BO BCeM Kpyre lzl::::: r1, no:no­

MY 11 In [g(z)] ecTb KOHCTaHTa. 0KOH'iaTenhHO, f(z) = a z 11 r1/r2 = 
R 1/R 2• 

Brnpoi1 cnyqai1. ToYKa z = 0 nepexo.u11T s 6ecKoHe4HO yJJ.aneHHYIO T04-

Ky, a 3Ta norne)J.Hllll - B TO'iKY 111 = 0. Ecn11 paccMoTpeTb cpyttKU11IO g(z) = 
l/f(z), TO np11.ueM K nepsoMy cnyqa10, a Tor.ua fi.z) = llaz = bz-1

• 11 B 3TOM 

cnyYae r1/r2 = R i/R2. 

13.94.1. TaK KaK 11CXO,UHal! o6JiaCTb Cl1MMeTpH'·!Ha OTHOCl1TenbHO .uei1-

CTBl1TeJibHOH OCl1 11 rpaH11ua o6naCTl1 .UOJIJKHa nepei1Tl1 Ha .uei1CTBl1TenhHYIO 

och, TO np11MeH11M np11ttu11n c11MMeTp1111 P11MaHa-Wsapua. PaccMOTpl1M 

o6JiaCTb D1, rpaH11uei1 KOTOpoi1 l!BJil!eTCll .uei1cTBl1TeJibHal! OCb 11 OTpe30K Ha 

MHl1MOM OCH: y E (0, 1), x = 0. llp11MeHl1M K 3TOH o6JiaCTl1 nocne.uosaTeJib-

HO npco6pa30BaH11J1: 111 1 = z2
, 1112 = 111 1 + 1 = z2 + 1, w3 =Fi=~z2+1, np11 

:noM 6epeM TY BeTBh KBaJJ.paTttoro KOpHll, KOTopal! nepeso.u11T D 1 Ha sepx­

HIOIO nonyrrnocKOCTb. TaK KaK w3 = ~ z2+ l nepeso.u11T o6nacTh D1 Ha 

sepXHIOIO nonynnOCKOCTh, TO 11CXO,UHal! o6JiaCTb - BHelIIHOCTb Kpecrn -

nepei1.ueT Ha BCIO IlJIOCKOCTb c BbI6poweHHblM 0Tpe3KOM [- .J2, .J2] no 

.uei1crn11TeJihHOH oc11. Tenepb np11MeH11M .upo6Ho-n11Hei1Hoe npeo6pa3osa-

- .fi.-llj .fi.-J:2+1 
Hl1e W4 - --,-;:--- = nepeBO.Ullluee 11CXO.UHYIO o6naCTb (BHeW-

v2+11j .fi.+~ :2+! ' 

HOCTb Kpecrn) Ha BCIO KOMIIJieKCHYIO nnOCKOCTb c Bb16poweHHb!M Il0JIO/Kl1-

r. .fi.-0i 
Ten&Hb!M nyYoM. 11 nocne.uHee npeo6pa30BaH11e iv="\/ w4 = ~ 

.fi.+vz2+1 

nepeBO.U11T 11CXO.UHYJQ o6JiaCTb Ha BepXHJQJQ nonynnoCKOCTb (6epeTCll Ta 

BeTBb MHOf03Ha'iHOH cpyHKU.1111, KOTopal! nepeBO.U11T Ha sepXHIOIO nony­

IlJIOCKOCTb). 

11rnK, w(z) = .fi.-Mr 
.fi.+Jz2+! . 



PEWEH1151 Tl1fU14Hh!X 3A,llA4 335 

Dwaa14 

14.8. 6) Tiep6ineM K nom1pHhIM KOOp)llrnarnM x = r cos cp, y = r sin cp. 
y CJIOBl1e conp1DKeHl1H rapMOHl1'-leCKl1X cjiyHKUl1H u(r, cp) 11 v(r, cp) 11MeeT Bl1)l 

2 ? ? . ? 
, 1 , , I , T ( ) r cos-rp-r-sm-rp cos2rp 

u,. = -vqi, v,. = --uqi. aK KaK II r,rp = 4 ? TO 
r r r ,.-

, 2cos 2rp , 2sin21p , 2cos2qJ , 2sin2qJ 
u,. = - 3 , ltqi = 

r 
, vffJ = - , v,. = 

,.2 ,.2 r3 

sin 2qJ sin 21p 
0TCIO)la v(r,ip) = ---

1
-+ f(r) = ---

1 
-+ g(ip), noJTOMy_/{r) = g(cp) = ,.- ,.-

sin 2qJ 2rcosqJ·rsinqJ -2xy 
c (const). lfraK, v(r,ip) = ---

1
-+c = - 4 +c = 

1 0 1 
+c. 

r- r (x-+y-t 

-2xy 
0TBeT: v(r, ip) = 1 1 ? + c. 

(x-+y-t 

14.17. TiyCTb u(x, y) - rapMOHH'-leCKaH cjiyHKUl1H B 3aMKHYTOM Kpyre pa­
n11yca R 11 c ueHTPOM s TOLJKe (x0, y0), 11 TOLJKa (x, y) JieJK11T BHYTPH JTOro 
Kpyra. 06o3HaLJ11M 3HaLJeH11e cpyttKu1111 u(x, y) Ha rpaH11ue Kpyra LJepe3 
u(R, cp) , a 3tta'ic1rne cjiymn.urn u(x, y) BHC rpaHHUbl - •1epe3 u(r, 8). Ilo ~aH­
HOH rapMOHHLJecKoi1 cjiy1-1Ku1111 u(x, y) nocTpo11M aHan11rnLJecKy10 cjiyHKu1110 
j(z) s 3aMKHYTOM Kpyre - TaK, LJTO_/{z) = u(x, y) + i v(x, y),j(z0+Re;"') = u(R, 
cp) +iv(R. cp). no 11HTerpaJibHOH cjiopMyJie Kou11111MeeM 

1 J f(¢)d¢ . 
f(zo)=-. ;: , Zo =xo+tYo· 

2m 1;-;il=R s - Zo 

IIepexo,11,H K rrapaMeTP113au1111 ¢ - z0 = Re;qi' qJ E [0, 2n], nonyLJaeM 

· 2n 1 2n 

di;= Rieiqi drp, f (z0 ) = - 1
-. J f (z.0+ Re;qi) dqJ = - J f (z0+ Re;qi)dqJ -

2m 0 2n 0 

cjiopMyJia cpe,11,1-1ero 3Ha4emrn )lJIH aHaJil1THLJeCKOH cjJYHKU1111. Terrepb OT)le­
JIHM nei1CTBl1TeJihHYIO 11 MH11MYIO LJaCTl1 B JieBOH 11 rrpaBOH LJacrnx 3TOH 
cjiopMyJihl H noJiyLJHM 

l 2n . 

u(x0 , y0 ) = - J u(R, qJ) dqJ, r.ue u(R,rp) = u(x0+ Rcosrp, y0+ Rsm rp). 
2n 0 

14.29. 2) 3arr11weM pewe1-111e u(r, 8) B s11,11,e HHTerpana IIyaccotta: 

1 2
" (l-r 2)cosrpdrp 

u(r,8)=-f 
1 

, Q:-=;r<l,8E[0,27Z"]. 
27' 0 l+r--2rcos(ip-El) 

C.ueJiaeM 3aMeHy qJ - 8 = a - n/2 , rnr.ua 
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(l-r2) 2"+"12
-

0 cos(B+a-n/2)da 
u(r,B) = -- f 

0 
= 

27r n/2-B l+r--2rCOS(a-1lf2) 

(l-r2
) 

2"u12- 0 sin(B+a) da -- f -
- 2n "12 _

0 
l+ r 2-2rsina -

_ (l-r2
)[

2"+"12
-

0 sinB·cosada 2"u'2
-

0 sinada ] - -- f 2 . +cos B f ? • , 

2n " 12_0 l+r -2rsma JT, 2_0 l+r--2rsma 
2"+" 12

-
0 cos a da 2"+"12

-
0 sina da r2n 

TaK KaK f 2 . = 0, a f 2 . 2 
JT/2-0 l+r -2rsma n/2-0 l+r -2rsma 1-r 

(cM. 12.13. 10)). OKOH'laTeJihHO rro11y4aeM u(r, 8) = rcos 8111111 u(x,y) =x, 
x = r cos e, y = r sin e. 

OrneT: u(x, y) = x. 

14.48. IlycTb r < R 1 < R, rnr.na cjJyHKU:HHfiz) aHaJIHTHlJHa B 3aMKHYTOM 
Kpyre { lzl :S R1 } 11 ee MO)KHO pa3JIO)KHTb B pli:,n Teifnopa rro CTeneHll:M z, pH.LI 
6y,neT paBHOMeptto cxo,nHThCll: B Kpyre { izl :S R 1 } : 

f(z)='i.~=0 a11 z
11 , lzl~R,. 

Ec1111fiz) = u(x, y) + i v(x, y), a11 = a;,+ ia;,, .11 z = re;o, TO 

( ) 
• ( ) '"'~ ( t • ") n i11B • ux, y +ivx,y = L. 11=0 a11 +ia11 re , z=x+1y. 

u(re;0
) = u(x, y) = L~=0 (a;,r

11 cos nB-a;r11 sin nB), 

( iB) ( ) '"' ~ ( I II . B " II B) v re = v x, y = L.. 11 = 0 a11 r sm n +a11 r cos n . 

Ilo TeopeMe Tei1nopa 3arr.11weM K03cp¢.11u:11eHTbI B BH,ne 

l f(~)d~ , .,, l 2"f(R/'P)Rie;rpd(fJ 
a,,= -2 . f ,g11+1 = a11 + 1a11 = -2 · f o R11+1 i(11+I)rp = 

m l~l=R, 1ll e 

. l 2" f(R eirp) . 
(3aMeHa,; = Re'rp , (/JE [0,2n]) = - f 1 e-111rpd(fJ. Ilo3TOMY 

2n 0 R;' 
a' =-1_

2
fJT u(R/'P)cosnqJ+vsinn(fJ d 

II 2 R11 ~ 1l 0 I 

1 2" (R irp) · ,, = __ f u 1 e sm n(/J - v cos n(/J d = 0 1 2 a
11 

rp, n , , , .... 
2n 0 R{' 

l 2JT . 
Ilp.11 n = 0 HMeeM a~= a 0 = u(O) = - f u(R1e''P)d(fJ, 

21l 0 
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" l 2n i 
a 0 =+-f v(R1erp)drp=+v(0). 

2tr 0 

IIycTb n :'.'.: 1. Ko3cpcjmu11eHTbl a11 MO)l(HO 3am1caTb B s11.ne 

a
11
=-

1
-. f .f(~,~~~+~ f J(;);111

d;, 1112'.0,C=const. 
2m l~f=R, ; 2m l~f=R, 

TaK K3K BTOpoM. HHTerpaJI paBeH Hymo, HMeeM 

a = - f f(R eirp) _e __ + C R111+1ei(111+l)rp dm. l 2n [ -i11rp l 
II 2 . I Rll I 't' 

1r 0 I 

±1 
IIonO)l(HM C = ---1 , m + l = n. HTaK, 

R;'+m+ 

l 2n 
B ncpaoM cn)"-iae a

11 
= a;. + ia;, = -- J (u + i z) 2 cos mp dcp . 

2;rR;' 0 

B , . ,, r 2Jllc . )C 2· . )d o BTopoM cnyqae a
11 

= a
11 

+ ia
11 

= -- u + iz - r sm nrp rp. 
2trR;' o 

IT03TOMY 
l 2n . l 2:r . 

a;, =--J u(R 1e''P)cosnrpdrp= --J v(R 1e''P)sinnrpdrp, 
trR;' 0 ;rR;' 0 

12n 1 2" 
a;,'= -- f v(R 1 eirp)cosnrpdrp = --- J u(R 1 eirp)sin nrpdrp. 

trR;' 0 ;rR;' 0 

I'Jiaaa 15 
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15.6. 3) Qqestt,nHo, 'ITO noKa3aTem cTeneHH poem cpyHKUHH tv paseH 

Hymo, IIOCKOflbKY Ha 6eCKOHelJHOCTl1 t" pacTeT He 6bICTPee MHOro•rnetta. 
Ilo3TOMY 113o6pa)l(eHHe Jlannaca 

F(p) = f t"e-P1dt, p = p1+ip2 , 

0 

MO)l(HO paccMaTp11BaTb .nm1 p: Rep > 0 . .[{JUI Bbl'IHcneHIDI 3Toro HHTerpaJia 

paCCMOTpHM cPYHKUHIO f{z) = z"e-z KOMrrneKCHOro rrepeMeHHOro z B o6nac­
Tl1 DR, rpatt11ua KOTOpOH npe.ncTaBmleT 06be,[{11HeH11e 
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aDR =[0,R]u{z: lzl=R,O::o;argz::;a,tga= P?. ,p1 >O}u 
P1 

U{ z: z = ( p 1 + ip!. )t, t E [0, R]} . 

<DyHKUl151 .f(z) aHaJI11Tl1'-!Ha B yKa:iaHHOH o6nacrn, a B TOlJKe z = 0 HMeeT 

HHTerp11pyeMyJO oco6eHHOCTh ( v > -1 ), !103TOMY !10 TeopeMe KowH 11ttTe-

rpaJI no rpaHHUe p f (z)dz = 0. Ho HHTerpan flO rpatt11ue npe.ucrnB11M B 
aoR 

s11.ue cyMMhl Tpex HHTerpa.rros: 
R R 0 

f t''e-1 dt + f z'·e-:dz+ fCpt)"e-P1d(pt)=I1+h+f3. 
0 l:l=R 

O~arg :~a 
R 

Ilp11 R -++oo HHTerpan /?. crpeMHTC51 K HYJIJO, nocKOJihKY .UJI51 f!O.!lhIHTe­

rpaJihHOH cPYHKu,1111 cnpase,LlJil1Ba oueHKa I z"·e-:j ~I z j"e-1 ~ R''e-R. YcT­

peMHB R -++oo B HHTerpanax / 1 11 !3 , 113 flOCJie.[lttero paseHCTBa nonyq11M: 

J t"e-1dt- p"+I J t"e-P1dt =0. 
0 0 

Cne.uosaTeJihHO, F(p) = f'(v + I )/p"+1, '-ITO 11 -rpe6oaanoci, noKa3aTb. 
KaK <iacTHhTH cnyqaw :noro np11Mepa paccMOTPHM cPYHKUHJO Xes11caw.L1a 

H(t). l13 :noro np11Mepa rne,LlyeT, 1no 11306pa)f(eH11e Jiamiaca cpyHKUH11 
Xes11cai1.L1a paBHO lip. 

5) PaccMOTPHM cPYHKUMJO sin wt 11p11 HeKornpoM KOM11JieKCHOM w. Tor.ua 

I 

iwt_ -iwt I leicvt1+1e-i{t)tl -lmw1 lm(J)f 

I . 1- e e < - e +e < 11mwl1 sin wt - _ - _ e . 
2i 2 2 

lb 3TOH oueHKH Bb!TeKaeT, '-ITO 110Ka3aTeJih CTerreHl1 pocTa cPYHKU,1111 sin wt 
paaeH IIm wj. I1o3TOMY 11306pa)f(ett11e Jiannaca F(p) MO)f(HO paccMaTpHBaTh 
.!lJI51 p: Rep> !Im wl. l1cfloJihJY51 np11Mep 3), rronyqHM 

F(p) = J sin(wt)e-P1dt =~J e-<p-iw)1dt-~ J e-(p+iw)1dt = 
0 2t 0 21 0 

l f(l) l f(l) (1) 

2i p - iw 2i p + iw 

15.21. <DyttKu11ei1 EecceJI51 J,lz) nepsoro po.Lia nop51.!lKa n E Z HaJhJBa­
eTC51 peweHHe .!l11cjlcjiepeHU11aJihHOro ypaBHeHl151 

., d2w dw ., ., 
z- - ., + z-+ (z-- n-)w = 0. 

dz- dz 

KOTOpoe npe,LlCTaBJI51eTC51 CTeneHHhlM p51.!l0M 
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J,,(z) = (!..)" f: (-l)'°(z/2)2' . 
2 k=O k ! f(n + k + 1) 

lbo6paJKem1e Jlarrnaca HMeeT su.n: 

= i = J 10(at)e-p1dt =-J J0 (t)e-prladt. 
o ao 
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,Ulli! .noKa3aTeJibcrna 1) .nocrnT04HO paccMOTpeTb CJiytiai1 a = 1. EcJIH 

rrpe.nrroJIOJKHTb, 4TO Re p ~ s0 > 0, TO p.si.n, rrpe.ncrnBlli!IOll.(HH cPYHKU.HIO 

Eeccelli! J0(t), MOJKHO rr04JieHHO HHTerpuposaTb. CJie.nosaTeJihHO, 

=fl()-prd_~C-d 1 1 =f2k-prd t e t- L.--·-· · t e t= 
o o k=O k ! 22k f'(k + 1) o 

- f (-1/ 1 f(2k+l) 1 - 1 f (-1/ l (2k)! 1 -
- k=O k!"2_2k" f(k+l) . p2k+l --;; k=O k!" 22k "k!" p2k -

=_!_ f (-1/ (k+l)(k+2) ... (2k) 1 = _!_ f (-l)k 1·2·3· ... ·2k l 
p k=O k! 22k p2k p k=O k! k!22k p2k 

1 = (-l)k 1·3· ... ·(2k-l) 2-4- ... ·2k l 
= - 2:-k I . ?k . zk k I ·----v: = 

P k=O · - • p 

l = (-1/ l l l 1 
=- 2:--·-·(l+-)· ... ·(k--)·----v:= 

p k=O k ! 2 2 2 p . 

=_!_ f (-112)(-1/2-1) ... (-1/2-k+l) ·-1-= 
p k=O k ! p2k 

=_!_(1+-1 )-112= 1 
p p2 ~l+ p2. 

15.27. 1) Jlerno BbI4HCJIHTb, YTO Fj, ( p) = ( e -pil -1) I( - ph) . 0Tc10.na 

CJie.nyeT, '-ITO lim Fj,(p) = l. IlpH 3TOM Mb! rrpH.neplKHBaeMC.s! CJie.ny10m11x 
'1-HO 

orrpe.neJieH11.si H o6o3Ha4eH11.si. Pacrrpe.neJieHHe 8-<J:>yHKU.HH ,UHpaKa MOJKeT 

6b!Tb BBe.neHO CJie.nyIOll.(HM o6p330M: 

I " 
< 5,rp > = rpCO) = Iim -J rp(t)dt, 

DJ '1->+o h O 

r.ne cjJyHKLl,H.s! cp(t) .s!BJI.s!eTC.s! 6eCKOHe'-IHO ):IHcjJcjJepeHLJ,HpyeMOH H CKOJib 
yro.ntto 6brCTpo CTpeMHTC5! K HYJIIO Ha 6ecKoHe'-IHOCTH. JI106a51 rrpoH3BO.!l­
Ha5! 8-cpyHKUHH MOlKeT 6b!Tb Bbl'-IHCJieHa no npasuny 

I " < 5<"), (/J > = c-1) 11 < 5, (/J(ll) > = c-1)" Jim - f (/J(ll) (t)dr = c-1)" (/J(ll) co). 
DJ '1->+0 /JO 
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2) l'.bo6pa)!(eH11e Jiannaca F(p) 8-rpyHKUHH onpeaem1M no rpopMyne 

1 " F(p) =< 8,e- p1>= Jim <f,,,e-p1>= Jim -f e- pr dt = 1. 
h-70 h-7+0 h 0 

A 11306pa)!(em1e Jlarnrnca F11(p) n-11 npo113BOAHOH cpyHKU1111 o (n) onpet1e­

Jil1M cnet1y10m11M o6pa3oM: 

F,
1
(p)=<8<11 l ,e- P1>=(-l) 11 <8,(e- P1

/
11 l >=<8,p11 e-P1 >= 

1 " 1 " = lim-J p 11 e- P1dt=p 11 Iim-fe- 111 dt=p 11
, 

h-7+0 h 0 '1-7+0 h 0 

'ITO 11 rpe6oBaJJOCb AOKa3aTb. 

15.39. L(JUI peweHm1 3TOH 3aaaq11 npeanoJI0)!(11M, 'ITO npHMbie 11 06paT­
Hb1e npeo6pa30BaH11H Jlannaca cpyHKU11H, sxonHm11x B ypasHeH11e, cymecT­

BYIOT. 

1) lb pe3yJJbTaTa peweH11H 3anaq11 15.13 MO)!(HO yTBep)!(t(aTb, 'ITO 

F(p) = cD(p)L(p) , 

rt1e F, cD 11 L - 11306pa)!{eH11H Jiannaca cpyHKUHH f, <p 11 K cooTBeTcTBeHHO. 
IlycTb L(p) I 0 . Toraa no cpopMyne Men11Ha 

l x+i= 
rp(t) = -. J eP, F(p) dp, 

21lt - L(p) 
x-100 

rt1e x > s0, a s0 - noKa3aTeJJb cTeneH11 poem QJYHKU1111 <p(t). 

2) AHanOrn'lHO rrpellblllYll(eMy cnyqa10, pewem1e <p(t) ypaBHeH11H BTO­
poro pona MO')KeT 6b1Tb nonyqeHo rro cpopMyne 

rp(t) = _I_ x+fi= ePI F(p ) dp. 
21li - 1-L(p) 

x-100 

15.43. L(nH rrpOCTOTbl H3JlO)!{eHH5! rrpearrOJIO')KHM, 'ITO u(t, 0) = 0 H Ha­
IIOMHl1M, 'ITO npeo6pa3oBaHHe Jiarrnaca 8-rpyHKUHH paBHO 1, a ee npeo6pa-
30BaHHe c 3ana3.Ub1Baa1-0ll(HM aprYMeHTOM pasHo e-pT, rae T > 0 - 3ana3AhI­
saHHe. L(anee, npHMeHHM npeo6pa3osaH11e Jlannaca no nepeMeHHOH t H, 
Y'lHTbIBaH 3aaaqy 15 .11, rrony'lHM B 11306pa')KeH11Hx Jlarrnaca 3aaaqy 

p2U(p,x) = a 2v:r<p,x), V~(p,0) = ve-pT, U(p,0) = 0, 

r.ue U(p, x) - H306pa')KeH11e Jiarrnaca u(t,x) . 06mee peweHHe ypaBHeHHH 
Alli! U(p, x) HMeeT BHA 

U(p,x) = A(p)ch px + B(p)sh px. 
a a 
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Y'-IHT&IBaH rpaHH'-IHbie yc11os11H np11x=0,11erno no11y'-IHTb, '-!TO A(p) = 0, a 

B(p)=av e-Tp. TaKHM 06pa10M, U(p,x)=av e-Tpchpx. ITo cpopMy11e 
P P a 

Me1111Ha 

V p1+i= pt-pT 
u(t,x) = ~ J _e __ ·ch px dp = 

2m ,,, -i= p a 

aV P1+i= ep(t - T +alx)+ ep(t-T-alx) 

=-. f dp= 
2m p,-i= 2p 

av 
= -{ H(t-T +al x)+ H(t-T-al x)}, 

2 
r.ne H eCTb cpyHKUHH Xes11cai1,na, 11 Mb! socrron&30BaJJHCb pe1yn&TaTaMl1 

1a,na'-111 15.6 1). 

I'llaaa 16 

16.7. PacCMOTPl1M CHa'-!aJJa CJJYlfaH, KOr.na cpyHKUliH fix) MOHOTOHHO He 

y6&rnaeT rrp11 x?. 0. B TaKOM cny'-!ae 

II 11-l k+l 11-l 

fa f (x)dx = L: L f (x)d.x $ L: f (k + 1), 
k=O k=O 

11-I k+l 11-I 

J~' f (x)dx = L: L f (x)d.x?. L: f (k). 
k=O k=O 

113 3Tl1X .nayx HepaaeHCTB BbITeKaeT, '-!TO 

" ll ,, 

L f(k)- f(n) $ f f(x)d.x $ L: f (k)- J (0). 
k=O O k=O 

Ileperr11cas 3TO ,nBOHHOe HepaseHCTBO B Bl1,ne 

II ll 

f (0) $ L f (k)- ff (x) d.x $ f (n), 
k=O O 

IIOJ1Ylfl1M, '-!TO lta f (k)-1 f (x)dxl $1 f (n) l+I f (0) 1 . .[(JJH MOHOTOHHO He­

B03pacrnl0w:eH: cpyHKUl111 ,nOKa3aTeJJbCTBO aHaJJOrH'-IHO. 

16.13. 11cxo,nHb!H l1HTerpaJJ MO)l(HO rreperrHCaTb B Bl1,ne: 

JI f (t)d: = r' f (t)- f (0) dt + f (O)ft ---5!!, = 
ot2+£- o t2+£2 ot2+..,-

1 J'(;(t))-t [ l t I'] =J 
2 2 

dt+f(O)-arctg- =/1+/2 . 
o t+£ £ co 
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TipH noJJy'-leHHH HHTerpa.na I, Mbl BOCnOJJb30BaJIHCb TeopeMOH JiarpaH)Ka. 
ITOCKOJlbKY cpym<I.(H51 fix) HenpepbIBHO .11.HcpcpepeHUHpyeMa Ha 0TPe3Ke 
(0, 1], nerno nony'-IHTb oueHKY .ll.Jl5! HHTerpa.na / 1: 

111 I::; max I J'(x) I J /dt 2 = max IJ'(x) I ·(Jc.in (1+&2)-lnc) = O(j ln c I) . 
.rE[O,IJ Of + £ .rE[O.IJ 2 

1 ff 
KpoMe Toro, ITOCKOJibKY arctg-~ -, HMeeM, '-!TO npH £~+0 cnpasennH-

c-Ho £ 2 

Bo I 2 - f~O) -~. TaKHM o6pa.30M, OKOH'-!aTeJibHO ttMeeM, '-!TO rrpH e~+o 

f' ~(t)d; = f(O) .!:.+o(ln £). 

0 r+c- 2 E 

16.17. PaccMOTPHM cpyHKUH!O F(z) Btt.11.a 
oo e-' 1 oo e-' 

F(z) = f-dt =-f--dt 
0 z+t z 0 l+t/z 

.ll.Jl5! KOMITJJeKCHOro ITepeMeHHOro z, Re z > 0, B OKpeCTHOCTH TO'-IKH z = 00. 
3aMeHHB z Ha s = l/z, paCCMOTPHM cpyHKUH!O g(s) BH.11.a 

c;) = OOJ e-f dt 
g 

0
I+;t 

B OKpecTHOCTH TO'-IKH s = 0 nptt ycJJOBirn, '-!TO Re s > 0. Tenepb paccMoT­
pHM cpyttKUHlO <D(s) .11.ei1CTBHTeJ1bHOro nepeMeHHoro s Ha OTPeJKe [0, l] 
BM.II.a <D(s) = g(ss). <DyHKUH51 <D(s) HMeeT Ha 0Tpe3Ke (0, l] ITpOH3BO.ll.Hbie 
mo6oro rrop51.11.Ka, ITOCKOJlbKY 

oo -I k 

<D(kJ(s)=(-1/k!;kJ e t dt 
0 (1 +st;/+' 

H HHTerpa.n B rrpaBOH qacrn paBeHCTBa CX0.11.HTC51 paBHOMepHO ITO s E [O, I] 

H s, Re s > 0. 0Tcmna BbITeKaeT, '-!TO 
00 

<l>Ckl (0) = (-l)k k !;k f e-1 tk dt = (- l)k k !;k['(k+I) = (-1/ ;k (k !)2
. 

0 

Pa3JIO)KHM cpyHKUJUO <D(s) ITO cpopMyne MaKJiopeHa np11 s = 1 c ocTaT0'-1-
HbIM '-!JieHOM B cpopMe JiarpaH)Ka: 

<D(l) = <D(O) +<I>' (0) + <I>" (0) + ... + <l> c11J (0) + <l>c11+1J (B) , 0 < (] < 1. 
2! n! (n+l)! 

ilOCKOJibKY <l>(l) = g@, a <l>(k)(O) = (-1/ (k!)2 s\ TO cnpaBe.ll.JIHBO rrpe.n­
CTaBJieHHe 
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C.nenas 06parny10 3aMetty nepeMeHHOH ~ = l/z, Ml! cPYHKU1111 F(z) nony-

11 (-ll k' = e-1!11+1 
411M paseHcrno F(z) = L k+l • + (-1)11

+
1 f 11+2 dt, r.ne Re z > 0. 

k=O z 0 ( z + Bt) 

I+= e-1t11+Idt n+l 
)J:anee, nocKOJJhKY np11 z-oo, Re z > 0, (-1)' 1 f +' = o(l/z ). 

0 (z+Btt -
B TaKOM CJIYtJae .ll.Jil! <PYHKUI111 F(z) np11 z-oo, Re z > 0, nony411M paseHcrno 

F = 11 (-llk!+(-1)"+1(n+l)! 
Cz) 2: k+l 11+2 • 

k=O Z Z 

(
(-1) 11 n!J (-1)"+1(n+ l)! 

ITocKOJJhKY rrp11 z-oo, Re z > 0, o 1 = 2 , TO nony-
z11+ z"+ 

411M ac11MnTOT114ecKoe rrp11 z-oo, Re z > 0, pa3JJOlKeH11e 

= e -r = (- l)k k ! 
f-dt - 2: k+l , 
O t+ Z k=O Z 

4TO 11 Tpe60BM0Cb 1l0Ka3aTb. 

16.34. ITOCKOJlbKY a > 0, TO 11CX011HhIH 11HTerpan CX01111TCl! no np113HaKy 
LJ:11p11xne-A6ensi. I1o3TOMy, 11HTerp11pysi .nsalKllbl no qacrnM, nonyq11M 

f (l+x)-aeiAxdx= e:).x (l+x)-a1= + ~ J (l+x)-a-leiAxdx= 
0 1A. 

0 
1A. 0 

= !..+!:.. _e_(l+xra-11= +a+ J (l+x) -a-2e;;.xdx = · [ Ux l i = 
A. iA. iA. o iA. 0 

i a 
=-+-

A A.2 
a(a + l) =J (l )-a-2 ;;.xd , +x e x. 

A- 0 

I1p11MeHl!l! neMMY P11MaHa-Jie6era (cM. 16.33), ITOJJ)"111M, 4TO nocne,11,H11H: 
11HTerpan CTPeM11Tcl! K HYJJIO rrp11 A.-+oo. ITmrnMy 

Jci+xrae;;.xdx=±+; +0(;2} 
4TO 11 Tpe6oBMOCb 1lOKa3aTb. 

16.55. BocnoJJb30Bas11111cb qiopMynoi1 ITyaccoHa (cM. 16.53) ,11,nsi <PYHK­
u1111.f(x) np11 x > 0, ITOJl)"111M paBeHCTBO 

00 ') 00 00 . ' 

f (x) = L e-1.-x = L J e-1211m.e-1-xdt = 
n=--oo 11=-00--00 
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s KOTopoM nocne.n:m1i1 HHTerpan s npasoii '-!aCTH ecTb rrpeo6pa3osatt11e 

c!>yphe (CM. 6.66) tPYHKU:HH e-t
2
x' B3HOe B TO'-!Ke ~ = 2nn. 3TOT HHTerpaJI 

paseH (CM. 6.66 11n11 6.49) exp[- n~i
2

} J'.h: TaKHM o6pa3oM, HMeeM 

np11 x-++O: 

f(x)= {1i f exp[-7[
2112 )= f1i(1+2fexp[-n

2
n

2J]-
V~11=-= x v~ "=' x 



IIPIIJI O)KEHIDI K MEXAHIIKE II <I> II31IKE 

AnnapaT Teop1111 attan11Tw1ecK11x cpyHKUl1H Mmf<eT 6bITh 11cnonh30BaH 

.z:1n51 113Y'-leHl151 noTeHu11anbHO-coneHOl1,llaJibHblX seKTOpHbIX nonew, ecn11 HX 

on11cb1BaTh c noMO!llhIO KOMnneKcHoro n0Tem.111ana. PaccMOTJJHM KOM­

nneKCHhIH noTeHI.{HaJI B rn,llpO,llHHaMHKe, :meKTPOCTaTHKe H TepMO,lll1HaMHKe. 

KoMnJieKCHhIH noTeuu:uaJI 

l{upKyJTJLLfueu eeKmopa nom1 A(A" Ay) B)J,Onh 3aMKHyroro KOHTypa C 
Ha3bJBaeTCSI KpHBOnHHeHHblH HHTerpan 

fc = fcA.(x,y)dx+A,(x,y)dy 

(Hanpasnettue o6xona no KOHTYPY - nonO)f(HTenhHoe). 

BeKTOpttoe none A Ha3hlsaeTCSI 6e3euxpe6blA1 11n11 nome1-14uaJZbHbl.M s 

o6naCTH D ecnu s 3TOH 06nacn1 cymecrnyeT cpyHKl..\HSI u(x, y) TaKaSI, 1iTO 

A(x, y) =grad u(x, y). 
Ecn11 seKTOpHoe none A HenpephrnHo s o6naCTH D, TO u11pKyn5!Ul1S1 no 

mo6oMy 33MKHYTOMY KOHTypy, np11Hanne)f(aiueMy D, paBHa Hymo TOf,lla H 

TOnhKO" TOr)J,a,_Kor.z:1a seKTopttoe none A - noTeHu11anhHOe. Ecn11 np11 3TOM 

o6naCTb D OlJ.HOCB513Ha 11 '-13CTHbie rrpOH3BOlJ.HbJe aA,Jay 11 aA_Jax Henpe­

pbIBHhI s D, TO ycnos11e noTeHuHanhHOcT11 non51 A 3KBHsaneHTHO ycnosmo 

oA\" oA, 
= oy OX 

(1) 

Ecn11 ycnos11e (1) BbmonHS1eTcS1 so scex T01iKax paccMarp11saeMoro no­

.TUI, 3a 11CKJII01ieHHeM KOHe'-IHOfO '-111Cna T01ieK Zk> k = 1, ... , N, B KOTOpblX 

ycnos11e (1) ttapywaeTCSI 11n11 TepSleT CMbicn 113-3a 06paiuett11S1 s 6ecK0He11-

HOCTh XOTSI 6b1 Oll.HOH 113 np0113BOll.HhIX, TO u11pKynS1uHS1 no 3aMKHYTOMY 

KOHTYPY C, o6xonSIIUeMy KaKy10-n11po 113 3T11x TO'-leK 11n11 rpyrrny TaKux 

T01ieK, MO)!(eT 6hITh OTJIH1iHOH OT HynS1. Ecn11 u11pKyJIS1Ul1S1 no KOHTYPY C, 
orpatt111111sa10meMy o6nacTh, BHYTPH KOTopoif HaXO.lll1TCSI n11wh O)J,Ha 113 

TO'-leK Zk, OTnH1iHall OT Hynll, TO TO'-IKa Zk Ha3bJBaeTCSI euxpe60U ln04KOU. f c 
H33bJBaeTCSI u1-1meHCU6HOCmbJO 6UXpfl B TO'-IKe Zk (11MeeTCSI B 811.llY Oll.HO­

KpaTHbIH o6xon no KOHTYPY C). 
IIomoKoM eeKmopa nonS1 A 11epe3 Kp11syro C Ha3blsaeTCSI Kp11son11ttei1-

HhIH 11HTerpan 

Ne= fcA11 ds, 

r.ne A 11 - npoeKul151 seKTopa A(x, y) Ha nonO)!(l1TenhHOe ttanpasnett11e Hop­

Man11 K Kp11soi1 Cs TO'-IKe (x, y). Ecn11KOHTypC3aMKHyr, TO 

Ne= fcA.,(x,y)dy-A/x,y)dx 

(ttanpasnettue o6xona no KOHTYPY - nono)f(11Tenhttoe). 
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BeKTOpHoe none A Ha3bJBaeTcH coJ1eHouow1bHbl.M s 06nacn1 D, ec­

ntt cymecrnyeT cjlyHKUHH v(x, y) TaKa.ll, qTo nonHhIH ee .uttcjlcjlepeHUHan 

dv =Ax dy - A_,. dx. <DyHKUH.ll v(x, y) Ha3bJBaeTC.ll ¢YHKi1ueii moKa. 

Ecntt seKTOpHoe none A .l!Bn.lleTCH coneHOHJJ.anhHhIM s o6nacTH D, TO 

noTOK seKrnpa A qepe3 mo6oii JaMKHYThIH KOHTYP C c D paseH ttymo. 

Ecntt seKTopttoe none A HMeeT ttenpepblBHhie qacTHbie npott3BO.llHhie 

OAJox H oAJoy B O.UHOCB.s!3HOH o6nacrn D, TO He06XO.llHMbIM H .llOCTa­

TO'-IHhIM ycnostteM conettott.uanhHOCTH non.si A .sisn.sieTc.si ycnos11e 

oA, oA, 
OX oy 

(2) 

Ecn11 ycnos11e (2) BhmonH.sieTc.si so scex rnqKax paccMarpttsaeMoro no­

nH, 3a HCKJJIOqeHHeM KOHeqHoro q11cna ToqeK zb B KOTOpblX OHO HapyrnaeT­

C.ll HJIH TepHeT CMbJCJI, TO nOTOK BeKTopa IIOJJ.ll A qepe3 3aMKHYThIH KOHTyp, 

BHYTPH KOTOporo co.uep)f(HTC.s! TOqKa Zb MO)f(eT 6bJTb OTJIH'-IHblM OT HYJilI. 

To'-IKa zk HaJbJBaeTc.si ucmO'lfluKOM, ecn11 Ne> 0, H cmoKOM, ecntt Ne< 0, 
r.ue c - 3aMKHYTbJH KOHTyp, orpaHHqHsaIOmHH o6naCTb, BHYTPH KOTOpOH 

co.uep)!{HTC.ll nHIIIh o.uHa :na TO'-!Ka zk. qttcno Ne HaJhrnaeTC.ll 06iLJ1bHocmb10 

HCTO'-IHHKa (Ne> 0) HnH CTOKa (Ne< 0). 
IIpeJinOJIO)f(HM, '-!TO Henpephrnttoe seKTOpttoe none A(x, y) noTeHuttaJih­

HO H coneHOH.UaJihHO s o6nacrn: D, T. e. cymecrnyJOT cjlyHKUHH u(x, y) -
noTeHuttanbHa.ll cjlyHKUH.ll, H v(x, y) - cjlyHKL(H.ll TOKa, onpe.ueneHHhie c TQq­

HOCTbIO .llO nOCTO.l!HHbIX cnaraeMbIX, TaKJi!e, '-!TO 

du = A_,.dx + A-'.dy, 
dv = A_,.dy - A,d.x. 

PacCMOTPHM cpyHKL(HIO KOMnJieKCHOro rrepeMeHHOro 

f(z) = u(x, y) + v(x, y), z = x + iy, 

Ha3bJBaeMyIO KOAtn!leKCHblM nomeHtfUGJlOM. KOM!lJieKCHblH llOTeHL(HaJI .l!B­

JI.sieTC.s! a11amm1qecKOH ¢YHKI.(tteif s o6nacrn D. 

A= A_r(x, y) + iAy(x, y) = f'(z), IAI = lf'(z)I, arg A= - argf'(z). 

JlttHHH u(x, y) = const Ha3bJBaJOTC.ll 3K6UnomeHtfUGJlbHblMU JlUHUflMU HJIH 

JlUHUflMU ypo6Hfl. JlHHHH v(x, y) = const Ha3hJBaIOTC.ll JlUHUfl.A·IU moKa. JlHHHH 

ypOBH.ll H nHHHH TOKa o6pa3yIOT opTOroHaJibHYIO ceTb. JlHID!H ypOBH.s! 

cjlyttKUHH u(x, y) opTOroHaJihHhI seKTopy noJI.ll A. Cne.n:osaTeJihHO, seKTop 

non.ll A ttanpasnett no KacaTenhHhIM K nttHH.l!M ypoBH.ll v(x, y) = const, T. e . 

JIHHHH TOKa .l!BJI.l!IOTCll BeKTOpHblMH JIHHH.l!MH paccMarp11saeMoro BeKTOp­

HOro nOJill. 3aMeTHM, '-!TO 
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Ecm1 np0113BO,n:HaHj'(z) BHyrp11 KOHTypa c HMeeT KOHe'rnoe ql1CJIO oco6b1x 

TOqeK Zk, TO [c +iNc = 2n(f,::, resj'(z). 
;:=.:, 

KoMnJJeKCHbIH noTem~uaJI B rHJlPOJlHHaMuKe 

ECJIH a - nomoc <PYHKl..\1111 f'(z), TO s TOqKe a cPYHKU11H fi:z)HMeeT pa3-

JIO)!(eH11e BH,n:a 

!( ) 
C_,, p l 

z = + ... +---+ 
(z-a)" 2n z-a 

[+iN 
+--. ln(z-a)+-C0 +C,(z-a)+ .... 

2m 
f+iN 

fOBOpHT, qTO qJieH --.- ln(z - a) Onpe,n:eJIHeT B TOqKe a 6UXpeucmO<J-
2nz 

HUK 0611JibHOCTl1 N H 11HTeHCHBHOCTl1 r, o603HaqaeMbIH (a, N, [), qJieH 

p l -
--- - owwflb c MoMeHTOM p, o6o3HaqaeMbm (a; p) ( p - KOMnJieKc-
2n z-a 

Hoe q11cJio), pa.n:rryc-seKTop p onpe,n:eJIHeT HanpasJiem1e OT .n:11noJIH, npoxo­

.D:H!llee qepe3 TOqKy a B HanpasJTeHJ.Hi JTUHUU TO!Ca. 

Ecmf Ha 6ecKOHeqHOCTH 

n ) c ,, p r + iN 1 c c_, .1,z = ,,z + ... +-z+--.- nz+ 0 +-+ ... , 
2n 2m z 

f+iN I 
TO qJieH -- n z onpe.n:em1eT Ha 6ecKOHeqHOCTH BHxpe11CTOqHHK o6HJib-

2ni 

HOCTl1 N 11 HHTeHCHBHOCTl1 f, qJieH _.E_ Z - .D:HTIOJib C MOMeHTOM p. 
2n 

1. HaiiT11 noJie cKopocTeii .D:BH)!(eHHH HeC)!(l1MaeMoii )!(11.D:KOCTH, KOM­

nJieKCHbiii noTeHuHaJI KOToporo paseH az, a > 0. 
Peiue1-tue. f'(z) = a, TI03TOMY BeKTOp CKOpOCTlf napaJIJieJieH .n:eiiCTBH­

TeJibHOH OCH, HanpasJieH B noJIO)!(HTeJibHYIO CTopotty 11 no .D:Jil1He paseH a 
BO scex TOqKax TIJIOCKOCTl1. 

2 . .[(Bl1)!(eH11e )!(H.D:KOCTH 3a,n:aeTCH KOMilJieKCHblM noTeHuHaJIOMj{Z) = z 2
. 

HaHTl1 noTeHUlfaJI CKOpOCTeii, <i:iYHKUHIO TOKa, JIHHHH ypOBIDI, Jil1HHlf TOKa, 

seJIHqHHY H HanpasJieH11e seKTopa cKopocTH V, npoeKu1111 seKTopa CKopo­

CTH Vax 11 Vay Ha OCH Koop,n:HHaT Ox H Oy. 

Peiue1-tue. fi:z) = z2 = (x2- /) + i2xy, n03TOM)' nOTeHUHaJI CKopocreii u(x, y) 
= x 2 

- y2 , cPYHKI.llfH TOKa v(x, y) =-2.xy. JlHHlflf ypOBHH u(x, y) = x 2 
- /= 

const - rnnep6oJibI, JIHHl111 TOKa v(x, y) = 2.xy = const - rnnep60JibI. BeJIH­

q11Ha BeKTOpa CKOpOCTl1 H ero apryMeHT eCTb 
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!VI= lf'(z)I = l2zl = 2 J x1 
+ y1 , arg V = - argf(z) = - arctg (ylx). 

IIpoeKUHll seKTOpa cKopOCTH Ha KOOp.llHHaTHhie OCH Ox, Oy: Vax = 2x, 
Vay = - 2y. Ha'-lano KOOp,llHHaT l!BllileTCll TO'-IKOH rIOKOll lKH.llKOCTH. 

3. ,L(s1rnceH11e lKH,llKOCTH 3a,llaeTCJI KOMnJieKCHhlM rIOTeHUHaJIOM .f(z) = 

In sh 1!Z. HattTH BeJIH'-IHHY nOTOKa, J..!.HPKYJilll{H!O r c qepe3 OKPYlKHOCTh 

C = { 2lzl = 3 } . 

Onwem. r c = 0, Ne= 6rr2
. 

4. HattTH KOMnneKCHhIH n0Tettu11an j(z) Te'-leHHll lKHJlKOCTH, ecm1 H3-

secTHhI ypaBHeHHll 3KBHrIOTeHl{HaJlhHhlX JIHHHH 

ch z sin y + 2xy = const,f(O) = 0. 

Omeem. j(z) = - i(z
2 

+ sh z). 

5. Te'-!ett11e lKH.llKOCTH onpe,llellileTcl! KOMnneKCHhIM noTettu11anoM. 

HaiiTH n0Tettu11an CKopocTeii, cpyttKu1110 TOKa, n11tt1111 ypoBHll, JIHHHH TOKa, 

BeJIH411HY 11 Hanpasnett11e BeKTOpa CKOpOCTH, npoeKl{HH CKOpOCTH Ha OCH 

KOOp,llHHaT: 

a)f(z) = z
2 

+ 2z +2; 6)j(_z) = z -
2

; s)./tz) = ln(z - 1). 

0 2 J 
meembz. a) u(x, y) = x - y- + 2x + 2, v(x, y) = 2(x + l)y, JIHHHH ypoBHll 

x2 
- y2 + 2x = C1 - rnnep6onhI, JIHHHH TOKa xy + y = C2 - rnnep6onh1; !VI = 

2 Jcx+l)1+y1, ArcrV=-arctcr _Y_ +nm,m=-l,O, l; Vox=2(x+ 1), 
o o x+l 

V0 _" =-2y; 

x2
- y 2 -2xy 2 2 

6) u(x, y) = 0 2 0 , v(x, y) = , 
0 2 

, JIHHHH yposm1 x - y = 
ex- + y t (x- + y-) 

C ( ' ' )' c 2 ' ' IVJ 2 v 1 x- + y -, JIHHHll TOKa xy = 2(x + y-t, = (x2 + y2 )3' 2 , Arg = 

3arctg(ylx)+(3m - l)n, m=-l,O, 1, 

V = 2x(3/-x
1

) V = 2y(y2-3x
2
). 

ox (x2+/)3 ' oy (x2+y2)3 ' 

1 2 ' y a) u(x, y) = -ln[(x-1) + y], v(x, y) = arctg--, JIHHHH ypOBHll 
2 x-1 

(x - 1)2 
+y2 = C1 - OKpYJKHOCTH, JIHHHH TOKa y = C2(x - 1) - rrpl!Mhie, 

IVJ= 
1 

,ArgV= arctg-y-+nm, m=-1,0,l; 
Jcx-1)2 +/ x-l 
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V = x-I V = y . 
ox (x-!)2+/' o_,. (x-!)2+/ 

6. flocTp011Tb KOMTIJieKCHbltt IIOTeHI.UiaJI Te4eHl151 )!(11nKOCTl1, eCJil1 113-

BeCTHbl ypasHeHl151 Jll1Hl1tt ypoBH51 

x2 
- / + 2xy + x = const,f(O) = 0. 

Onrnem. fiz) = (1 - i)z2 + z. 

7. flocTp011Tb KOMIIJieKCHbltt IIOTettu11aJI TeYeHl151 )!(11nKOCTl1, eCJil1 113-

BeCTHbl ypaBtteHl151 Jll1HHi1 TOKa: cos x shy= const,/{0) = 0. 

Omeem. f(z) =sin z. 

8). Hai1:T11 u11pKyJI51u1110 rro OKpy)!(HOCrnM lz ± al = a, ecm1 113secTeH 

KOMIIJieKCHbltt IIOTeHUHaJI TeYeHH51 )!(11nKOCTl1 

f(z) = 5i In (z2 
- a2

). 

Omeem. r c =-I On IIO 06e11M OKPY)!(HOCT51M. 

9. flo 3anaHHOMY KOMIIJieKCHOMY IIOTeHU11aJIY orrpet1eJil1Tb o6HJihHOCTb 

11 11HTeHCHBHOCTb B11Xpe11CTO'-IHl1KOB, MOMeHTbl nHIIOJiei1:, 11 11CCJienosaTb 

TIOBCp;CHHe Te'ieHH>I Ha 6eCKOHC'iHOCTH: 

a)fiz)=Cz(C=cx+i/3); 6)fiz)=z"; s)j(z)=z-1
; 

r) fiz) = ln(z2 
- a2

), a > 0; A) fiz) = z + R2z-'; e) fiz) = z - R2z-1
. 

Omeem. 

a) r = 0, N = 0, Ha 6eCKOHe'-!HOCTl1 nHIIOJlb c MOMeHTOM p = 2n C, v = 
ex - i~; 

6) r = 0, N = 0, Ha 6eCKOHe'IHOCTl1 MYJibTl1IIOJlb nop51nKa 211; 

B) r = 0, N = 0, B TO'-!Ke z = 0 n11rrOJib c MOMeHTOM p = 2n, v = -r-l / 2
q>, 

z = re;qi; V= = O; 

r) B TO'IKax ±a 11CT04Hl1Kl1 o6HJibHOCTl1 2n, Ha 6eCKOHe'IHOCTl1 HC-

22 
TO'IHHK o6HJibHOCTl1 -2n ' v = ~ ; 

z -a 
n) B TO'IKe 0 n11IIOJlb C MOMeHTOM -2nR2

, Ha 6eCKOHe'IHOCTl1 -27t, 

R
1 

;2 ; 
V = 1--, e 91 

, z = re qi, V 00 = 1; 
r-

e) B TO'IKe 0 n11IIOJlb c MOMeHTOM 2nR2
, Ha 6eCKOHe'IHOCTl1 n11rrOJib c 

R1 ·2 . 
MOMeHTOM 2n, V = 1 + -, e' 91 

, z = re'91
, V00 = 1. 

r-
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10. Hattn1 KOMrIJieKCHblH JlOTeHUHaJl Te'-leHm! BO BCeH JlJIOCKOCTH, o6-

pa30BaHHb!H BHXpeHCTO'-IHHKaMH {(ab Nk> rk)}, k = 1, ... , N, HMe1Dmero Ha 

6ecKOHe'-!HOCTH 3a.a;aHHYIO CKOpOCTb v,, = eia. 

. -.;;:' N f k +iNr 
Omeem. f(z) = ve-·a z + L.k : I 2 . ln(z -ak) . Ha 6eCKOHe'-!HOCTl1 -

m 
,[(11110Jlb c MOMeHTOM 2nve-ia H B11xpe11CTO'iHl1K c 0611JibHOCTbl{) 

N _ = I :=1 Nk 1111HTeHcHsHocTbl{) r _ = I :=1 rk . 

11. Haih11 3aKOH H3MeHeHHH s11xpeHCTO'-IH11Ka .a;11nonH, Haxo.a;muerocH B 

TO'-!Ke a HJIH Ha 6eCKOHe<IHOCTl1 np11 cneny!Oll{HX 0.[(HOJIHCTHb!X KOHcpopM­

HblX OT06pa)l(eHlUIX OKpeCTHOCTH 3THX TO'-!eK c, * 0, c_, * 0: 

a) ~(z) =a+ C1(z - a)+ ... ; 6) ~(z) =a+ Crfz + ... ; 

B) ~(z) = (C - l)/(z - a)+ C0 + ... ; r) ~(z) = C1z + C0 + .... 

Omeembl. IIp11 onHon11crnoM KOHcpopMHOM orn6pa)l(eHHH BHxpeHCT0'-1-

HHK rrepexonHT B BHXpeHCTO'-IHHK TOH )Ke o6HJibHOCTH 11 f!HTeHCHBHOCTH. 

a) n11nOJib (a, p)-> (a, pC,); ·6) n11nonb (oo, p)-> (a, pC,); 

B) n11nOJib (a, p)-> (oo, p/C1); r) n11nonh (oo, p)-> (oo, p/C1). 

KOMOJICKCHbIH OOTeHuuaJI 

B 3JICKTpOCTaTHKe H TennonpOBOLlHOCTH 

IInocKoe 3JieKrpocrnTwiecKoe none, T. e. none seKTopa ttanpH/KeHHOCTH 

E = { Ex(x, y), Ey(x, y)} i!BJIHCTCH rroneM rpa.D,Hettrn E = -grad v(x, y), 
v(x, y) - noTeHu11an :rneKTpOCTaTH'iCCKOro nonil, T. e. none E noTCHl.(11anb­

HO. Bo BCCX TO'IKax, B KOTOpblX HCT 3apii,D;OB, 3nCKTpOCTaTH'-ICCKOC none 

COJICHOHJJ,aJlbHO . .lJ:nii ero 113Y'-ICHl1il uenecoo6pa3HO BOCnOJib30BaTbCil no­

Hi!THCM KOMnneKcHoro n0Tettu11ana. KoAt11!leKCHbl.M nomeH£fUG!lOA1 nollfl E 
H33b!B3IOT <i>YHKUHIO 

f(z) = u(x, y) + iv(x, y), 
rp;e 

dv = -[E,dx + E,dy], du= -E,dx + E,dy. 

<l>yHKUHil u(x, y) - c11nosail <l>YHKU11il, v(x, y) - noTeHUHaJl 3JieKrpOCTa­

TH'-!eCKOro noJlil, 

IEI = lf'(z)I, Arg E = -[n/2 + Argf'(z)]. 

JlHHHH ypoBHil v(x, y) Ha3b!B3IOTCil 3KGU/10111eHL/UG!lbHblA1U JIHHl1i!M11, 

nHHHH ypOBHil U(X, y) - CUJ/OGblJ\IU Jll1HHi!Ml1, f C paBHa pa60TC nOJiil npH 

nepeMemett1111 en11ttwrnoro 3apHna no 3aMKHYTOMY KOHTypy, Ne (noToK 

BCKTOpa Harrpi!)KCHHOCTH) paBeH anre6paH'-!CCKOH cyMMe pacrronO)KCHHb!X 

BHYTPH KoHTypa C 3apii.D,OB, YMHO)KCHHOH Ha 2rt. 
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1. 8bIHCHl1Tb xapaKTep :rneKTpOCTaTl14eCKOro llOJrn, COOTBeTCTByIOmero 

KOMnneKCHOMY n0Tem.111any f(z) = i In z. 

Pewem1e. u = -arg z, v = In lzl. 3Ks11noTem.111anbHbIM11 n11H11HMl1 HBAA­

tOTCH 0Kpy)f(ttOCT11 lzl = C1, C11J10BbIM11 n11tt11HMl1HBAAIOTCH11y411 arg z = C2; 

IEI = lzl-1> Arg E = -(n/2 + Arg (i/2)) = Arg z - n. 

BeKTOp HanpH)f(eHHOCTl1 HanpasneH B}lOJJb Cl1JJOBOH JJl1Hl111 K Ha4any KOOp­

L\11HaT. Oco6oi1 T04Koi1 HBJJHeTCH T04Ka z = 0, B Hei1 pacnono1KeH 3apHJl. 

Bb16epeM B Ka4ecrne KOHrypa C OKPYIKHOCTh lzl = r. Tor}la £ 11= -lzl-
1 

= -r-
1
, 

ds 
Ne= - f - = -2n. Be1111411Ha 3ap»na, pacnoJJO)f(eHHoro B T04Ke z = 0, 

c r 
paBHa -1. 0TCIO}la CJJe}lyeT, 4TO KOMnneKCHhlH llOTeHu11an, COOTBeTCT­

sy1om11if 3ap5IJlY + 1 B T04Ke z = 0, 11MeeT BHJlf{z) = -i In z. 

2. BhrnCHHTb xapaKTep :rneKTpocrnT114eCKOro non», coorneTcrnyIOmero 

KOMnneKCHOMY noTeHu11any f(z) = i I z. 

y x 
Peiuem1e. u(x, y) = -, --, , v(x, y) = -, --, . 3KB11noTeHu11anhHhIM11 

x- + y x- + f 
n11H11HM11 HBJJHIOTCH OKPY)f(HOCTH c ueHTpOM Ha oc11 Ox, Kacat0m11ecH oc11 

Oy, c1111osh1M11 n11HIDIM11 - 0Kpy1KHocn1 c ueHTpOM Ha oc11 Oy, Kaca1om11ec» 

ocH Ox. IEI = lzi-
2
, Arg E = 2Arg z, s oco6oi1T04Kez=0 pacnoJJ01KeH ;:i:imonb. 

Ko~rnneKCHbIH rroTeHu11an s 3ana4ax :rneKrpocrnT11K11 ttaXOJll1TCH TaK 

)!(C, KaK 11 B 3a}la'!aX fl1JlPOJll1113.M11Kl1, T. e. KaK cpyttKUl1H, OT06pa)f(at0maH 

3anaHHYIO o6JJaCTb Ha CTaHnapTHYIO o6JJaCTh, COOTBeTcrny1omy10 Tl1llY 

paccMarp11saeMoi1 33.)13.411 (nonynnOCKOCTh, llOJJOCa MelKJlY napanneJJbHbl­

Ml1 npHMhlM11, BHeIIIHOCTh Kpyra, KOJlhUO). 

EcJJ11 a - nont0c f (z) , 11.fCz) HMeeT B OKpecrnocT11 T04Kl1 a pa3JJO)!(eH11e 

c_,, pi ? . , 1 c c (- ) .f{z) = ,, + ... +--+_qi n--+ 0 + 1 .(. -a + .. ., 
(z-a) z-a z-a 

TO 4neH 2 qi In -
1
- onpe}lenHeT s T04Ke a nnocK11if T04e4HbJH 3ap5!Jl se­

z - a 
n11411Hoi12q, o6a3Ha'!aeMhIH (a, 2q), 4neH pil(-::.-a) onpenenHeT s TO'!Ke 

a .l.111ll0Jlh c MOMeHTOM p, o603Ha4aeMhlH (a, p). 
Ecntt Ha 6ecKoHe'IHOCTl1 KOMnneKcHhJH rroTeHu11an 

c 
f(z) = C,,::" + ... + piz + 2qiln z + C0 +--1 + .. ., 

z 
TO 4JJeH 2qi In z orrpenenHeT Ha 6ecK0He'IHOCT11 nnocK11i1 T04e4HbIH 3ap»n 

BeJll1411HOH p = 2q, '!JleH piz onpe.l(eJ15IeT JlHllOJ!h c MOMeHTOM p. 
3. Hai1T11 3aKOH 113MeHeHHH T04e<rnoro 3ap»na (a, 2q) 11 Jll1ITOJJ5I (a, p) 

np11 0}lHOJJl1CTHOM KOHcpOpMHOM orn6pa)f(eHl111. 
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Onwem. Be1rnqttHa Toqeqttoro JapHp,a coxpattHeTcH, ecJIH KOHcpopMttoe 

OT06pa)!(eHHe B OKpecTHOCTH TQqKH a HMeeT BHA 

~(z) =a+ C 1(z - a)+ ... C 1 * 0, TO (a, p) --7 (a, pC1). 

4. I1oKa3aTb, qTQ KOMnJieKCHbltt noTeHuttaJI :rneKTPOCTaTHqecKoro CTOJIH, 

o6pa30B3HHOro ToqeqHbIM 33pHAOM (a, 2q) B npOH3BOJlbHOtt OAHOCBH3HOH 

o6nacTH D, onpep,enHeTcH cpopMynoil: 

f(z) = 2qiln-
1
-+c, 

w(z, a) 

rp,e Ctl(Z, a) - cpyHKUHH, KOHcpOpMHO OT06pmKal()IU3H o6rraCTb D Ha e.[(HHHq­

Hbltt Kpyr TaK, qro Ctl(a, a) = 0, c - .ueil:CTBHTeJibH35! CTOCT0.5!HHa.5!. 

5. HattnI KOMnrreKCHhie noTeHUttaJihI :rneKTpocTaTttqecKttX norrett, o6-

pa3oBaHHhJX Jap,aHHhJMH roqeqHhJMH 1ap»AaM11 B YKaJaHHhIX 06rracr51x: 

a) Im z > 0, JapH.U (z0, 2q); 6) lzl < R, 3ap5!.U (z0, 2q); 

x
2 l 

B) lzl > R, 3apHA (zo, 2q); r) ----,-+2>1, JapHA (=, 2q); 
a- b 

A) BHernHOCTh OTPeJKa µ-1<R,y=0, 3apHA (00, 2q). 

Onwembl. 

z-z 
a) .f(z) = 2qi In --0 + C; 

z-zo 
R 2 -z0 z 

6) .f(z) = 2qi In + C; 
R(z - z0 ) 

R 2 -z0 z 
s) .f(z) = 2qi In + C; 

R(z-z0 ) 

. 1 z-~ , , , 
r).f(z)=2qzln--+C, w(z)= ,c-=a--b-; 

w(z) a-b 

1 z-~ 
n).f(z) = 2qi In --+ C, m(z) = . 

w(z) R 

6. ,UoKa3aTb, qTo 3JieKTpocrnn1qec1<oe none, o6pa3osatttt{)e n11norreM 

(a, p) B npOH3BOJlbHOtt OAHOCB513HOH o6JiaCTH D, onpenen5!eTCH KOMnJieKC­

HbJM n0Tettu11arr0Mj(z), rne cpyttKUHHj(z) orn6pa)!(aeT o6rracTh D Ha sttern­

HOCTh rop1130HTaJibHoro OTPeJKa TaK, qTo f(a) = oo 11 rnaBHa5! qacTb .f(z) B 

Toq1<e z =a pastta pil(z - a), ecn11 a* 00, tt pastta piz, ecntt a = =. 

7. ITocTPOHTh 3rreKTPOCTaT11qecK11e noJI5!, 06pa3osatttth1e 3anattHhIMH 

AHCTOJ15!MH: 

a) lzl < R, AHIIOJib (a, p); 6) lzl > R, AHIIOJib (a, p); 
B) BHernHOCTb OTPeJKa µ-1<R,y=0, .UHIIOJib (=, p); 

x
2 l 

r) 7 +b2>1, AHIIOJib (oo, p). 
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Onwembz. 
pi p • i . R 2 

• R 2 p 
a)j(z)=--+--. +C,a'1-0,a =-=-,p =~, 

z-a z-a a a 

j(z) = pi - P! z + C, a= 0, C - .QeiicTBHTeJibHoe 'iHCJio; 
z R-

. • . . -· 
6).f(z)= ___E!_+___E_!__+C ai'= f(7)=E!:__l!.!:_z+C a==· 

z - a z - a* ' ' ~ z R2 ' '' 

s)j{z) = p(zcosa+ isin a.J z2 
- R2

) + C, pi= pe;a; 

353 

r)j(z) = _l!_[(az-b~z 2-C2 )cosa-i(bz -a~z 2-C2 )sin a]+ cl, 
a-b 

c2 = a2-b2. 
IInocKaJl 3a.n:aqa o crntt.n:apTHOM pacnpe.QeJieHHH TeMnepaTypbI BHyrpH 

TeJia xapaKTepH3yeTCJl aHam1rnqecKoi1 ¢YHKUHei1 j{z) = u(x, y) +iv(x, y), 
Ha3bIBaeMOH KOAtnJICKCHblA'l nome1-114uaJlOAt menJL06020 110Jlfl, ¢YHKUHJI 

u(x, y) - ¢YHKUHJI TeMnepaTyphI B TO'!Ke (x, y). BeKTOp 

a= -k grad u= =-kf'(z) 
na3bIBaeTcR 6eKmopoAt nomoKa menlla, k - K03cpcp111.(11CHT Terrnorrpo­

BO.D:HOCTI:I. 

IIoTOK Terrna qepe3 KOHTYP C paseH a= -k fcdv = ik fcf'(z)dz. Ecmr B 

OKpeCTHOCTH TO'iKH a 

~I q l 
j{z)= ... +--+C0 +C1(z-a)+--In--, 

z-a 2trk z-a 

q 1 
TO 'iJieH --In-- orrpe.n:eJIJieT B TO'!Ke a HCTO'iHHK (a, q) o6HJibHOCTH q. 

2trk z-a 

8. HattTH pacrrpe.n:eJieHHe TeMrrepaTyphl s YKaJaHHbIX o6nacrnx no 3a­

.n:aHHblM HCTO'iHHKaM, C'iHTaJl, 'ITO Ha rpam1ue TeMrrepaTypa IlOCTOJIHHa: 

a) Im z > 0, HCTO'iHHK (a, q); 6) lzl < R, HCTO'iHHK (a, q); 

B) IlOJIYITOJIOCa ~I <a, y > 0, HCTO'iHHK (ih, q), h > 0. 
Onrnembt. 

a) u(x, y) = _q_Inlz-al+C; 6) u(x, y) = _q_Inl R
2 

-az l+C; 
2tr z-a 2tr R(z-a) 

. trz . h trh sm-+is -
s) u(x, y) = _q_ln 2a 2~ +C. 

2tr . trz . h tr sm--is -
2a 2a 
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